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Introduction

The main motivation of this thesis lies in the following conjecture by Gromov, which
suggests a connection between the ¢2-Betti numbers bf)(M ) and the simplicial volume

| M| of a closed connected oriented aspherical manifold M:

Conjecture. Let M be a closed connected oriented aspherical manifold with || M| = 0.
Then
b (M)=0 Vk>0.

The £2-Betti numbers for a Riemannian manifold M endowed with a free cocompact
isometric action of a group G were first defined by Atiyah in terms of the heat kernel

bf)(M, G) = lim [ traceg(e " (z,z))dVol
t—=0 Jfp

where F is a fundamental domain for the action of G' and e™**#(x,y) is the heat ker-
nel on k-forms on M. Nowadays there is an algebraic and more general approach due
to Liick, who proved that ¢2-Betti numbers can be computed as the dimensions of cer-
tain homology modules, like ordinary Betti numbers. More precisely, the k-th ¢2-Betti
number of a CW-complex Z endowed with a free cocompact action of a group G is the
Von Neumann dimension of the k-th cellular reduced homology group of Z with coeffi-
cients in £2(G). This algebraic definition allows to compare £2-Betti numbers with their
classical counterparts: they share some basic properties such as homotopy invariance,
the Euler-Poincaré formula, Poincaré duality and Kiinneth formula, but there are also
differences. One important feature of ¢2-Betti numbers is that they are multiplicative
under finite coverings in the following sense: if p: M — N is a d-sheeted covering, then
bg)(M) =d- bl(?)(N). This forces the ¢2-Betti numbers of a CW-complex X to vanish if
X admits non-trivial self-coverings.

The simplicial volume ||M|| is a real valued homotopy invariant for closed oriented con-
nected topological manifolds M, defined as the infimum of the ¢'-norm of real singular
cycles representing the fundamental class. In some sense, it measures the complexity of
the manifold, as it is always bounded from above by the minimum number of simplices
in a triangulation of M. At first sight the definition of /2-Betti numbers and of the
simplicial volume do not indicate a relationship between them, but in certain situations
these invariants behave similarly, for example the simplicial volume is multiplicative un-
der finite coverings, as well.
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Gromov gave a suggestion of a possible strategy to prove his conjecture relating ¢>-Betti
numbers and the simplicial volume of aspherical manifolds. The starting point was the
upper bound

S P (M) < 2| Mz (1)
§=0

where | M ||z denotes the integral simplicial volume, which is defined as the minimum of
the ¢! norms of integral cycles representing the fundamental class. Unfortunately, the in-
tegral simplicial volume is a rough estimate of its real counterpart, for example | M||z > 1
for every manifold, whereas ||M]| can vanish. Thus, Gromov introduced a more sophis-
ticated version, called integral foliated simplicial volume, combining the rigidity of the
integral coefficients with the flexibility of measure spaces. More precisely, if G is the fun-
damental group of a closed, connected and oriented manifold M with universal covering
M and X is a standard probabiliy space endowed with a measure-preserving action of G,
we can consider the singular chain complex with twisted coefficients L (X, Z)®¢ Cy(M).
This can be endowed with an ¢!-norm by taking the integral of the absolute values of
the coefficient functions. The X-parameterized simplicial volume is the infimum of the
¢! norm of cycles representing the fundamental class and the integral foliated simplicial
volume | M | is the infimum of the X-parameterized simplicial volume over all possible
standard probability spaces X. This version of simplicial volume fits into the sandwich

1M < | M] < [|M]]z

and shares the same property of multiplicativity over finite coverings, like the simplicial
volume. Using this tool, Schmidt ([3]) was able to improve Inequality (1) obtaining that

—(2) nt1
z%]bj (M) <2t | M, (2)
]:

thus giving a positive answer to Gromov conjecture if the simplicial volume is replaced by
the integral foliated simplicial volume. Actually, little is known about the relationship
between these two quantities: the integral foliated simplicial volume has been calcu-
lated explicitly only for simply-connected manifolds, product manifolds which split an
Sl-factor, or Seifert 3-manifolds. Recently, C. Léh and C.Pagliantini proved that it co-
incides with the simplicial volume for hyperbolic 3-manifolds, also proving a suitable
version of proportionality principle, which reminds the classical proportionality principle
of simplicial volume proved by Gromov and Thurston. Of course, a positive answer to
Gromov’s conjecture might be obtained by extending this result to every closed connected
oriented aspherical manifold.

The thesis is organized as follows: in the first chapter, we will deal with the integral
foliated simplicial volume, following a recent paper by C. Loh and C. Pagliantini. By
inspecting the behaviour of the parameterized simplicial volume when the probability
space changes, we will prove that the integral foliated simplicial volume is multiplicative
under finite coverings. In the last section, we will prove the main result of the chapter,
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which states that integral foliated simplicial volume and simplicial volume coincide for
closed connected oriented hyperbolic 3-manifolds. This result is obtained by construct-
ing a sequence of hyperbolic 3-manifolds, whose ratio between the simplicial volume and
the stable integral simplicial volume tends to zero, by means of tools coming from the
3-dimensional topology, in particular Dehn-filling.

In Chapter 2 we will define the £2-Betti numbers for CW-complexes endowed with a
cocompact cellular action of a group G, according to Liick’s algebraic approach. This
requires a concept of dimension in a non-commutative setting, thus the first section is
devoted to the exposition of this theory for Hilbert G-modules. In the last section we
will prove the main properties of £2-Betti numbers and we will calculate them explicitly
for 1- and 2-dimensional compact manifolds.

In Chapter 3 we will prove Inequality (2). This will require a more general dimension
theory for modules over a Von Neumann algebra, which will be developed in the first
section. The main idea introduced by Schmidt is that the £2-Betti numbers can be com-
puted via singular homology with coefficients in the Von Neumann algebra of the orbit
equivalence relation of the fundamental group acting on the universal covering. We will
explain these concepts in the last section.
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Chapter 1

The integral foliated simplicial
volume

Integral foliated simplicial volume is a version of simplicial volume combining the rigidity
of integral coefficients with the flexibility of measure spaces. It was introduced by Gromov
as an instrument to estimate ¢2-Betti numbers, as we will see in the next chapters.
After a brief review of the main properties of the simplicial volume, we are going to
define the integral foliated simplicial volume of connected, closed and oriented manifolds,
illustrating some basic results. Following a recent article by C.Loh and C. Pagliantini
(|10]) we will calculate it for hyperbolic and Seifert 3-manifolds: to this aim we will
introduce the notion of stable integral simplicial volume, as well.

1.1 Simplicial volume and stable integral simplicial volume

In this section we recall briefly the main properties of the simplicial volume and give the

definition of the stable integral simplicial volume, trying to underline their differences.
Let X be a topological space and R be a normed ring, usually R = Z, R. We denote

with S;(X) the set of all i-singular simplices of X and with C;(X, R) the free R-module

generated by S;(X). We indicate with (C4(X, R),d) the singular chain complex of X

and with H,(X, R) its homology.

We endow the R-module C;(X, R) with an ¢!-norm, defining

| 5wl = X el
€S (X) o€Si(X)
This norm induces a semi-norm on homology in the following way: if « € H;(X, R)
i = inf{Jlellf" | ¢ € Ci(X, R), di(e) =0, [] =a} .
Remark 1.1. Actually, || - |7 is not a proper semi-norm, as it is not multiplicative.

Let M be a closed, connected and oriented n-manifold. Let [M]z be the integral fun-
damental class of M, i.e. the positive generator of H,,(M,Z) = Z. The real fundamental

1



2 CHAPTER 1. THE INTEGRAL FOLIATED SIMPLICIAL VOLUME

class [M|g is the image of the integral fundamental class under the morphism of change
of coefficients ¢ : H,(M,Z) — Hp,(M,R).

Definition 1.2. The simplicial volume of M is
1M = [M]RIT = [M]r]: -
The integral simplicial volume of M is
1M1z = |[[M]z]|T -

If M is a connected and oriented n-manifold with non-empty boundary, then H, (M, Z)
vanishes. In order to define the simplicial volume, we have to consider the relative ho-
mology H,(M,0M,7Z) = 7. We denote with [M,0M]y its positive generator and with
[M,0M]R its image under the morphism of change of coefficients. We can endow the
R-module of the relative singular chain C,,(M,0M, R) = C,,(M, R)/C,(0M, R) with the
quotient norm, which descends in homology inducing a semi-norm, as described above.

Definition 1.3. The simplicial volume of M is
(M, OM)| := [[[M, OM ]| -

Remark 1.4. By the very definition, it is obvious that | M| < ||M||z, but in general we
do not have the equality. For instance | M|z > 1, whereas || M| can vanish, as it will be
clear later.

Lemma 1.5. Let f : X — Y be a continous map between topological spaces. For every
a € Hi(X,R) the following relation holds

[f+(@)llr < flexlfs -

Proof. Let 3 ,cg,(x)co0 € . A representative of f, (o) is D oeSi(X) ¢o(foo). Therefore,

1@ =] 5 wrod| <] X afoo|

ceSL(X) o€Sk(X)
R
< X lel=] X o
c€SE(X) cESK(X)
Taking the infimum over all representatives of o we have the thesis. O

Lemma 1.6. Let f : M — N be a continuos function between closed, connected and
oriented n-manifolds with degree deg(f). Then

[ M]| > [deg(SIIN]] -
Proof. By the previous lemma we have

M| = [[[M]llx = £ ([MDl = | deg(HIIN]] -
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Corollary 1.7. The simplicial volume is a homotopy invariant.
Corollary 1.8. If a manifold M admits self-maps of degree > 2, then || M| = 0.
For example, ||S™|| = 0 for every n > 1.

Remark 1.9. This result does not hold for the integral simplicial volume, as, for example,
S1 admits self-maps of arbitrarily high degree, but ||S'|z = 1.

However, the main difference between the simplicial volume and its integral version
is their behaviour with respect to finite coverings.

Proposition 1.10. Let ¢ : M — N be a d-sheeted covering between closed, connected
and ortented n-manifolds. Then

M| = d- [N -

Proof. Since a d-sheeted covering is a continous map of degree d, we have ||[M|| > d-||N|.
For the other inequality, let o : A™ — N be an n-singular simplex of N. Since A" is
simply connected, ¢ can be lifted to ¢ : A — M obtaining an n-singular simplex of
M. Since ¢ is a d-sheeted covering, o has exaclty d liftings, which we denote with &; for
je{l,...,d}. Let ¢ = Zaesi(N) cs0 be a representative of the fundamental class of V.
We notice that .
i= Y. oY 5
ceSE(N) J=1

is a representative of [M]g, because it is a cycle, the map ¢, : H,(M) — H,(N) is
injective and

o) = X caima}:[ > 3]

cESK(N) ceSE(N) j=1
:[ Z d-coa}:d[ Z cga}

o€SL(N) cESK(N)
=d-[c]=d-[N]g = ¢«([M]R) .

As a consequence,

1M = [Mell < llél <d Y leol=d- ],
o€Sk(N)

and taking the infimum over all representatives of the fundamental class of N we obtain
M| < d||N][. O

On the other hand, the integral simplicial volume cannot be multiplicative under finite
coverings, as this would imply, for example, that ||S*||z = 0. Therefore, we introduce its
stable version.
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Definition 1.11. The stable integral simplicial volume of a closed, connected and ori-
ented manifold M is

M7 =i {H HZ | d € N, M — M d-sheeted covermg}

Lemma 1.12. The stable integral simplicial volume is multiplicative under finite cover-
ings and the inequality || M| < ||M||3° still holds.

Proof. Let N — M be a d-sheeted covering and N — N be an n-sheeted covering. Then
the composition N — M is a dn-sheeted covering. Therefore,

INllz _ 1]N]z

MOO
I < A = oI

Taking the infimun over all possible finite coverings N = N, we get the inequality
oo 1 o0
1Mllz° < SINIIZ” -

By definition of || M||3°, there exists a sequence of m;-sheeted coverings M; — M such
that % — |[M||3°. By replacing M; with M; x 5y N, we obtain a dmj-sheeted covering
over M which factorizes on N and

| M; % NHZ || V]|
dmj mj

1M]Z” < = [[M|Z -

This means that, in order to calculate ||M]|5°, we can consider only coverings factorizing
over N. As a consequence,

Bz I
1§l _ ¥z

N|7 <
IV < ]

and taking the infimum we obtain the thesis.
By the multiplicativity of the simplicial volume we get

NI [IN]lz
M
jarg = 10 < I
ad taking the infimum we have the inequality | M| < || M||3°. O

However, these two quantities are not equal in general, as the following theorem
proved recently by S. Francaviglia, R.Frigerio and B.Martelli ([6]) implies:

Theorem 1.13. For every n > 4 there exists a constant C, < 1 such that for every
closed, connected and oriented hyperbolic n-manifold, we have

M| < Cn|[M]|Z -
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It is well known that a hyperbolic manifold of finite volume M is the interior part of
a compact manifold, whose boundary components carry an Euclidean metric. We will
denote with M such a manifold.
We will make widely use of the following result, known as proportionality principle of
the simplicial volume for hyperbolic manifolds.

Theorem 1.14 (Gromov, Thurston). Let M be a connected, oriented, complete hyper-
bolic n-manifold of finite volume and v, be the volume of the ideal and regular geodesic
simplex in H", then

Vol(M)

Un

1M} =

We recall a vanishing result for the simplicial volume due to Gromov:

Definition 1.15. A group G is amenable if there exists an R-linear map m : £*°(G,R) —
R satisfying the following properties:

1. m(1) =1,
2. if f >0, then m(f) >0

3. for every g € G and f € {*°(G,R) we have m(gf) = m(f), where the G-action on
(G, R) is induced by the left translation of G on G.

Theorem 1.16. Let M be a closed, connected and oriented manifold with amenable
fundamental group. Then || M| = 0.

1.1.1 Comparison between simplicial volume and stable integral sim-
plicial volume for hyperbolic 3-manifolds

We have seen that simplicial volume and stable integral simplicial volume are different for
closed, connected and oriented hyperbolic n-manifolds when n > 4. A similar result does
not hold in dimension 3, as C. L6h and C. Pagliantini built (in [10]) a sequence of closed,
connected and oriented hyperbolic 3-manifolds, whose ratio between the simplicial volume
and the stable integral simplicial volume tends to 1. In this section we will describe how
to obtain such a family. This result will also be used further for the calculation of the
integral foliated simplicial volume of hyperbolic 3-manifolds.

Definition 1.17. A triangulation of a closed 3-manifold M is the realization of M as the
gluing of finitely many tetrahedra via some simplicial pairing of their faces. If OM # (),
an ideal triangulation is a decomposition of Int(M) into tetrahedra with their vertices
removed. A (ideal) triangulation is semi-simplicial if every edge has distinct vertices.

Remark 1.18. When we have a closed, connected and oriented manifold M which has
a triangulation consisting of k simplices o;, we are tempted to say that the sum of some
parametrization of the simplices represents the integral fundamental class of M. Actually,
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this is not true, as the chain obtained with this procedure may not be a cycle. If we work
with real coefficients, we can overcome this problem by considering

1
o) = — L S (L1 gon
alt(o) (k+1)!Te%;+1( ) ooT

where 7 is the unique affine diffeomorphism of the standard n-simplex corresponding to
the permutation 7 of the vertices. In this way, the chain z = alt(oq) + - - - + alt(oy) is
a cycle representing the fundamental class with norm less than k. Otherwise, we need
some further information about the combinatorial structure of the triangulation. The
notion of semi-simplicial triangulation is sufficient to ensure that the sum of a suitable
parametrization of the simplices of the triangulation o1 + - - - + oy, is a cycle with integral
coefficients representing the integral fundamental class of M. Thus an upper-bound for
the integral simplicial volume is the minimun number of tetrahedra in a semi-simplicial
triangulation of M.

Definition 1.19. A compact polyhedron P is the support of a finite simplicial complex.
It is simple if the link of every point € P is homeomorphic to a circle (regular point),
a circle with a diameter (triple point) or a circle with three radii (vertex). A simple
polyhedron is naturally stratified:

e 3 2-dimensional stratum is one connected component of the set of the regular points;
e a l-dimensional stratum is a triple line;
e a (O-dimensional stratum is a vertex.

A simple polyhedron is special if the stratification is cellular, i.e. each n-dimensional
stratum is an n-cell. A special spine for a compact 3-manifold with boundary M is a
special polyhedron such that there exists a collapse of M onto P, or, equivalently, M \ P
consists of a disjoint union of open balls and collars of the boundary components; if M
is closed, a special spine for M is, by definition, a special spine for M \ B, where B is an
open ball.

Nensingular point Triple line True vertex
Figure 1.1: Allowable neighborhoods in a simple polyhedron

Definition 1.20. Let M be a compact 3-manifold. The special complexity cg(M) of M
is the minimum number of vertices of a special spine for M.

For our purposes we need to recall the following result proved by Matveev ([14]):
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Proposition 1.21. Let M be a compact 3-manifold. Then there ezists a bijection between
special spines and ideal triangulations of M such that the number of vertices in the special
spine 1s equal to the number of tetrahedra in the corresponding triangulation.

Proof. Each tetrahedron contains a butterfly, which is a special spine with exactly one
vertex (Figure 1.2). Gluing the tetrahedra of the triangulation, we get a special spine for

Figure 1.2: Butterfly in a tetrahedron

M. Viceversa, every special spine of M can be decomposed into a collection of butterflies:
if we replace each butterfly with a tetrahedron, we get a triangulation of M. O

Proposition 1.22. Let M(g)) be the compactification of the complement of the 5-chain
link in S3. Then cs(Msy) = [[M 5|l = 10. Moreover, cs(Ms)) is realised by a special
spine dual to an ideal semi-simplicial triangulation.

CAD

—_—

0

Figure 1.3: Diagram of the 5-chain link

Proof. It can be proved that M5y admits a complete finite volume hyperbolic structure,
triangulated by 10 regular ideal tetrahedra whose vertices lie in different cusps. This
means that M) has an ideal semi-simplicial triangulation consisting of 10 tetrahedra.

Thus, cs(Mz)) < 10. By theorem 1.14 we have that ||M )| = %ﬂjm) = 10. The
equality follows because for every oriented connected finite volume hyperbolic 3-manifold
M with compactification M the inequality || M| < cs(M) holds, as the volume of M can
be computed by straightening any ideal triangulation of M and summing the volume of

the straight version of the tetrahedra ([5]). O

Proposition 1.23. Let N be the compactification of a connected, oriented and hyperbolic
3-manifold of finite volume. Suppose N admits a semi-simplicial triangulation dual to a
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spine realizing cs(N). Let M be a manifold obtained from N wia Dehn-filling. Then
[M]|Z” < es(N)

Proof. Let P be a special spine of N realizing cg(/N) dual to a semi-simplicial triangula-
tion. Let T1,...,T) be the boundary tori of N. For every i = 1,...,k let V; be the open
solid torus in M \ P corresponding to the component T;. Let D} and D? be two parallel
meridian discs in V;. If D} and D? are in general position with respect to the spine P,
then Q@ = P Uf’zl D} U D? is a special spine for M, dual to a semi-simplicial triangulation
(because we have added two meridian discs). If we colour in green the components of @
coming from the discs D;, we can distinguish three kinds of vertices in @, illustrated in
the figure: the vertices of type A are the vertices of P, the vertices of type B originate

Figure 1.4: The green inserted portions of () produce three different kinds of vertices

from the intersection of P with one meridian disc and the vertices of type C' come from
the intersections of P with meridian discs of different solid tori. We indicate with v4, vp
and ve the number of vertices of each type. In particular v4 = cg(IV).

Since the fundamental group of M is residually finite, V. n > 0 Ing > n and Fh > 0
such that there exists a regular covering p : M — M of degree hng such that for every
i = 1,...k the fiber p~1(V;) consists of h solid tori Vl-l, . .V? each winding ng times
along V; via p. Then @ = p~1(Q) is a special spine of M with hngva + hngvg + hnove
vertices. Each meridian disc D; lifts to ng copies of meridian discs in each Vf . Therefore,
we can decrease the number of vertices of this special spine by removing ng —2 discs from
each Vﬁ: we obtain another special spine @/ for M dual to a semi-simplicial triangulation
with hngva + hvp + hve vertices. As a consequence,

M
IMllz ) 9BHYVC nooo, Ny

M7 <
Mz < -

O]

Theorem 1.24. There exists a sequence (Mpy)nen of closed, connected and oriented
hyperbolic 3-manifolds such that

| M|
lim =1.
n—oo || M|
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Proof. Let (My,)nen be a family of hyperbolic 3-manifolds, obtained from M(E)) via Dehn-
filling, in such a way that the coefficients of the Dehn-fillings tend to infinity. By
Thurston’s Dehn filling theorem ([3],[19]) lim;, 0 Vol(My,) = Vol(M(5)). By Theorem
1.14 we obtain lim, .o ||My|| = || M 5)||. Therefore,

L < Il s ) nooo csM)
T AMl T ([M 1M 5| -

1.2 Integral foliated simplicial volume: first properties

In this section we define the integral foliated simplicial volume of a closed, connected and
oriented n-manifold, illustrating its basic properties and providing some easy examples.

Let M be a closed, connected and oriented n-manifold with fundamental group I' and
universal covering M. Notice that ' is countable because it is finitely presented. A stan-
dard T'-space is a Borel probability space (X, 1) endowed with a left pu-preserving action
of I'. If (X, u) is a standard I'-space, we can define a right action of I on L™ (X, u,Z) by

L®(X, 1, Z) x T — L®(X, pu, Z)
(f:9) = f-g9(z) = flgz) -

We consider the singular homology of M with coefficients in L>(X, p,Z), i.e the
homology of the chain-complex Cy(M, L>°(X,Z)) := (L*°(X,Z)®r C«(M,Z), id~ ®@d.),
where C4(M,Z) is the usual singular chain-complex of M, which has a structure of
left Z[I'l-module induced by the action of the fundamental group of M on its univeral

covering, and d, is its usual boundary operator.
We indicate with 3 the change of cofficients omomorphism

15 C(M,Z2) 2 Z.@p Co(M,Z) — L®(X, pu, Z) @ Cy(M,7)

induced by the inclusion Z — L*°(X, u,Z) as constant functions, where Z is endowed
with the trivial action of I'.

We can define an ¢!-norm on the groups C;(M, L>(X,Z)): given a chain Z?:l fi®aoj e
C;(M, L*>(X,Z)) written in its canonical form, i.e. moo; # mooj if i # j where
7+ M — M is the universal covering, we put

k k
X
| Y fi®a| :Z/!fjldu-
= j=17%

Definition 1.25. Let (X, u) be a standard I'-space. We define the X-parametrised
fundamental class of M as the image of the integral fundamental class under the change
of coefficients map

[M]X = Hn(LZ\X/[)([M]Z) < Hn(M7 L>(X, Z)) = Hn(LOO(Xﬂ Z) ®r C*(M,Z» :

An X-parametrised fundamental cycle is any cicle ¢ € C,, (M, L*°(X,Z)) representing
[M]¥.
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Definition 1.26. The X-parametrised simplicial volume is
| M| " =inf{[e| ™ | e CulM, L®(X,2)), [d¥ = M}
The integral foliated simplicial volume of M is
| M| =inf [ 2|7,

where X ranges over the standard I'-spaces.

Proposition 1.27. Let M be a closed, connected and oriented n-manifold with funda-
mental group I' and let (X, p) be a standard I'-space. Then

X
1Ml < [ M7 <|[M]lz -

Proof. The inclusion Z — L*°(X,Z) is isometric and the induced map sends integral fun-

damental cycles into X-parametrised fundamental cycles. Therefore, | M | X< || M|z
Consider the integration map

p1: L¥(X,Z)®rCp(M,Z) — Cp(M,R)
f®o— (/deu)(woo)

p1 does not increase the norm and fits into the commutative diagram

X

Co(M, e L™(X,Z) @r Co(M,Z)

(M, Z) (X,Z)
Cn(M,R)

In particular p; sends X-parametrised fundamental cycles into real fundamental cycles.
Therefore, || M| < | M | X O

Remark 1.28. If X is the standard I'-space consisting of a single point, then L (X, Z)®rp
Co(M,Z) = Z.®r Cy(M, Z) = Cp(M, Z). Therefore, | M |~ = | M|z

Proposition 1.29 (Integral foliated simplicial volume for simply connected manifolds).
Let M be a closed, connected and simply connected manifold. Then

| M| = [|M]lz .

Proof. Let (X, p) be a standard probability space. Since I' = 71 (M) = 0, X is a standard
I-space. Moreover, we have the isomorphism L®(X,Z) ®@r Cy(M,Z) = L™®(X,Z) ®z
Cn(M,Z). Letc = X8 | fi®o; € L®(X,Z)27C, (M, Z) an X-parametrised fundamental
cycle and ¢z an integral fundamental cycle. By definition, there exists a singular chain
s € L®(X,2)®7Cpni1(M,Z) such that c—cz, = dp+1(s). For p-almost every z, ¢ induces
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an integral singular chain ¢, = Zle fi(x) ® ;. Since the relation ¢, — ¢z = dp41(s) still
holds, ¢, is an integral fundamental cycle. Therefore,

k k k
el = I foail =3 [ 1i@ldn= [ 315l
[ Nealidie> [ 10lzd = 1211l
JX JX

Taking the infimum over all possible representatives of [M]X we have | M | X > |IM ||z
Taking the infimum over all standard I'-spaces X we obtain the inequality | M | >
| M|z, which leads to the thesis together with Proposition 1.27. O

We are going to analyse what happens when the parameter space (X, u) changes.

Proposition 1.30 (Comparison between parameter spaces). Let M be a closed, con-
nected and oriented n-manifold with fundamental group T'. Let (X, u) and (Y,v) be two
standard I'-spaces. Suppose p : X — Y is a measurable I'-equivariant map such that for
every measurable set A CY

u(e~H(A) < v(4) .
Then | M|~ < | M.
Proof. Consider the chain morphism

¢ : L™(Y,Z) @ Cp(M,Z) — L®(X,Z) ®p Cy(M, Z)
f@o—=(fop)®ao .

The hypothesis implies that for every integrable function f € L'(Y,Z) the inequality
[x(f o @)du < [y fdv holds. Tn particular for every chain ¢ € L®(Y,Z) ®r Cy(M,Z)
we have | ¢(c) | X< | ¢| Y. Since p(Im(p)) > u(X) =1, ¢ is v-almost surjective. This
means that ¢ sends v-almost constant functions into p-almost constant functions and
the following diagram commutes

L>®(Y,Z) @r Cn (M, 7) L>®(X,7) ®r Cn(M,Z)

Y /
X P

Cn(M,Z)

Therefore, ¢ sends Y-parametrised fundamental cycles into X-parametrised fundamental
cycles,so|M|X§|M|Y. O

Proposition 1.31 (Product of parameter spaces). Let M be a closed, connected and
oriented n-manifold with fundamental group I
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(a) Let I # () be a countable set. If (X;, w;)icr is a family of standard T-spaces, then the

product
(Z,¢) = (I Xi, Q) 1)

i€l i€l
with the diagonal action of T is a standard I'-space and | M | Z <infier | M| X

(b) Let (X, u) be a standard I'-space and (Y,v) a Borel probability space. Defining Z =
X XY endowed with the action of I' on the factor X and with the probability measure
¢ =p®v, we have |M|Z: |M|X

Proof. (a) It follows by applying Proposition 1.30 to the projections m; : [];c; Xi = Xi.

(b) We can see (Y,v) as a standard I'-space with trivial action of I'. By the previous
point, | M |7 < |M]|™.
Consider a Z-parametrised fundamental cycle ¢ = E?:o fj ® oj. By definition, if ¢z
is an integral fundamental cycle of M, there exists a singular chain s € L>°(Z,Z) @r
Cp+1(M,Z) such that
c—cz =dns1(8) .

For v-almost every y € Y, the element

k
ey = (= filw,y) ®oj € L®(X,Z) @r Co(M, )
J=0

is a well-defined X-parametrised fundamental cycle, because the action of I' on Y is
trivial and the relation ¢, — ¢z = dn41(s) holds.
By Fubini’s theorem we have

k k
z . — ;
lc| _/XXY]Z:(:)UJM(M@V) /Y/X;)If](w,y)dudv
:/ ICledV .
Y

As a consequence, there exists y € Y such that ¢, is an X-parametrised fundamental
cycle and | ¢y | X < | z Taking the infimum over all possible Z-parametrised

fundamental cycles, we obtain the inequality | M | X< | M| z
]

Definition 1.32. Let (X, u) be a standard I'-space. The action of I on X is essentially
free if p-almost every point of X has trivial stabilizer.

Remark 1.33. If I is a countable group, it is always possible to find a standard I'-space
with essentially free action. We will illustrate how to construct such a space in Section
1.4.
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Corollary 1.34. Let M be a closed, connected and oriented n-manifold with fundamental
group T'. There exists a standard T'-space (X, ) with essentially free action of T' such

that | M| = | M|™.
Proof. Let (Xo, po) be a standard I'-space with essentially free action of I'. Let (X, ttn)nen

be a family of standard -spaces such that | M | Xn < | M | +2. Then the diagonal ac-
tion on (X, 1) = (IT,,en Xns @nen itn) is essentially free and by the previous proposition

| M) < | MY <infpey [ M| = |M]. 0

Proposition 1.35 (Convex combination of parameter spaces). Let M be a closed, con-
nected and oriented n-manifold with fundamental group T'. Let (X, u) and (Y,v) be two
standard T'-spaces. Let t € [0,1]. Define Z = X UY with the probability measure
¢ =tu+ (1 —t)v and the induced action of I'. Then

| M7 =M= m] T
Proof. We notice that L*°(Z,(,Z) = L (X, p,Z) & L*>(Y,v,Z) via the maps
¢ Lo(Z,¢,Z) — Lo(X, 1, Z) ® L=(Y, v, Z)
f= e fiy)
Y L®(X,pu,Z) ® L®(Y,v,Z) — L*>(Z,(,Z)
(f:9) = fxx +gxy

Denote with ® and ¥ the morphism induced between chain complexes. If ¢ = Z?Zl fi®

0j € L®(Z,7) @r Cn(M,Z) is a Z-parametrised fundamental cycle, then both compo-
nents of ®(c) = (P(c)x, P(c)y) are parametrised fundamental cycles. Therefore,

k k k
Z
lel? =3 [iplac =3 [ 1iclan+ 0= [ 1, 1w
j=1"% j=1"% j=1"Y
—t|o(e)x | T+ -0y |zt M|T+a - | M|
Taking the infimum over all Z-parametrised fundamental cycles we obtain
| M7= M| -0 M|

Similarly, if cx = Z?:l fj ® 0; is an X-parametrised fundamental cycle and cy =

Z?Zl gj ®0j is a Y-parametrised fundamental cycle, then ¥(cx, cy) is a Z-parametrised
fundamental cycle, and

k
| M7 < || 7= [ Ifixx +gixvld
7
j=1

k k
<% [ ldnt =03 [ sl

=tlex | T+ (0=t |ev ]
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Taking the infimum over all the X- and Y-parametrised fundamental cycles, we obtain
| M7 <e]M| T+ -t M|,
which gives the thesis. O

Corollary 1.36. Let M be a closed, connected and oriented n-manifold with fundamental
group I'. Then

{|M|X | (X, pn) — standard T-space} = [| M | ,[|M||z] CR .

Let M be a closed, connected and oriented n-manifold with fundamental group TI'.
Let p: N — M be a d-sheeted covering and A < T" the fundamental group of N. Then
A has index d in T". Fix a system of representatives of A in T', i.e. a set {g1,...,9q} such
that

{o1A, ..., gah} =T/A .

Definition 1.37. Let (Y,v) a standard A-space. The induction (I' x5 Y, u) of (Y,v)
from A to I' is the standard I'-space defined as follows:

e I'xp,Y =(I'xY)/~, where (g,y) ~ (¢,v) if and only if there exists h € A such
that g = ¢’h and y' = hy.

e the probability measure on I" x5 Y is the one induced by the bijection
p:I'xp Y -T/AXY
95,y = (950, 9)

i.e. p is the pull-back via ¢ of the probability measure 55 ®@vonI'/A x Y, where
0 is the counting measure.

e the action of "' on I x, Y is
Px(ITxpaY)—=>TxpY
(9,19 9]) = lgg’ vl
Theorem 1.38 (Induction of parameter spaces). In the setup described above

Ixay 1
d

Proof. Consider the following mutually inverse homomorphisms of Z[I']-modules

Y
| M| INT

¢ LT xAY,Z) = L®(Y,Z) @ Z[T]

d
F=> 0 fgi ) @y

j=1
b L¥(Y,Z) @5 ZIT] — L¥(T x4 Y, Z)
fly) =k >

0 otherwise

f®gj— ([gk,y] H{
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Since the universal covering N of N coincides with the universal covering M of M with
the action restricted to the subgroup A < T', we have Cy(N,Z) =2 Z[I'| @p C«(M,Z). The
maps ¢ and v induce morphisms of chain complexes

®: LT x Y,Z) @ Co(M,Z) — L>®(Y,Z) @p Z[I'] @ Cy(M,7Z)
feec—o(f)ec
W L®(Y,Z) @ Cu(N,Z) — L®(I' x, Y, Z) ®r C(M,Z)
fRe—Y(fel)®c

If ey = E§:1 ajo; € Cp(M,Z) is an integral fundamental cycle of M, we have that

k d
do LR[XAY(Cz) = L%(Z a; Zgiov]) )
j=1 =1

Therefore, ® and ¥ send parametrised fundamental cycles into parametrised fundamental
cycles.
If c= Zle fi®o;is a (' xp Y)-parametrised fundamental cycle, then

Z/IZfz IITES 3 of 1IN

i=17=1
_dZ/ fild@u) =d|e] ™Y

Similarly, if ¢ = Ele Z?:l(f i.j ® gj) ®o; is a Y-parametrised fundamental cycle, then

|\I’( ) |FXAY = d/FXAYZZW fi ®gy)|d(5® v)

i=17j=1

L e = el
=2 [ Mstollr =5 le]

Taking the infimum over all parametrised fundamental cycles we have the claim. O

Corollary 1.39. Let I'/A be the set of the left lateral classes of A in T endowed with the
left translatory action of I' and with the normalised counting measure. It is a standard
I'-space and

T'/A
| 3] = Vs
Proof. I Y is the standard A-space consisting of only one point, then I'/A =T ><A Y.
Therefore, by the previous theorem and Remark 1.28, we have | M | /A _ =1IN |
1
21Nz =

Definition 1.40. Let I" be a group and (X, pu) a standard I'-space. Let A < T" be a
subgroup. The restriction resk (X, ) of (X, u) from I' to A is the standard A-space
obtained by restricting the action of I' on X to A.
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Proposition 1.41 (Restriction of parameter spaces). In the setup described above,

1 resl X X

IS TIES

I
Proof. Tt is sufficient to prove that | M | Dxaresy X | M| X The map

[ xpresh X — X

l9,2] =g
satisfies the properties of Proposition 1.30, hence the thesis. O

Theorem 1.42 (Multiplicativity of the integral foliated simplicial volume). Let M be a
closed, connected and oriented n-manifold and p : N — M be a d-sheeted covering. Then

1
|M| =N

Proof. By Proposition 1.41, we have | N| < | M| . By Proposition 1.38 we obtain
that | M| <1|N]. D
Corollary 1.43. Let M be a closed, connected and oriented n-manifold. Then

Ml < | M| <Mz

Proof. By Proposition 1.27 we know that ||[M|| < | M| < | M]z. Let N be a d-sheeted
covering of M. Then

1 1
M| ==|N| <=||N|z.
2] = Sy < 2w
Taking the infimum over all finite coverings of M we obtain the inequality | M| <
M2 0
1.3 Some explicit computations

Using the multiplicativity property of the integral foliated simplicial volume and the in-
equalities which link it to the simplicial volume and the stable integral simplicial volume,
it is possible to calculate it explicitly for surfaces, Seifert 3-manifolds and manifolds with
finite fundamental group.

Proposition 1.44. Let S be a closed, connected and orientable surface of genus g. Then

2 S~ 52
|51 = el .
IS] = 11515 otherwise
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Proof. 1f S 22 52, then S is simply connected, hence | S| = ||S|jz = ||9||3 = 2.
If S is a torus, then it admits self-coverings of arbitrarily high degree, hence ||S|| =
| S| =1Slg = 0.
If g > 2, a straightening process of the singular simplices (|3]) produces the inequality
Vol(S
Isi > YU _ gy
U2

For the other inequality, notice that it is possible to realise S as a quotient of a polygon
with 4g-sides. Using this, one can construct a triangulation with 4g — 2 triangles such
that the sum of the simplices represents the fundamental class. Hence ||S||z < 4¢ — 2.
Since H1(S,Z) = 729, for every d > 0 there exists a surjective homomorphism from 7 (S)
to Zg4, which corresponds to a d-sheeted covering S — S. Since the euler characteristic
is multiplicative on finite coverings, S has genus d(g — 1) 4+ 1. Therefore,

181z _ 4dg—1)+2 4ooe
S||F < <
R

49 — 4 .

As a consequence, we obtain the inequalities 4g—4 < ||S|| < | S| < ISP <4g—4. O
Proposition 1.45. Let M be a closed, connected and oriented n-manifold with finite
fundamental group. Let M be its universal covering. Then
1 .
M| = ——==IMllz = [[M]]Z" .
1M1= oy
By contrast || M]| = 0.

Proof. Since the fundamental group of M is finite, M is a finite |71 (M)|-sheeted covering.
Therefore

1 ~ 1 ~
M|F > |M| = M| =—||Mlz > ||M||Z -
H HZ = | | ’Wl(M)‘ | | ‘7T1(M)| H ||Z = H HZ
On the other hand, [[M]|| = 0 because its fundamental group is amenable (Theorem
1.16). 0

Proposition 1.46. Let M be a closed, connected and oriented Seifert 3-manifold with
mnfinite fundamental group. Then

M| = | M| =[IM]z =0

Proof. A Seifert 3-manifold admits a finite covering, which is an S'-bundle over an
orientable surface ¥ with Euler number e > 0. We indicate this manifold with (X, e).
Moreover, it is well-known that (X, e) is either irreducible or St x §% or P3(R)#P3(R).
We analyse each case separately:

e if (3,e) = S x S2, then it admits non-trivial finite self-coverings, hence || M|/ <
ISt x S2||3° = 0;
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o if (N,¢) = P3(R)#P3(R), then it is double-covered by S x S?, thus ||M]||5 <

IP?(R)#P(R)IIZ° = 515 x S2[1Z° =0

e if (X, e) is irreducible, the estimate cg((3,e)) < e+ 6x_(X) + 6 holds ([13]), where
X—(X) = max{—x(X),0}. Let T be a triangulation of (3,e) dual to a special
spine realizing its special complexity. It is not necessarily semi-simplicial, but its
first baricentric subdivision 7" is. Since a baricentric subdivision of a tetrahe-
dron consists of 24 tetrahedra, 7' is made of 24cg((X,e)) tetrahedra. Therefore,
(2, e)llz < 24(e + 6x—(X) +6). If ¥ — X is a d-sheeted covering between sur-
faces, it induces a covering of degree d?> between the S'-bundles (¥,e) — (3, e):
this can be obtained by composing the d-sheeted coverings (X,de) — (X, e) and
(X, e) — (X, de), the latter being the result of unwrapping the fibers. As a conse-
quence,

1., —
1MZ° < (B, e)lz” < 7 (= e)llz

24(e +6x—(X)+6) 24(e+ 6dx—(X) +6) dooo
= 22 - 22 0

Thanks to Proposition 1.43 we have the thesis.

1.4 Ergodic parameters

Among all possible standard I'-spaces, the ergodic actions have better properties, which
allow us to obtain further results about the integral foliated simplicial volume. In partic-
ular, we will see that the simplicial volume parametrised over an ergodic space approx-
imates with arbitrary precision the integral foliated simplicial volume and that ergodic
actions can be used to calculate the integral foliated simplicial volume of S*.

Definition 1.47. A standard I'-space (X, pu) is ergodic if every measurable and T'-
invariant set £ C X satisfies u(E) =0 or u(E) = 1.

Lemma 1.48. Let (X, ) be a standard I'-space. The following conditions are equivalent:
(a) (X, p) is ergodic;
(b) every U-invariant function f: X — R is constant p-a.e.
Proof. (a) = (b) For each ¢ € R consider the set
Ac={ze X | f(zx)<c}.

It is I-invariant, hence p(A.) = 1 or p(Ac) = 0. Define ¢g = inf{c € R | u(A;) = 1}. We
show that f = ¢g p-a.e.. For every n € N the sets ACOJFL have full measure and decrease to
Ay, hence p(Ac,) = 1. On the other hand, for every n € N the sets A, 1 have measure

&)
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zero and converge increasingly to {z € X | f(z) < ¢o}. Thus p({z € X | f(z) = c0o}) = 1.
(b) = (a) Let E be a I'-invariant measurable set. Its characteristic function xpg is I'-
invariant, hence constant a.e.. This implies that £ has measure 1 or 0. 0

Definition 1.49. A standard T'-space is mixing if for every measurable sets A, B C X
and for every divergent sequence {7, }nen of elements of I' (i.e. =, leaves every finite
subset definitely) we have

AN, - B) 2= u(A)u(B) .
Lemma 1.50. If ' is infinite, a mizing I'-space is ergodic.

Proof. Let E be a I'-invariant set and choose any infinite sequence {7y,} C I'. By defini-
tion, w(E) = uw(E Ny, - B) 2225 u(E)2. Therefore, u(E) =1 or u(E) = 0. O

It is not obvious from the definition that every group I' admits a standard ergodic
I'-space. We build explicitly an example when I' is infinite and countable, known as
Bernoulli shift. This action will be essentially free, as well. Consider the standard Borel
space X = {0,1}' with the product probability measure pu = Rnen (%(50 + %(51) where
d; is the atomic probability measure concentrated on the point j. For every finite set
F cT and Ay C {0,1}, define

Ap ={(zy)yer | vy € Ay V f € F}:

it is well-known that the sets Ap generate the product o-algebra on X let F vary on all
possible finite subsets of I'. Moreover, I' acts on X by left transations, i.e.

I’'xX — X
(v (@y)rer) = (T4y) -

Using the definition of the product probablity measure, it is easy to verify that this action
preserves the measure of the sets Ap. Moreover, for every divergent sequence {7y }nen
and for every pair of finite subsets F, F’ C T" we have

AR Ny - Apr) 2= p(Ap)p(Ap)

because v, - F' and F are definitely disjoint. It follows that (X, u) is a mixing, whence
ergodic, standard I'-space.

The importance of ergodic actions for the calculus of integral foliated simplicial volume
is underlined in the following result:

Lemma 1.51 (ergodic decomposition). Let I' be a countable group and let (X, pn) be a
standard I'-space. There exist a probability space (P,v) and a family (u,)pep of ergodic
probability measures on X with the following property: for each Borel subset A C X, the

function
P —0,1]

P pip(A)
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1s measurable and

p(A) = [ (A

Proposition 1.52 (ergodic parameters). Let M be a closed, connected and oriented n-
manifold with fundamental group T'. Let (X, u) be a standard I'-space and € > 0. There
exists an ergodic I'-invariant probability measure ' on X such that

|M|(X»#')S |M|(X’“)+e.
In particular, ¥ € > 0 there exists an ergodic I'-space X such that
| M| ¥ < | M| +e.

Proof. By definition, there exists an (X, u)-parametrised fundamental cycle ¢ = Zﬁ';:o fi®
0j € L®(X, 1, Z) @r Cp(M,Z) such that

k
S < 12| O e
j=0"%

Set B(X,u,Z) = {f : X — Z | f is bounded p-almost everywhere} and N (X, pu,Z) =
{f € B(X,u,Z) | f =0 p— almost everywhere}. We have the short exact sequence of
Z[I']-modules

0— N(X,u,Z) = B(X,pu,Z) = L=(X,pu, Z) — 0

and, since C,,(M,Z) is a free Z['-module, we obtain that

B(Xa M?Z) ®F Cn(Ma Z)
N(X, 1, Z) @ Cn(M,Z)

L®(X, 1, Z) @ Cp (M, 7) =2

As a consequence, we can consider f; as elements of B(X, u,Z) and we can re-write the
cycle condition as follows. Let cz be an integral fundamental cycle. By definition, there
exist a chain s € B(X, i, Z) @r Cpy1(M,Z), a chain ' € B(X, y, Z) @p Cp(M,Z) and a
p-measurable set A C X, with u(A) = 0, such that

c—cz =dpi1(8) + xas .

The discussion above ensures that, if, after changing the probability measure p with
another probability measure p/, the functions f; are still bounded p/-almost everywhere
and p/(A) = 0, then ¢ represents an (X, p/)-parametrised fundamental cycle. We are now
looking for a probability measure i satisfying these properties such that the action of
T on (X, ) is ergodic. By the ergodic decomposition theorem, there exist a probability
space (P,v) and a family of I'-invariant probability measures (u,),cp, such that, for
every borel set B C X,

w(B) = [ pp(B)av
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and for every p-integrable function f,

[ gdu= [ [ snyv.

Taking f = Zé?zl |fj| and B = A, there exists p € P such that
o p(A)=0;
b fod:up < fxfdlu .

: : _ B(X,pip,2)OrCn(M,Z) Y RS
Consider the chain ¢, =[] € N(X,p:Z)c@an(M,Z) = L(X, pp, Z) @ Cp(M,Z): it is an

(X, pp)-parametrised fundamental cycle, because the relation ¢ — ¢z = dp41(s) + xas’
continues to hold and p,(A) = 0. Therefore,

|M | (X,pp) < Icp | (X,up) :/ fd,up S/ fd,u
X X

_ Icl(XM)S |M|(X’“)+e.

If (X, p) is a standard I'-space realizing the integral foliated simplicial volume of M, we
obtain the second part of the thesis. ]

We conclude this section with the calculation of the simplicial volume of S' using
ergodic parameter spaces. We first need a general result about ergodic actions:

Theorem 1.53 (Rohlin). Let X be a standard non-atomic probability space and T : X —
X a measure-preserving automorphism. Given € > 0 andn € N there exists a measurable
set B C X such that

(1) B,T(B),...,T" Y(B) are pairwise disjoint;
(2) (U= T9(B)) 2 1 - <.
Proposition 1.54. For every ergodic standard Z-space X we have | S' | Y=o

Proof. Let X be an ergodic standard Z-space. Let n € N and ¢ > 0. Consider the
X-parametrised fundamental cycle 1 ® 0 € L*°(X,Z) ®z C1(R,Z), where o : A1 — R
is defined as o(t) = t. For every j € Z we indicate with o; : Ay — R its translation
oj (t)y=t+7.

By Rohlin’s theorem there exists a measurable set B C X such that B,1-B,...,(n—1)-B
are pairwise disjoint and p(X '\ U’J?:_Olj ‘B) <€ Set A= X\ U;L:_OIj - B. We can write

n—1 n—1
1®U:XA®U+ZX]'-B®O':XA®U+ZXB@OLJ‘.
J=0 Jj=0

Notice that Z?:_& XBO—; is homologous to xp ® &, where
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As a consequence, x4 ® 0 + xB ® ¢ is an X-parametrised fundamental cycle and
1
0< |8 ¥ S uld) +u(B) < et~ "%

By the arbitrariety of € > 0, we have | S!| X = | s*| =o. O

1.5 Integral foliated simplicial volume of hyperbolic
3-manifolds

In this section we will prove a proportionality principle for the integral foliated simplicial
volume of aspherical manifolds. Together with Theorem 1.24, this will imply that integral
foliated simplicial volume and simplicial volume of hyperbolic 3-manifolds concide. To
this aim we need to introduce the concept of measure equivalence of groups and recall
some results about ¢!-homology and bounded cohomology of groups.

1.5.1 ('-homology and bounded cohomology of groups

Homology and cohomology of groups are important tools for the study of a manifold. For
instance, the homology of an aspherical manifold is naturally isomorphic to the homology
of its fundamental group. In this section, after a brief survey on the classical homology
of groups, we will illustrate a slightly more sophisticated version, called ¢'-homology,
obtained through the introduction of a norm in the classical chain complex. Its dual
counterpart is the bounded cohomology introduced by Gromov. The main reference for
the missing details and proofs is (]9]).

Let I' be a discrete group. The bar resolution of I' with coefficients in R = R,Z is
the chain complex C,(T") defined as follows:

o Cu(T) = {X ern+1 ayv0[ml- -+ |7] lay € R, ay = 0 for all but a finite number of v €
"1} is the free left R[[']-module generated by the n-tuples [y1] ... |y, of elements
of I with the I'-action given by

I'x Cp(T') = Cu(I)
(Vsvonl-- fml) = ()l ]

e the boundary operator is the G-equivariant homomorphism determined by

Op : Cp(T) = Cpq (1)

n

Y[yl -+ ) = ozl Il + Z Yyl —1lvven 1 ]

+ (=1)" 0[] - -~ !%—1]
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We can define an ¢*-norm on C,(T) by setting

| S wmbal bl = X aol

yern+l ! yernt1

Definition 1.55. Let V' be a normed R[I']-module.

e The set of the invariants of V is the submodule
Vi={veV |y v=vVyeT}.

e The set of the coinvariants of V' is the quotient

Vo =V/W

where W is the R-module generated by the elements of the form (y-v—wv) for some
v € V and v € I" and the closure is taken with respect to the topology induced by
the norm on V.

Definition 1.56. The homology of T' with coefficients in R, denoted by H.(T', R), is
the homology of the chain complex C.(I')r. More in general the homology of I' with

coefficients in a normed right R[[']-module A is the homology of the chain complex
Ci(T,A) = (A®r Ck(I),id4g @ O4).

Remark 1.57. We can introduce a norm on C,(I', A) by setting
H S ay@q0n |’Yn]H1 = > laylla -
’YGFTL+1 'YGF"+1
It descends to a semi-norm in homology in the following way: if a« € H,(T", A)
ol = inf{l[e]| | ¢ € Cn(T', A) 8(c) =0 [c] =aj} .

Let us focus on the case of real coefficients. In this situation C),(I") is a normed left
R[I']-module, but it is not necessarily complete. We indicate with C£ (T') the metric com-
pletion of C,(T"). It is easy to verify that the boundary operators of the bar resolution
are continuous with respect to the ¢'-norm, hence they can be extended uniquely to the
completion.

Given V' a complete normed right R[I']-module, we define
CLT,V) = (VErCL (T),idy © 9.) |

the chain complex, which has in each degree the completion of the real vector space
V @p CY(T) with respect to the norm

k k

. 1
|lully :== 1nf{z llvillv el | Zvi ® ¢; represents u € V Qg Cf; (M} .
j=1 j=1
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Definition 1.58. Let V be a complete normed R[I']-module. The ¢!-homology of ' with
coefficients in V, denoted by HY' (', V), is the homology of the chain complex ct (T, V).

Definition 1.59. Let V be a complete normed R[[']-module. The bounded cohomol-
ogy of I with coefficients in V, denoted by H;(I',V), is the cohomology of the cochain
complex C} (T, V) = B(CY ("), V)T, where B(CY (I), V) is the set of all bounded lin-
ear functions from Cfl(F) to V. The cochain complex Cy(I', V) is endowed with the
supremum norm, which induces a semi-norm in cohomology, as usual.

Remark 1.60. If V is the dual space of a complete normed vector space W, then
Cy (I, V) = CL (T W),

If V is a complete normed R[['}-module, both H,(T,V) and H! (T, V) are well-
defined. The natural inclusion ¢ : Ci(T', V) — C’fl (T, V) as a dense subcomplex allows
us to compare the two homology groups, thanks to this general result:

Proposition 1.61. Let D be a chain complex endowed with o norm and C be a dense
subcomplez. The map induced in homology by the inclusion is isometric.

Proof. Set + : C — D the inclusion and H,(¢) the map induced in homology. Clearly
|H.(¢)|] < 1. We have to prove the other inequality. Let z € C,, be a cycle and z € D,
a cycle such that

[2] = Hn(1)([2]) € Hn(D) .
It is sufficient to prove that for every e > 0 there exists 2’ € C,, such that

=1 11 <zl +e

By definition, there exists a chain @w € Dy,41 such that Op41(w) = ¢(z) — 2. Since Cj41 is
dense in D, 41 and the boundary operator is continuous, there exists a chain w € Cp 41

such that .

1O+l
Set 2/ = 2z — Opy1(w): it is a cycle homologous to z and

[w = v(w)] <

12 = ()]l = [Op+1(@ — e(w))]| < € .
In particular, we have ||2/|| < ||Z]| + €. O

Since ¢!-homology and bounded cohomology are defined from dual complexes, we
expect some kind of duality relations between the two theories.
The evaluation Cj (T, V') ® CY (T, V) — R descends in (co)-homology, defining a duality
pairing )
Definition 1.62. We say that two maps f : HY (I, V) — H! (A, W) and g : Hf(AW') —
Hi (T, V') are mutuallyladjoint if for every cohomology class ¢ € H; (A, W') and for every
homology class a € HY (T, V) we have

(9, f(a)) = {9(¢), ) .
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Example 1.63. If f : C*' (I, V) — C* (A, W) is a bounded morphism of chain complexes
and f': Cf (A, W') — Cy (T, V') is its dual, then the maps induced in (co)-homology are
mutually adjoint.

Proposition 1.64. (/10], Corollary 4.1.) Let f : Cfl (V) — C’fl(A, W) be a morphism
of chain complezes constisting of continuos maps. Let f' : Cf(A,W') — C}(T, V') be
its dual. Indicate with H(f") and with HY (f) the homomorphisms induced in (co)-
homology.

1. H{(f") is an isomorphism of real vector spaces if and only if Hfl(f) is an 1somor-
phism.

2. If Hy(f) is an isometric isomorphism, then Hfl(f) is an isometric isomorphism.

1.5.2 ME-coupling and proportionality principle

We recall the notion of measure equivalence for groups introduced by Gromov and we
use it to prove a proportionality principle for the integral foliated simplicial volume.

Definition 1.65. Two countable groups I' and A are measure equivalent (ME) if there
exists a measure space (2, m) endowed with commuting and m-preserving actions of I'
and A, which admit fundamental domains of finite measure. We say that (,m) is an
ME-coupling.

Remark 1.66. Since the actions commute, each group acts on the orbits of the other
and consequently on its fundamental domain.

Example 1.67. Consider two lattices I', A C Isom(H") = G. It is well-known that G is
unimodular ([3]), i.e. its Haar measure m¢ is both left- and right-invariant. Therefore
(G, m¢g) endowed with the left translatory action of I' and with the right translatory
action of A is an ME-coupling.

Let (£2,m) be an ME-coupling for two countable groups I" and A. Let X, and Xr
be two finite-measure fundamental domains for the actions of A and I' respectively. It is
possible to associate a measure cocycle to the ME-coupling with the following procedure:

ap :I'x Xp — A
(77 1’) = O‘A(f% LI,’)
where a (7, z) is the unique element in A such that vz € ax(y,2) ' Xa. The definition
for the function ar is similar.

It is quite easy to verify from the definition that the above functions satisfy the following
properties:

e for every 1,72 € I' and for every x € Xp, we have

an(11y2, ) = aa(y1,72 - v)aa(ye, x)
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e if X\ is another fundamental domain for the action of A, the new measure cocycle
oy is related to ap by the relation

oy (7,0(x) = C(y - 2)raa (v, 2)¢(x)

where 6 : X, — X is the isomorphism induced by the natural bijections X, —
X/A — X\ and ((x) is defined as the unique element of A such that {(z)z € X}.

This allows us to describe explicitly the action of each group on the fundamental
domain of the other as follows:

I'x Xp — XA A x Xr — Xr
(v,2) =7z = aaly,z)yz (A y) = Ay =ar(Az)\y
Definition 1.68. Suppose now that I' and A are finitely generated. Let ¢ be some

word-norm on the groups. Let (2, m) be an ME-coupling and Xp, X, two fundamental
domains. We say that Xt is bounded if for every A € A the function

XF — R
x = Lar(\x))

is an element of L (X1, mr,R). The ME-coupling (€2, m) is bounded if it is possible to
find bounded fundamental domains.

Definition 1.69. An ME-coupling (2, m) for I and A is ergodic (risp. mixing) if the
actions of I" on X and of A on X are ergodic (risp. mixing).

Definition 1.70. Given an ME-coupling (2, m) for the groups I and A and two finite-
measure fundamental domains X, and Xt for their actions, the ME-coupling index is

the ratio
m(Xa)

~ m(Xr)

cQ .
Example 1.71. Let I', A C Isom(H") be two countable groups acting freely and proper
discontinouosly on H". We have seen that Q = Isom(H") with its bi-invariant Haar
measure is an ME-coupling (Remark 1.67). It can be proved that it is mixing ([2],
Theorem 111.2.1) and bounded (|18], Corollary 6.12), as well. Let X, and Xr be two
finite-measure fundamental domains. The ME-coupling index is

~ Covol(A)

o= Covol(T")

where Covol(I") = Vol(H"/T").

An ME-coupling enables us to connect the bounded cohomology groups of I' and
A with coefficient in a suitable space of functions. Keeping the notations introduced
above, we endow the fundamental domains Xt and X, with the normalised measures
mr = mm‘r and mp = ﬁmm, so that (Xa,my) and (X, mrp) become standard

probability spaces.
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Theorem 1.72. (Monod-Shalom [15]) Let (2,m) be an ME-coupling for two countable
groups A and T'. Let Xt and Xa be two fundamental domains. Let ar be the associated
measure cocycle. The map

ar : Cy (T, L (X, R)) — Cp (A, L (X1, R))
(@Ff) A0 Aty M) (@) = flar(Agha), - ar (N @) (Az N X))
restricts to the invariants and induces an isometric isomorphism H®(ar) in cohomology.

Due to Theorem 1.64 and Remark 1.60, we expect a similar result for the /'-homology
with coefficients in the space of integrable functions. We need first an easy lemma:

Lemma 1.73. Let (X, pu) and (Y,v) two standard measure spaces. Let p: X — Y be a
measurable map such that

1. the fiber p~t(y) is countable for v-almost every y € Y;
2. for every measurable subset A C X such that p), is injective u(A) = v(p(A)).
Then for every f € L'(X,p) the function y — Ywcp1(y) f(¥) is integrable and

[ gdu= [ xepz_;(y)f(w)dv

Proof. The assumption is true when f is the characteristic function of a set A satisfying
2). Since every function f € L'(X, i) can be approximated by finite linear combination
of such functions, we are done. O

Remark 1.74. We can identify
LY (X, R) @g Ci(T) « LY (T x Xy, R)F™

where the caption fin indicates that for every function f belonging to the set there exists
a finite subset F' C T**1 such that the support of f is contained in F' x Xp.
As a consequence we get the following identification for the coinvariants

L'(Xa,R) @r Ci(T) < LYTF+ x X, R)L™
and for the completion
LYNXA,R) @ CL(T) » LMI* 5 XA, R)p
Consider the function

Y AFFL o X — TFFL x X

(A0y - vy Ay @) (Oé[‘()\al,l‘), o ,ap()\;l,a:),Ax N Xa)

it satisfies the hypothesis of the function p in the previous lemma. Hence we obtain the
following result:
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Theorem 1.75. Let (2, m) be an ME-coupling for two countable groups A and T'. Let
Xt and X two fundamental domains. Let ar be the associated measure cocycle. Using
the identification of Remark 1.74, the map

of - LY (Xp,R) @r CL (A) = L'(Xa,R) @ CL (T)
or f(7,x) = cq Z fxy)

Ay)esp—1(7,2)
is well-defined on the level of coinvariants and the induced map in £*-homology
HY (ar) : HY (A, L' (X7, R)) — HY (T, L' (X, R))
is an isometric isomorphism. Moreover, H (ar) is adjoint to Hi(ar).

Proof. We first verify that ag and af are mutually adjoint on the level of (co)-chains,
i.e for every f € LY(X1,R) ®g C’ﬁl (A) and for every g € CF(T', L>(X,R)) we have

(ak (f),9) = (f,ar(9) -

This follows from the previous lemma:

oF ~ m(Xa) < _ dm
< k(f)7g> - m(XI‘) 'YE;_H AA ()\’y)egg:l(%z) f()\yy)g(fy’ )m(XA)
1 - _
= S y)(g o o) (A y)dm
m(Xr) 7€§+1 /XA (;\,y)G%l(%w) B !
1 - o /T _
- ey 2 [ FO)go )y = (f, o (o))

Therefore, ag restricts to the coinvariants and commutes with the boundary operators,
because ozlli does. The thesis follows from Theorem 1.64. O

We are now ready to prove the proportionality principle for the integral foliated
simplicial volume.

Theorem 1.76 (Proportionality principle for the integral foliated simplicial volume).
Let M and N be closed, connected and oriented aspherical n-manifolds with positive
simplicial volume. Suppose that there exists an ergodic and bounded ME-coupling (2, m)
between their fundamental groups T' and A. Let cq be the ME-coupling index. We have

A/ _ r/Q

1) | M] ca| N5

2) if the coupling is mizing, then | M | =cq|N|.
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Proof. 1) Let X and XA be two fundamental domains for the actions of I' and A
respectively. Let ar and ap be the measure cocycles associated to them. Like in Remark
1.74, we can identify

LM X1, Z) ©p Cr(A, Z) LY (AR % X, z) 0™
Consider the function
opt AR X — TFFL % Xy
(Noy -y Any ) (Oé[‘()\al, x),... ,ap()\gl7x),Ax N Xa)
and define , ,
(@B : LYAR x Xp, Z)™ — LY < Xy, Z2){"
((ar)i )7, 2) = > fy) -
Ay)e(@n) "1 (3,2)
Similarly we define (). It can be verified directly that (%), is well-defined because
of the boundedness of the ME-coupling and that it is a chain morphism with norm at
most % As a consequence the induced map in homology H,(a%) : H,(A, L*(Xr,7Z)) —
H,(T',L'(X4,Z)) has norm at most %, as well.
Consider the following commutative diagram:

1
H,; (of)

HEY (A, LY (Xp,R)) =" HY (D, L'(X4,R)) HE (A, LY (X1, R))

A A A

1
Hy, (o)
_—

LA r LA

Hn(oai@) Hn(oz]}%)
—

H, (A, LY (X1, R)) H, (T, L' (X4, R)) H,(A, L' (X1, R))

Hy(aZ) Hp(ak)

H, (A, LY (XT,7))

H, (T, L (X, Z)) Hy(A, LN X1, 7))

JA Jr JA
Hy(A, Z) Hy (T, Z) Ho(A,Z)

ea er 2
Ho(N,Z) Ho(M,Z) Ho(N,Z)

where the vertical maps are induced by the natural inclusions and ca, cr are the isomor-
phisms between the homology of an aspherical manifold and the homology of its fun-
damental group. Notice that all vertical maps are norm non-increasing and CQHf;l (af),
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%Hﬁl (a%) are exactly the maps involved in the previous theorem, hence they are isome-
tries.
By ergodicity (and Poincaré duality)

H, (A, LY (X1, 7)) = H(A, LY (X1, 7)) = LY (X1, Z2)F = 7,
hence there exists m € Z such that
R R _ R
Hy(ar) o ja o ja o ea([N]z) = m(jr o jr o cr([M]z)) .

Since the simplicial volume of N is positive, by Proposition 1.61 we have that ||¢p ojjlii o
ja o ca([N]z)|| > 0 and

1 .
Hy, (af) o up 0y 0 ja o en([N]z) #0 .
From the commutativity of the upper left square we obtain that m # 0, thus

1G5 0 dr o er([M]z)|| < |ml |15t o jr o er([M]z)]|

< ||HE (F) 0 5§ 0 ja o ea((N]z)|

IN

1. .
— % o ja o ea([NI2)| -
cQ
The same argument applied to the right part of the diagram produces the inequalities
R . M < i R . N < R - M
G o gr o er((Mlz)ll < —llix © ja o ea(INl2)ll < |G o g o er([Mlz)l;

which imply that m = 1 and H,(a%) o ja o ca([N]z) is an Xa-parametrised fundamental
cycle. Therefore,

X . ) 1 X
| M| = |ljp o er([M]z)]| = [[Hn(af) o ja o ea([M]z)]] < . | N7

The same argument applied to the right part of the diagram gives the opposite inequality.
This implies the thesis as the composition

Xr—-Q—-T/Q

induces an isometry between H, (', L'(X4,Z)) and H, (T, LY(T/Q, Z)).

2) Assume that the ME-coupling (2, m) is mixing. Let (X, m,) be an ergodic standard
I-space on which A acts trivially. Then (X x , m, ® m) is a bounded and ergodic ME-
coupling between T' and A with respect to their diagonal actions. Notice that X x Xp
and X x X, are bounded, finite-measure fundamental domains for the actions of I' and
A on (X x ). By the previous result
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where cxxq = % = cq. As a consequence,

and taking the infimum over all possible ergodic I'-spaces X we get | N | < cq|M |
from Proposition 1.52. Repeating the same argument applied to an ergodic standard
A-space (Y, my) on which I' acts trivially, we get the other inequality. O

Corollary 1.77. Let n € N and I', A C G = Isom(H") be uniform lattices. Then

T ] [EA
Covol(T)  Couvol(A) ~

Proof. Consider the hyperbolic manifolds H"/I" and H"/A. We have seen that the group
G endowed with its bi-invariant Haar measure is a mixing and bounded ME-coupling
between I" and A (Remark 1.67). Moreover, cg = gg%ig?; (Remark 1.71). Therefore, by
the proportionality principle

n _ Covol(A) |
O

Theorem 1.78. Let n € N and let M and N be closed, connected and oriented hyper-
bolic n-manifolds with fundamental groups T' and A, respectively. Let G = Isom™ (H").
Let S be a set of uniform lattices of G containing one representative for each isometry
class of hyperbolic n-manifolds. The product X = [[pcg G/AN endowed with the product
probability measure and the translatory action of I' is a standard I'-space and

X Vol(M)
1 = Yo

| M| < |M INIIZ -

Proof. X is a standard I'-space because, once the dimension n is fixed, there is only a
countable quantity of distinct isometry classes of hyperbolic n-manifolds. Hence S is
countable and Proposition 1.31 holds.

We know that M = H"/T', N = H"/A and Covol(I') = Vol(M), Covol(A) = Vol(N).
Let N — N be a finite covering of N. Let w1 (N’) = A’ < A with index d. Then

” / COVO](F) G/T
M — Hn T < Hn T HA”eSG/A < Hn T G/A e S Hn A/
| M| = || < [EYT < || O = R |
Covol(T') 1 ;o Vol(M)1,
= N < —-|INv
Covol(A) [A : A] IV < Vol(N) gV llz
Taking the infimum over all possible finite coverings of N we get the thesis. O

Theorem 1.79 (Integral foliated simplicial volume for hyperbolic 3-manifolds). Let M
be a closed, connected and oriented hyperbolic 3-manifold. Then

| M| = [|M]
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Proof. Let S be a set of uniform lattices of G = Isom™ (H") containing one representa-
tive for each isometry class of hyperbolic 3-manifolds. By Theorem 1.24 there exists a
sequence of closed, connected and oriented hyperbolic 3-manifolds (M, ),en such that

M7
1 =1.
nse M
By the previous theorem
Vol(M)
Ml < | M| < | M|es@ < YOUB) )y e

Taking the limit for n tending to infinity we get the thesis. O



Chapter 2

¢?-Betti numbers

A classical invariant of a finite CW-complex X is its p-th Betti number b,(X), which
is the dimension of the real vector space Hp(X,R), where H,(X,R) denotes the p-th
singular homology module of X with real coefficients. Consider a G-covering p : X — X:
if G is infinite the p-th Betti number of X may be infinite and hence useless. We can
overcome this problem by considering the reduced homology of X with coefficients in the
Hilbert space of square summable functions from G to R. In this way, the p-th homology
group will have a structure of a finite Hilbert G-module and the p-th ¢2-Betti number
will be defined as its Von Neumann dimension. In this chapter we will introduce this
invariant and illustrate its basic properties.

2.1 Von Neumann dimension

In this section we define the Von Neumann dimension, which provides the required con-
cept of dimension in a non-commutative setting.

Let G be a group and R be a ring (usually R = R,Z). We denote with R[G] the set
whose elements are Y, .o 7(x)z, where r(z) € R and r(z) # 0 only for a finite number
of x € G. This is a ring with the operations:

( > r(w)x) + (Z s<w>x> = (r(2) + s(z))z ;

zeG xeqG 2€G
zeG yed z€G yeG

We denote with £2(G) the real Hilbert space of square summable functions f : G — R,
with the scalar product

() (@) x (G) - R
(f.9) = fla)g(x) .

zeG

33
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There is a canonical immersion of R-vector spaces R[G] — ¢?(G), by considering the
elements of R[G] as square summable functions with finite support.

With this in mind, we indicate a function f € (?(G) as a formal series f = " . f(2)z,
with f(z) € Rand Y o f(z)? < o0 .

Definition 2.1. We say that M is a left R[G]-module if it is a left module over the ring
R[G] or, equivalently, if it is an R-module endowed with a left action of G.

We can define on £2(G) both a left and a right isometric action of G by setting

( > f(x)x> y=Y flay e

zeG el
y- (Z f(w)iv) => [y o).
zeG zeCG

These actions can be extended to £2(G)" by letting G’ act diagonally. Therefore, £2(G)"
has a structure of R[G]-bimodule.

Remark 2.2. These actions are bounded, i.e. for every ¢ = Y .o c(z)z € R[G] and for
every f € £2(G) we have

I1f - el < lelll£] lle - fIF< lelll£]

where || = ¥,eq le(@)]

Definition 2.3. A Hilbert G-module is a left R[G]-module M endowed with a Hilbert
structure with respect to which G acts via isometries. In addition, we require that M is
G-equivariantly isometric to a G-invariant Hilbert subspace of £2(G)" for some n € N.

Example 2.4. The left translation of G described above endows ¢2(G) with a structure
of Hilbert G-module.

Remark 2.5. If M is a Hilbert G-module and H < G is of finite index d, then M has
a structure of Hilbert H-module, as well. Fix a set of representatives {x1,...,z4} such
that G/H = {Hzy,...,Hzy}. Then G =L, Ha; and 2(G) =1¢ | P(H)-x; = (2(H)*
as left H-module. Therefore, if M is G-equivariantly isometric to a G-invariant Hilbert
subspace of £2(G)", then it is H-equivariant isometric to an H-invariant Hilbert subspace
of L2(H)™.

We want to define a function dimg : {Hilbert G-modules} — R™ satisfying the
following properties:

e dimg M > 0 and dimg M =0 iff M = 0;
e if M =2 N then dimg M = dimg N;

e if N C M then dimg N < dimg M;
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e dimg(M & N) = dimg M + dimg N;
o dimg 2(G) = 1;
e if GG is finite, then dimg M = ‘—é' dimg M;

e if H < G has finite index, then dimg M = ﬁ dimpy M.

Definition 2.6. The Von Neumann algebra A(G) is the algebra of the bounded G-
equivariant operators from £2(G) into £2(G), where £?(G) is considered as a left G-module.

Remark 2.7. Since the right action of R[G] on ¢?(G) defines a bounded G-equivariant
operator from £2(G) to £?(G), we can consider R[G] as a subalgebra of the Von Neumann
algebra.

Given ¢ € N(G), we denote with ¢* € A (G) its adjoint operator, i.e. the unique
operator such that for every f,g € £2(G) the relation (¢(f),g) = (f,¢*(g)) holds. The
adjoint of an element ¢ € A((G) always exists because it is a bounded operator between
Hilbert spaces. Moreover, ¢* € A(G) because if ¢ is G-equivariant, then ¢* is G-
equivariant, as well.

Example 2.8. The adjoint of the right translation by an element x € G is the right
translation by z~!, which will be indicated as T thereafter. More in general, given
f=Y,cq f(@)x € £2(G) we denote with f the element >, . f(x)z~ L.

The Kaplansky trace is the map
p:RIG] =R
Z r(x)x — r(1)

zeG

where 1 € GG is the identity.
We want to extend the Kaplansky trace to all elements of A((G).

Definition 2.9. Let ¢ € A((G) and 1 € R[G] C £3(G) be the identity. We define

traceg : N(G) — R
¢ = (o(1),1) -

This is an extention of the Kaplansky trace, because, considering w =Y o r(z)zr €
R[G] as an element of A((G), we have

traceg(w) = (1 - Z r(x)z, 1) = <Z r(x)x,1) =r(l) = p(w) .

zelG zeG

Remark 2.10. traceg(¢) = traceg(¢*) since traceq(d) = (o(1),1) = (1,¢%(1)) =
traceg(¢*).
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Lemma 2.11. Let 0 : N(G) — ¢*(G) be the R-linear map defined by ¢ — ¢(1). Then,

0 is injective and satisfies 0(¢*) = ¢(1).

Proof. Let ¢ € N(G) belong to kerf. Then ¢(1) = 0 and for every z € G we have
¢(z) = x¢(1) = 0. Therefore, ¢ vanishes on R[G], which is dense in ¢*(G). Being
bounded, ¢ is the null map.

Moreover, for every x € G we have

(0*(1), ) = (1, ¢(x)) = (1, 26(1)) = (7, 6(1)) = (#(1), ) = (p(1), ) ,
thus, by the same density argument used before, 6(¢*) = ¢*(1) = ¢(1). O
Corollary 2.12. We can see N(G) as a G-submodule of /*(G).

Lemma 2.13 (Properties of the Von Neumann trace). The Von Neumann trace satisfies
the following properties:

1) the Von Neumann trace is linear;

2) let {¢;}icr be a directed system of positive operators in N(G) (i.e. {(¢(x),x) > 0 for
every x € 12(G), x # 0 or, equivalently, ¢ = V*y for some 1 € N(G)) such that if
i < j then ¢; < ¢j. If ¢; converges weakly to ¢, then

traceg(¢) = sup tracec (i) ;
i€l

3) If ¢ € N(G) is a positive operator, then

traceg(¢) =0 ¢ =0 ;

4) if ¢, € N(QG) are positive and ¢ < 1, then traceq(p) < traceg(v);
5) for every ¢,v € N(G) we have

traceg () = traceg (Vo) .

Proof. 1) Tt is clear by definition.

2) We recall that ¢; converges weakly to ¢ if and only if for every x,y € £2(G) we have
(pi(), )| = [{#(x),y)|. We start proving that ¢; < ¢ for every i € I. Let x € £2(G) be
a fixed element and 7 € I be a fixed index. Given € > 0, there exists an index ¢ < i(e)
such that

(9i(x),z) — € < (Py(e) (), ) — € < (P(x),z) .
It follows that traceg(¢) > sup,c;traceg(¢;). By weakly convergence, for every e > 0
there exists an index i(e) € I such that (¢(1),1) < (¢ (1), 1) + €. Therefore,

traceg(¢) < traceg(¢;(e)) + € < suptraceg(¢;) + € .
el
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3) By polar decomposition, there exists a self-adjoint operator h € A(G) such that
¢ = h* o h. Therefore,

tracec(¢) = (¢(1),1) = (h(1),h(1)) = [A(D)]*

is null if and only if A(1) = 0. Since h is G-equivariant and linear ¢ vanishes on R[G],
which is dense in £?(G). Being bounded, it is the null map, whence ¢ = 0.

4) By definition, 1) — ¢ is a positive operator, hence its trace is positive. The result
follows by linearity.

5) Using the previous lemma, we have

tracec (o) = (¢(4(1)),1) = (¥(1),¢"(1)) = (¥(1),6(1))
= (1), 6(1)) = (¥*(1),6(1)) = (L, 9(¢(1))) = trace(y9). B
We denote with M, (A(G)) the R-algebra of G-equivariant bounded operators from
(@)™ into £2(G)". An element F € M, (N(G)) is uniquely determined by a matrix

(Fij)ij=1,..n where Fj; € A((G). We extend the trace operator to an element F €
My, (N(G)), by defining

)
(1

traceg(F) = Ztraceg(Fi,i) .

The following properties are straightforward consequences of the previous lemmas:
o traceq(F) = traceg(F™);
e traceg(Fy o Fy) = traceg(Fy o FY)
Lemma 2.14. Suppose F' € M, (N(G)) is self-adjoint and idempotent, then
traceg(F Z || F3,5(1 H2
ij=1
In particular, traceq(F) > 0 and traceq(F) = 0 if and only if F is identically null.
Proof. Since F is self-adjoint, F; ; = F7;, hence

g
n n
traceq(F) = Z<FJ‘J‘(1)7 1) = <F]%j(1), 1)
j=1 j=1
n n
= > (FFij(1),1) = Y (Fi;(1), Z 1F (D -
i,7=1 i,7=1 i,7=1 0

Let V C #2(G)" be a G-invariant Hilbert subspace of £2(G)" and let m, be the
orthogonal projection onto V. Since for every T € £2(G)" and for every x € G we have

2T =7y (2T)+ (2T — wy (2T)) = xmwy (T) + (2T — xmy (T))
—_— — Y —— —
eV cvt eV cvt

7y is G-equivariant and hence is a element of M, (N (G)).
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Definition 2.15. We define the Von Neumann dimension of a G-invariant Hilbert sub-
space V C £2(G)" as
dimg V = traceg(my) .

Remark 2.16. Since 7y is self-adjoint and idempotent, dimg V' > 0 and dimg V = 0 if
and only if V' = 0.

Example 2.17. If V = (2(G), the orthogonal projection onto V is just the identity.
Therefore dimg £2(G) = traceg(id) = (1,1) = 1.

In the general case, let M be a Hilbert G-module. By definition there exists a G-
equivariant isometry a: M — V C £2(G)". We define

dimg M =dimg V .

We must verify that this definition is independent of the choice of the isometry a.. Suppose
that 8 : M — W C £2(G)™ is another G-equivariant isometry. Without loss of generality
we can suppose that m = n + k > n. Let V' be the image of the inclusion of V
into £2(G)™ = 2(G)" @ £2(G)*. Tt is obvious that dimg V = dimg V', hence we can
suppose m = n. Define h = foa™! : V — W and extend it to an element H €
My (N(G)) by putting H|,, = h and H| , =0. By construction H*H : ?(G) — V is the
orthogonal projection onto V and HH* : *(G) — W is the orthogonal projection onto
W. Therefore, we have

dimg V' = traceq(H*H) = traceq(HH™) = dimg W .

Remark 2.18. Let G = {1} be the trivial group and M be a Hilbert G-module. We
want to calculate the Von Neumann dimension of M in this simple situation. Since G
acts trivially, M is just an R-vector space. We can suppose M = R" = (?(G)". Then
the orthogonal projection from ¢2(G)™ to M is the identity. Therefore

n

dimg M = traceg (idg () Z idpcyn(1),1) = n = dimg M

It is easy to verify from the very definition that dimg satisfies the following properties:
e dimg(M @ N) = dimg M + dimg N;
o if M =2 N, then dimg M = dimg N;
e if N C M, then dimg N < dimg M,
Let us verify the other properties we pointed out at the beginning of the section.

Lemma 2.19. Let H < G be a subgroup of G of finite index and M a Hilbert G-module.
Then dimg M = iteai] H] dimy M.



2.1. VON NEUMANN DIMENSION 39

Proof. Let d = [G : H|. By Remark 2.5, there exist elements x1,...,z4 such that
G =UL, Hz; and (2(G) =17, (*(H) - z;. Therefore, for every element F € A(G) we
have

d d
tracey (F') = Z(F(azz),xz> = Z(F(l), 1) =d - traceg(F) .
i=1 i=1
The same result holds for F' € M, (N (G)), thus dimyg M = ddimg M. O

Corollary 2.20. If G is finite and M is a Hilbert G-module, then dimg M = ﬁ dimp M.

Proof. Since G is finite, we can take H = {1} as subgroup of G with finite index. By
Remark 2.18 and Lemma 2.19 we have

dimg M = dimy M =[G : H|dimg M = |G|dimg M .
O

Let V7 and V5 be Hilbert spaces. Let V4 ®g Vo be the tensor product of V4 and V5 in
the category of vector spaces, i.e the set of finite linear combinations of the elementary
tensors v; ® vo, where v1 € V] and vy € V5. This vector space is naturally endowed with
the scalar product determined by the relation

((v1 ® vo, w1 ® w2)) = (v1, w1)v; (V2, W2)v; -

The tensor product of the Hilbert spaces V7 and Vs, denoted by V1 ®V5, is the completion
of V1 ® V2 with respect to the metric induced by the scalar product ((-,-)).

Proposition 2.21. Let My be a Hilbert G-module and Ms be a Hilbert H-module. Then
the tensor product Mi&rMs is a Hilbert (G x H)-module and

dim gy ) (M1®rM2) = dimg My - dimpy My .

Proof. Obviously (?(G)@grl?(H) is isometrically (G x H)-equivariantly isomorphic to
?(Gx H). Hence M1®g M, is a Hilbert (G x H)-module. Let f; € A(G) and f» € A(H),
then f1 ® fo € N(G x H) and

(i®f)le®1ly),1c®1x))
(f1(lg) ® fo(lu),1c¢ ® 1))
f1(le), 1a) - (f2(Lm), 1)

raceg(f1) - traceg (fa) .

tracegxu(f1 ® f2) =

{
{
{
¢

A similar formula holds when f; € M, (A(G)) and fo € M, (N (H)) and the claim follows
by applying it to the orthogonal projection onto M; and Ms. O
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2.2 (?-chain complexes and (?>-Betti numbers

We are going to apply the theory of Von Neumann dimension to the Hilbert G-modules
resulting from a G-equivariant homology theory of CW-complexes. This will lead to the
definition of £2-Betti numbers as the Von Neumann dimension of the reduced £2-homology
groups.

Definition 2.22. A chain complex of Hilbert G-modules

NN VAN /AN /A

is said to be an £-chain complex if every homomorphism d; is bounded and G-equivariant.
The reduced homology of the £?-chain complex (Vi,d,) is defined as

red (V) = Ker(d;) /Im(diy1) -
The chain complex (V,d,) is weak-exact if "**H;(V,) = 0.

Definition 2.23. Let (Vi,d.) and (W*,CZ*) be two ¢?-chain complexes. A morphism
s Vi = W, is a family of bounded and G-equivariant homomorphisms ¢; : V; — W;
such that ¢; o d;11 = Ji+1 o ¢;+1 for every .

Two morphisms ¢., ¢, : Vi — W, are ¢*>-homotopic if there exists a family of G-
equivariant and bounded operators K; : V; — W;41 such that K; od;1 + d~7;+1 oK, =
Git1 — Yi1 for every i.

Remark 2.24. A morphism between 02 _chain complexes ¢, : Vi, — W, induces a

bounded and G-equivariant map ¢, "¢ H,(V,) —"°? H,(W,), which depends only on
the ¢>-homotopy class of ¢,.

Definition 2.25. A map f: M; — Ms between Hilbert G-modules is
e a weak isomorphism, if it is injective, bounded, G-equivariant and with dense image;
e a strong isomorphism, if it is a G-equivariant bijective isometry.

Lemma 2.26. If there exists o weak tsomorphism between two G-modules My and Mo,
then there exists a strong one, as well.

Proof. Let f : M1 — Ms be a weak isomorphism. The operator f*o f : My — M is
positive, as for every v € Mj, v # 0, we have (f*f(v),v) = (f(v), f(v)) > 0, and with
dense image, as w € M is orthogonal to Im(f* o f) if and only if f(w) is orthogonal to
Im(f), which is dense. For the polar decomposition there exists a self-adjoint operator
g : My — My such that ¢ = f* o f and Im(g?) C Im(g) is dense. Define h = fog™!:
Im(g) — Ms. Notice that Im(h) = Im(f) is dense. In addition, Vz,y € Im(g) we have

(h(z),h(y)) = (flg~ (@), fFlg™ W) = (fF(flg~ (@), 9 ()
(F* (97 (@), 97 W) = (glg™ (=), 9(¢7 ' (W) = (&, ) -
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Therefore, h : Im(g) — Im(f) is an isometry. Since Im(g) C M; and Im(f) C My are
dense, h can be extended in a unique way to a bijective isometry h : My — Ms. Since f
and f* are G-equivariant, ¢ is G-equivariant too and so is k. It follows that A is a strong
isomorphism of Hilbert G-modules. O

If V is a Hilbert G-module and W C V is a G-equivariant closed subspace, then the
quotient V/W has a natural structure of Hilbert G-module, where the norm is given by

o]l = inf{{|z[| | [2] = [o]}-

Corollary 2.27. Let ¢ : My — M be a bounded G-equivariant operator between Hilbert
G-modules. Then we have the following strong isomorphisms:

(Ker(9))" = My/Ker(¢) = Im(9) .
Lemma 2.28. Let 0 > U -V 5 W — 0 be a weak-exact £2-chain complex. Then
dimg V =dimg U + dimg W .

Proof. Tt is easy to verify that V = Ker(a) @ Ker(a)* as Hilbert G-modules and, by the
previous corollary, Ker(a)* = Im(a). Therefore,

dimg V = dimg Ker(a) + dimg Im(a) = dimg U + dimg Im(av)

=dimqg U + dimg W . .

Corollary 2.29. Let 0 — V, n, Vi1 d"—71> N Vo — 0 be an £2(G)-chain
complez. Then Y% (—1)"dimg V; = Y1 o (—1)* dim4¥¢ H;(V5).

Proof. Let K; = Ker(d;) and J; = Im(d;41). We have the following weak-exact complexes
of Hilbert G-modules:

0K, —=V;—=Ji-1—0 0—J; = K; =" H;(Vi) = 0

Using repeatedly the relations of the previous lemma, we are done. O

2.2.1 (*-homology of CW-complexes

We are going to produce the fundamental example of ¢?(G)-chain complex. Let Y be
a connected CW-complex and G be a group acting on Y via permutations of the cells.
Suppose X =Y/G is a compact CW-complex. We denote with K;(Y") the free Z module
generated by the i-dimensional cells of Y: since the action of G is cellular, G acts on
K;(Y) giving it a structure of a left Z[G]-module, generated by the i-dimensional cells
of X. We define Ci(Y,2(G)) = £*(G) @z Ki(Y), where *(G) is considered as a right
Z|G]-module (i.e. G acts via right translations) and K;(Y") has the structure of left Z[G]-
module described above. The resulting tensor product is a left R[G]-module: let 7 be a



42 CHAPTER 2. (*>-BETTI NUMBERS

representative i-cell of each G-orbit for p=1,..., a;, where o; = rankz K;(X), then the
action is determined by:

R[G] x Ci(Y, £2(G)) = Ci(Y, 4(G))

k k
(agg, S fu® ﬂ“) =Y agf,® gl
pn=1

p=1
We can endow C;(Y,¢?(G)) with a Hilbert structure: we declare that
{z7 |ze@, pel{l,...a;}}
is a complete orthonormal basis for C;(Y, £2(G)).
Remark 2.30. It follows immediately that the map
((@)% = Ci(Y)

(fl,--.,fai) — i:fu(@ﬂ“
p=1

is a G-equivariant isometry, i.e. C;(Y,£%(G)) is a Hilbert G-module.

Denoting with d; the usual boundary operator of the cellular chain complex, we define
the 2-boundary operator

idp ®d; : CZ(Y, KQ(G)) — Ci_l(Y, EQ(G))
f®0'—>f®di(0) .

It is evidently G-equivariant and the following lemma ensures that it is bounded.

Lemma 2.31. Let ¢ : (R[G])" — (R[G])™ be a G-equivariant morphism between R[G]-
modules. Then the unique operator ¢ : 2(G)* — (2(G)™ which concides with ¢ on
(RIG])™ s bounded.

Proof. Let (¢; ;) be the elements of a matrix representing ¢. Notice that
Home (R[G], R[G]) = R[G]

by the map that associates to a G-morphism the value it takes on the identity. Therefore,
each ¢; ;j can be thought of as an element of R[G] acting on R[G] by right translation
and it can be written as ¢;; = > ,cqCij(@)z. Set || = > cqlcij(z)]. It is easy to
verifiy that [|f - ¢; || < |¢s ;||| f|l. Therefore

~ 2
16 )P = 2 || 2 fidig]| < S Ious PSP < (X100 ) I (oo £
J 7 1,7 %,

O]
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The reduced homology of the ¢2-chain complex (C;(Y,¢%(G)),idp ® d;) defines the
£2-homology groups of Y

red (Y, 04(@)) = Ker(idpe @ d;) /Tm(idpe @ digq)

The particular case in which we are interested in is when X is a compact connected
CW-complex, G is its fundamental group and Y is its universal covering.

There is another possible definition of the reduced ¢2-homology, which will be useful
later. Let &; : Ci(Y, (2(G)) — Cit1(Y,£2(G)) be the adjoint operator of d;11. We define
the following G-equivariant closed subspaces of C;(Y, ¢3(G)):

Zi(Y,*(@)) = Ker(d;) ZUY,?(GQ)) = Ker(6;)
H(Y,02(G)) = Zi(Y, (G) N ZY, (@) -

We can interpret #;(Y, 2(G)) as the kernel of a bounded self-adjoint G-equivariant map:
if we define the laplacian A; = d;41 06; + 6;_1 0 d; : C;(Y,£2(G)) — Ci(Y, ?(G)), then
#(Y,?(Q)) = Ker(4;). Namely, if ¢ € Ker(A;), then (§;_1 o d;(c),diy1 o §(c)) =
<52 o 61',1 o di(c), (SZ(C)> = 0, SO

0 = [|Ai(0)]1> = [|6i=1 o di ()| + ||di+1 0 &i(c)|?
which implies that d;(c) € Ker(d;—1) and d;(c) € Ker(d;+1). Therefore,
0 = (8i—1 0 di(c), c) + (dit1 0 6i(c), ¢) = [|di(c)[|* + [|6;(c)|?

which gives the thesis.

We denote by B;(Y,#?(G)) and B(Y,*(G)) the images of d;+1 and &;_1 respectively:
they are not necessarily closed.

Recall this general result of functional analysis:

Lemma 2.32. Let T : H — H be a bounded operator between Hilbert spaces and T* be
its adjoint. Then H = Ker(T) L Im(T*) = Ker(T*) L Im(T).

Therefore, we have the following orthogonal decompositions:
Ci(Y, %(G)) = BI(Y, 2(G)) L Zi(Y, *(G))

=~ B,(Y, 2(Q)) L Z'(Y, 2(G)

= BI(Y,(G)) L Bi(Y, 2(G)) L #(Y, (*(G))

The latter isomorphism follows from the fact that #(Y, £2(G)) = Ker(A;) = Z;(Y, £2(G))N
Z’(Y,EQ(G)) and, by the previous lemma, Im(4;) = (Ker(4;))* = (Ker(d;)NKer(5;))* =
Ker(d;)* @ Ker(5;)* 2 Im(6;_1) L Im(d;41).

In particular Z;(Y,2(G)) = B;(Y,¢%(GQ)) L #(Y,/%(G)) and the orthogonal projec-
tion Z;(Y,0*(G)) — #(Y,¢*(G)) induces an isomorphism between #;(Y,/¢*(G)) and
red 11, (Y, £2(@)). Similarly, if we define

Y, 2(G)) = ZH(Y,(G))/BIY, B(0)
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the orthogonal projection Z!(Y,¢*(G)) — #;(Y, ¢*(G)) induces an isomorphism between
H(Y,3(G)) and "UH' (Y, %(G)).

Moreover, the map 5i|(z.>l S (ZU(Y, (@)t — BHYHY, (%(G)) induces an isomorphism
between B;(Y,¢*(G)) and BL(Y, (2(@)).

Proposition 2.33. "/ H, defines a covariant functor from the category of CW-complezes
with a cocompact action of a group G and G-homotopy classes of cellular maps to the
category of Hilbert G-modules with bounded G-equivariant maps.

Proof. Let f : Y — Z be a cellular G-equivariant map between CW-complexes. It in-

duces a morphism f, : K,(Y) = K,(Z), whose extension f, : C.(Y,2(G)) = C.(Z,12(G))
is bounded and G-equivariant. By continuity, fi(Bi+1(Y,¢%(G))) = Biy1(Z,0?(G)), so f

induces a well-defined map " H;(f) "¢ Hy(Y,2(G)) —"¢ H;(Z,(2(@)).

Moreover, if g : Y — Z is G-homotopic to f via a cellular homotopy, we know that

f« and g, are algebraically homotopic, i.e. there exists a family of G-equivariant maps

K;: Ki(Y) — Ki+1(Z) such that K; o dZY+1 + aliZJrl o K; = fitx1 — gi+1 for every i. Their

extensions define a bounded G-equivariant homotopy between f* and g,. Therefore

redHi(f> _red H; (g) n

Remark 2.34. We will see (Theorem 3.22) that ¢2-Betti numbers can be computed via
singular homology, as well. This will imply that they are independent of the cellular
structure. Moreover, they are homotopy invariants, where the homotopy needn’t be
cellular.

Let us now calculate explicitly "?Hy(Y, £2(G)). We need the following lemma:

Lemma 2.35. If G is an infinite group, then the only G-invariant element of £2(G)" is
the trivial one.

Proof. Set F = (f1,...,fn) € £2(G)". Since F is G-invariant iff every f; is G-invariant,
it is sufficient to prove the thesis when n = 1. If 3 . f(2)z € ¢*(G) is G-invariant,
then f(x) does not depend on z. On the other hand, by definition, 3", f(2)? < .
Therefore, f(x) = 0 for every x € G. O

Proposition 2.36. Let Y be a connected CW-complex endowed with a cellular cocompact
action of an infinite group G. Then

red o (Y, 2(G)) =0 .

Proof. By definition "¢ Hy(Y,G) = Co(Y,*(G))/Im(d;) = Im(dy)*. We want to show
that Im(dy)* C Co(Y, £2(@))Y, the submodule of G-invariant ¢2-chains.
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300 fu® 7' € Im(dy)*, thenV g, € G and V B € {1,...,a0} we have

ag
0= (fuor el -g )7
pn=1
Qg
=Y fuorz-Q-gHer)
pn=1

:<ifﬂ-(1—g)®f6‘,a:®%oﬁ>
pn=1
=(fg-(1—g),2) = fg- (1 —g)(x) = fs(x) = (fg- 9)(z) ,

which implies that >0, f, ® 7 is G-invariant.

As a consequence of the previous lemma, " Hy(Y, £2(G)) C Co(Y, £*(G))¢ = {0}. O

Example 2.37. Let Y = R be endowed with the action of Z by translations. It is well
known that X = Y/G = S! has a cellular structure with only one 0-cell ey and one 1-cell
e1. We obtain the ¢2-chain complex

0— 2(7) % 2(Z) > 0.

If x € Z is a generator, then we can write an element f € (%(Z) as f = 3,,cz anx™, where
a,, are real numbers. With this identification

di(f)=(1-x) Zanx" :

nel

It is easy to verify that d; is injective and Im(d;) is dense. Therefore,

redfr (R, 02(Z) =0 and  "Hy(R, 2(Z)) =0 .

2.2.2 (?-Betti numbers

Let Y be a connected CW-complex endowed with a free, cellular and cocompact action
of a group G.

Definition 2.38. The i-th ¢?-Betti number of Y with respect to G is
b2 (Y,G) = diml¥? Hy(Y, (%(G)) .

We are particularly interested in the case where Y is the universal covering of a finite
CW-complex X and G = m1(X). In this situation we set bl(?)(Y, G) := bZ@) (X).
The properties of the Von Neumann dimension give us some information on the £2-Betti
numbers of X, which are summarised in the following propositions:

Proposition 2.39. Let X be a finite n-dimensional CW-complex with fundamental group
G. Let oy be the number of its i-cells and Y be its universal covering.
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(1) b7(X) < ai;

(2) if X is an m-sheet covering of X, then bl@) (X)=m- bl(-Q) (X);

(3) x(X)= ?:0(—1)%1(-2) (X), where x(X) is the Euler characteristic of X;
(4) Shop(=1) ey > Sl (-DF b (X);

(5) if G is infinite, then b(()Q) (X)=0;

(6) if G is finite, then b (X) = Lbi(Y).

Proof. (1) Since Ker(d;) C Ci(Y, £*(G)), we have dimg(Ker(d;)) < dimg Ci(Y, £2(Q)) =
a;, because C;(Y, £2(G)) = (¢2(G))*. The additivity of the Von Neumann dimension
on the weak-exact complex (Lemma 2.28) applied to

0— Im(CZZ'_H) — Ker(a?i) —)TEd HZ‘(Y, 62(G)) —0
implies that bz(?)(X) < dimg Ker(di) < .

(2) Let H be a subgroup of G associated to the covering X, so that X = Y/H. H has
index m in G. Therefore,

b (X) = dimlg? Hy(Y, () = (G H] dim5 H(Y, (2(G)) = m b7 (X)

(3) Tt follows from Corollary 2.29 applied to the cellular £2-chain complex of Y.

(4) Recalling the orthogonal decomposition C;(Y, £2(G)) = BH(Y,¢*(G)) L Bi(Y,*(G)) L
#(Y,£%(G)) and the isomorphism B;(Y,¢*(GQ)) = BTY(Y, /2(G)), we have

k k k
DDy = Y (=DFB(X) = D (-1 dimg[By(Y, £2(G)) L B (Y, %(G))]
=0 =0 =0
k
=Y (=D dimg[Bi(Y, £*(G)) & Bi1(Y, £*(G))]
=0
k
=Y (-1 [dimg Bi(Y, *(G)) + dime Bi—1 (Y, *(G))]
1=0
= dimg Bi(Y, *(G)) > 0 .

(5) It follows directly from Proposition 2.36.

(6) From the properties of the Von Neumann dimension

B (X) = diml¥? Hy(Y, 2(G)) = @ dimg H;(Y) =
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Proposition 2.40 (Kiinneth formula). Let X and Y be finite CW-complezes endowed
with free cellular actions of the groups G and H respectively. Then X X Y s a finite
CW-complex with a G x H free cellular action and

bI(X xY,Gx H) = Y b (X, G (Y, H) .
ptqg=t

Proof. Using the cross product, there is a Z|G x H]|-isomorphism between the cellular
complexes K,(X)®z K.(Y) and K,(X xY). It induces an isomorphism between the /2-
chain complexes C. (X, (2(G))@rC4 (Y, (2(H)) and Cy(X x Y, ¢*(G x H)). The assertion
follows from Proposition 2.21. O

We are going to prove a Poincaré Duality formula for £2-Betti numbers: in Chapter

3 we will give an alternative definition of £2-Betti numbers, which will imply that they
are indipendent of the cellular structure (Theorem 3.22). Therefore, we will not describe
any particular cellular structure on the manifold involved in the next proposition.

Proposition 2.41 (Poincaré Duality). Let M be an n-manifold without boundary en-
dowed with a free, proper and cocompact action of a group G, such that M and M /G are
orientable. Then

b0 (M, G) =2 ,(M,G) .

Proof. 1t is possible to define a suitable cap product on the cellular chain complex ([20],
Theorem 2.1)
NM/G]: K" *(M) — K.(M) ,

which induces a homotopy equivalence between the ¢2-chain complexes C"*(M, £2(G))
and C.(M, (*(G)). The assertion follows because

dimg H;(C" (M, 2(G))) = dimg 7, _;(M, (@) = b2 (M, G) .
]

Example 2.42. We give the values of the £2-Betti numbers for all compact connected
orientable 1- and 2-manifolds. Due to Theorem 3.22, £2-Betti numbers are independent
of the cellular structure and they are homotopy invariants. Thus, we will not introduce
an explicit cellular structure on 1- and 2-manifolds and we will use homotopy arguments
to calculate £?-Betti numbers.

In dimension 1 there are only S' and the unit interval I. Since the fundamental group
of S1 is infinite and the euler characteristic is zero, we have bgz)(Sl) =0foralli>0. As
I is contractible, the £2-Betti numbers of I concide with the classical ones.

Let ng be the orientable closed surface of genus g with d discs removed. Obviously,

bEQ)(ng) =0fori >3 Ifg=0and d =0,1, ng is simply connected, hence the £2-
Betti numbers coincide with the classical ones. If d > 0, ng is homotopy equivalent to
a bouquet of 2g + d — 1 circles, hence ng)(ng) = 0. Moreover, 682)(ng) = 0 because the

fundamental group is infinite and ng) (Fg) = d+ 2(g — 1) is the opposite of the Euler
characteristic (Proposition 2.39). In the closed case with g > 0, the 0-th ¢2 Betti number
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is zero, because the fundamental group is infinite. By Poincaré duality, the second £2-
Betti-number vanishes, as well. By Proposition 2.39, the first £2-Betti number must
coincide with the opposite of the Euler characteristic. To sum up,

(2) / 1d 1 ifg=0d=0,1
by (F%) =
0 ( g) {O otherwise

d+2(g—1) otherwise

1 ifg=0d=0
b(2) Fd _
2 ( g) 0 otherwise



Chapter 3

A vanishing result for the (2-Betti
numbers

A conjecture by Gromov suggests a connection between the vanishing of the simplicial
volume of a closed, connected, oriented and aspherical n-manifold M and the vanishing of
its £2-Betti numbers. More precisely, if M is a closed, connected, oriented and aspherical
manifold with ||M|| = 0, then b,?)(]\/[) = 0 for every k > 0. The conjecture is trivial in
dimension 2 and it has been proved in dimension 3. On the other hand, little is known for
n > 4. An important step in this field has been made by Schmidt, who proved (in [17])
that if M is a closed, connected and oriented manifold, then b,(f)(M) < (™M |M]. In
order to explain this result, we will introduce a particular Von Neumann algebra related
to the orbit equivalence relation of the fundamental group acting on the universal covering
and study some algebraic properties of modules over Von Neumann algebras.

3.1 Dimension theory for modules over a Von Neumann al-
gebra

In Section 2.1 we defined the notion of dimension for Hilbert G-modules, which are
particular examples of finitely generated modules over a Von Neumann algebra (in that
case A[(G)). In this section we generalise the theory so that we can deal with not
necessarily finitely generated modules over an arbitrary Von Neumann algebra. The
construction is purely algebraic and can be applied to every ring.

Definition 3.1. Given a (real) Hilbert space H, we endow the space of linear and
bounded operators B(H, H) of H into itself with the topology generated by the semi-
norms 7, ,(f) = (f(z),y)r. A Von Neumann algebra A is a closed x-subalgebra of
B(H, H) containing the identity. The involution * assigns to an element f € A( its
adjoint f* € AL

Definition 3.2. Let A’ be a Von Neumann algebra. A finite trace on A is a linear map
traceq : AL — R satisfying the following properties:

49
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i) traceq (ab) = traceq (ba);

ii) if a € Al is positive (i.e. (a(x),z)yg > 0 for every z € H) then trace(a) = 0 if and
only if a = 0;

iii) let {a;}icr € A be a directed family of positive operators such that if i < j, then
a; < aj. If {a;}ier converges to a € A, then

traceq (a) = sup{traces(a;)} .
icl

A Von Neumann algebra is finite if it admits a finite trace.

Remark 3.3. The same theory can be developed for complex Hilbert spaces. In that
case a finite trace is required to be C-linear. The extension to complex numbers is useful
to prove that traces (z*y) = tracey (y*x) for every z,y € H: namely, by linearity and
the relation

ety =(y+ o) (y+z)— (y—2)"(y —z) +ily +iz)"(y + iz) —i(y —iz)"(y — iz) ,

it is sufficient to show that tracey(z*z) = traces(xz*) for every x € H. By polar
decomposition, x = sq where s is self-adjoint and ¢*q = Id. Therefore,

traceq (2°2) = traces (¢*s%q) = tracey(s?) = tracea (zz*) .

The trace defined in Section 2.1 satisfies these properties (Proposition 2.13), so the
Von Neumann algebra A((G) is finite. Actually, it can be proved that every finite Von
Neumann algebra is of this form:

Theorem 3.4. Let N\ be a finite Von Neumann algebra. Let £2(N\) be the completion of
N with respect to the metric induced by the scalar product (x,y) = traceq(x*y). Then
2(N) is a left N-module on which N acts by left translations. Moreover, the map

N — B(2 (), ()"

assigning to an element a € N the right moltiplication by a 4s an isometric homomor-
phism.

The first step to generalise the dimension theory introduced in Section 2.1 consists in
replacing the Hilbert structure of a G-module with a purely algebraic property. We will
show that the Hilbert G-modules introduced in Definition 2.3 correspond to the finitely
generated projective A (G)-modules.

Let us begin with free (hence projective) finitely generated A(G)-modules. We define a
correspondence 7 as follows:

o T(N(G)") = ()
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e given an A((G)-homomorphism, i.e. a linear A(G)-equivariant map, f : A(G)" —
A(G)™, choose a matrix A € M(m,n, A (G)) such that f(z) = zA for every x €
N(G)™. We define

T(f) : (G)™ — (G)"

y e (A
We sketch briefly how this correspondence can be extended to every finitely generated
projective A(G)-module.

Definition 3.5. Let P be a finitely generated projective A(G)-module. An inner product
on Pisamap pu: P x P — N(G) satisfying the following properties

i pis A(G)-linear in the first variable;
i u(x,y) = py,x)* for every z,y € P,
iii p(z, ) is positive and p(z,z) = 0 if and only if z = 0,
iv the map fi : P — Homy ) (P, N(G)) given by ji(z)(y) = p(w,y) is bijective.
The following result holds:

Proposition 3.6. Every finitely generated projective N (G)-module admits an inner prod-
uct. Moreover, two finitely generated projective N(G)-modules endowed with an inner
product are isometrically isomorphic if and only if they are N(G)-isomorphic.

Example 3.7. The standard inner product pus on the free A((G)-module A(G)" is

defined as
pst : N(G)" X N(G)" = N(G)"

n
(z,y) = > iy}
=1

Given two finitely generated projective A(G)-modules endowed with inner products
(Po, po) and (Py, p1), we can define an involution

HOHIN(G) (Po, Pl) — HOHIN(G) (Pl, Pg)
fe=
where f* is the unique homomorphism such that pi(f(z),y) = po(x, f*(y)) for every
xEPoandyePl.

Given a finitely generated projective A{(G)-module P endowed with an inner product
1, we can define on P a pre-Hilbert structure by setting

PxP—R
(.’1}‘, y) = trace?\[(G) (M(‘T7 y))

We denote with 7(P, 1) the associated Hilbert space.
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Example 3.8. The Hilbert space corresponding to (\(G)", ust) is exactly £2(G)" en-
dowed with the scalar product introduced in Section 2.1.

The left G-action on P, given by

GxP—P

(9,x) »g-x=R,1x

g
where R,—1 € A(G) is the right translation on ¢*(G) induced by the element g~!, induces
a G-action on 7(P, ). Then 7(P, ) is a Hilbert G-module: namely, by projectivity and
Proposition 3.6 there exists another finitely generated projective AL(G)-module P’ en-
dowed with an inner product p' such that (P, pu) & (P, 1) = (N(G)™, pst)-

In addition, every A((G)-homomorphism f : (P,u) — (P’, i) between finitely gener-
ated projective A(G)-modules with inner product extends to a morphism of Hilbert
G-modules 7(f) : 7(P,u) — 7(P', i').

Theorem 3.9. ([12], Theorem 6.24) The construction above defines an equivalence T
from the category of finitely generated projective N.(G)-modules to the category of Hilbert
G-modules. Moreover, denoting with 7' its inverse, both T and 7' are exact functors
and commute with the adjoint.

Definition 3.10. The Von Neumann dimension of a finitely generated projective A(G)-
module P is

dimg ) P = dimg(7(P))

Actually, there is a more practical definition for the dimension of a finitely generated
projective A[(G)-module P. By projectivity there exists an A(G)-homomorphism g :
N(G)" = N(G)™ such that go g = g and Im(q) = P. Let p: A(G)" — N(G)" be such
that the corresponding map 7(p) is the orthogonal projection onto 7(P). Then pop = p,
p* = p and Im(p) = Im(g). We denote with A = (a;;);; a matrix with coefficients in
N(G) such that p(x) = xA for every z € A((G)". By definition, 7(p) is represented by
the same matrix A, thus

dimg(7(P)) = traceg(A) .

Therefore, we could define dimy ) P = traceg(A), where A € M, (N\(G)) is a matrix
such that A2 = A, A* = A and P = A(G)"A. This definition is independent of the
choice of the matrix A: suppose B € M,,(A(G)) is another matrix satisfying the same
properties. By possibly taking the direct sum with a zero-square matrix we can achieve
that n = m without changing their traces and their images. We denote with r4 the
right moltiplication by the matrix A so that P = Im(r4). Let C € M,(N(G)) be an
invertible matrix such that rc maps Im(r4) to Im(rp) and Im(r1_4) to Im(r1_p). Then
rgorc =rgorcoras=rcors and hence CBC~! = A. This implies

traceq(B) = traceq(C~'CB) = traceq(CBC™1) = traceg(A) .
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This suggests how to define the dimension of a finitely generated projective Al-module
P over an arbitrary finite Von Neumann algebra: choose a matrix A € My () such that
A2 =A A* = Aand P = A*A. Then

dimg P = traceqs (A) .

Definition 3.11. Let M C N be a submodule of the R-module N. The closure of M in
N is the R-submodule

M={xeN| f(z)=0V f € Homg(N, R) s.t. M C Ker(f)} .

We define
TM :={x € M |f(x) =0V f € Homg(N,R)} = {0}
M

The dimension defined above satisfies the following key properties, which are essential
to extend the notion of dimension to arbitrary modules:

Theorem 3.12. ([12], Theorem 6.5) Let Q be a finitely generated projective N-module.
Then

1) if P is another finitely generated projective N -module such that P = Q) then dimg P =
dimg\[ Q,‘

2) if P is another finitely generated projective N -module then dima P @ @Q = dima P +
dimg\[ Q,’

3) if K C Q is a submodule, then the closure K is a direct summand in Q and

dima K = sup{dima P | P C K finitely generated and projective} .

We can now extend the dimension theory to every A-module. This procedure can be
applied to modules over an arbitrary ring R, provided one can define a dimension over
finitely generated projective R-modules satisfying Theorem 3.12.

Definition 3.13. Let M be an A-module. The extended dimension of M is
dimj M = sup{dimy P |P C M, P is finitely generated and projective} .
The following proposition describes the main properties of the extended dimension.

Theorem 3.14. 1) Every finitely generated submodule of a projective N-module is pro-
jective;

2) if M is a finitely generated A-module and K C M is a submodule, then K is a direct
summand of M and M /K is finitely generated and projective;
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3) if M is a finitely generated N -module, then PM is projective finitely generated and
M=PM & TM;

4) the extended dimension satisfies the following properties:
a) if M is a finitely generated projective N -module, then dima M = dim'N M;

b) (additivity) if 0 — My < My 2 My — 0 is an ezact sequence of A -modules, then
dlmlg\[ M; = dlmg\c My + dlm;\[ Mo,

c¢) (cofinality) if M = U;c; M; and for every i,j € I there exists k € I such that
M;, Mj C My, then dimy M = sup{dimj M; | i € I};

d) (continuity) if M is a finitely generated N -module and K C M is a submodule,
then dim;\( K= dime K;

e) if M is a finitely generated N -module, then

dimj, M = dimgy (PM) dim (TM) =0

Proof. 1) Let M C P be a finitely generated submodule of a projective A-module P.
Let ¢ : Al — P be a homomorphism such that Im(q) = M. It can be verified that
Ker(q) = Ker(g), so, by Theorem 3.12, Ker(q) is a direct summand of A\™. Therefore,
M = A" /Ker(q) and A" = M @ Ker(q), hence M is projective.

2) Let ¢ : A — M be a surjective homomorphism. A direct computation shows that
¢ HK) =q Y(K) and A"/q 1 (K) =2 M/K. By Theorem 3.12, A"/q~1(K) is a direct
summand of A", hence M /K is projective.

3) It follows from the previous point applied to K = {0}.

4) Let us verify the properties of the extended dimension.

a) Let P C M be a finitely generated projective Al-submodule. By Theorem 3.12, P is
a direct summand of M and

Since M is finitely generated and projective we have

dima M < dim/N M = sup dimgy P < dimgy M .
PCM

b) Let P C My be a finitely generated projective submodule. We have a short exact
sequence
0— My—p (P)=P—0

and by projectivity p~1(P) = P @ My. Therefore,
dimj, My + dimy P < dim;\Cp_l(P) < dimg M .

Since this relation holds for every finitely generated and projective submodule P C Ma,
we have
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Let @ C M be a finitely generated projective submodule. Let ¢(My) N @ be the closure
of 1«(Mp) N Q in Q. We get the following short exact sequences

0—=t(My)NQ —Q —p(Q)—0

0= t(My))NQ —Q — Q/t(My)NQ — 0.
By Theorem 3.12, the submodule ¢(My) N @ is a direct summand of @, so

dimy Q = dima(e(Mo) N Q) + dimy (Q/1(Mo) N Q)
< dim’N(L(M )NQ)+ dlmN( (Q))

< dimg (M) + dimg (Ma) .

c) Let P C M be a finitely generated projective submodule. By cofinality, there exists
1 € I such that P C M;. Therefore,

dlmNM = sup dimg P < sup dlmN M; < d1m9\£ M .
PCM iel

d) Let 0 — L — N % M — 0 be a short exact sequence. Since ¢~ (K) = ¢~ 1(K) we

have
i

dimj (K) = dlmN(q_l(F)) — dimy (L)
= dimj (¢~ 1(K)) — dimj (L)
= dimfy (¢~ (K)) — dimj (L)
= dim} (K) .

e) If follows by the previous point applied to K = {0} and the decomposition M =
PM @ TM. O

Remark 3.15. In view of Theorem 3.14, we will not distinguish between dimg and
dim’N, when dealing with finitely generated projective modules.

Proposition 3.16 (Dimension and colimit). Let {M;}ier be a directed system of N(G)-
modules over a directed set I. For 1 < j let ¢;; : M; — M; be the associated morphism.
Fori eI let v; : M; — colim;c; M; be the canonical morphism. Then

dima() (colimier M;) = S,u?{dimN(G)(Imwi))} :
1€

Proof. Recall that the colimit colim;erM; is U;c; M;/ ~ where the equivalence relation
is the following: x € M; is equivalent to y € M; if there exists k£ € I with ¢ < k and
J < k such that ¢; ,(z) = ¢;(x). Therefore,

colim;er M; = U Im (1))
el

and the thesis follows by cofinality. O
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We will now prove some results about flat modules over Von Neumann algebras.

Definition 3.17. A x-homomorphism f : AL — M between finite Von Neumann algebras
is a homomorphism of algebras such that f(a*) = f(a)* for every a € AL.

Definition 3.18. A x-homomorphism f : AL — M between finite Von Neumann algebras
is trace preserving if

traceq (f(x)) = traceq () VaoenN

Lemma 3.19. (/16/, Theorem 1.48) A trace preserving x-homomorphism f : N — M
between finite Von Neumann algebras is flat, i.e M is a flat N -module via f.

Theorem 3.20. Let ¢ : Nl — M be a trace preserving x-homomorphism between finite
Von Neumann algebras. Then, for every N -module N we have

dhnﬂ[fV:: dhnﬂf(ﬂ[QQijJ).

Proof. We start checking that the result holds when N is a projective finitely generated
A-module. Let A € M,(N)) be such that A2 = A, A* = A and N = A"A. Then
M @ N = M"P(A) as A-modules. Therefore,

dimgy N = Z tracea (ai;) = traceqa (¢(ai;)) = dimg (M @q N) .
i=1

We will now deduce that the thesis holds for finitely presented A (G)-modules. By The-
orem 3.14, we can decompose N = PN @ TN and there exists a short exact sequence

0P —->N*"—-TN -0,

where P is finitely generated and projective. By the previous lemma M is a flat A(-
module, hence when tensoring with M the sequence remains exact and by additivity
dimg (M @a TN) = n — dimg, (M ®4 P) = n — dimg (P) = 0. Therefore,

dhna[cnfééN:pJ)IZ dhnml(ﬂ[C@W:PPV)%—dinyw(m[CQNfoV)
= dimy (PN)

where the last equality holds because PN is a finitely generated projective A-module.
Suppose now that N is finitely generated. There exists a short exact sequence

O—--K—-P—->N-—=0

where P is a finitely generated projective A’-module. We write K = colim;c; K; as colimit
of its finitely generated submodules. Then
dims N = dimgy P — dimg K = dimgy P — sup dimy K;
el
= inf(dimy P — dimg K;) = inf dimg (P/K;) .
icl el
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Since the tensor product preserves colimits, we have M ®@q K = colim;er(M Qq K;). As
a consequence, the same computation shows that

1€ 1€

where the last inequality holds because P/Kj; is finitely presented.
By writing an A-module N as the colimit of its finitely generated submodules, a similar
computation implies the thesis. ]

The extended dimension enables us to define ¢2-Betti numbers in terms of singular
homology. Therefore, one could deal with CW-complexes endowed with the action of a
group (G, which is not necessarily cocompact. Actually, we are only interested in the case
of the universal covering of a closed, connected and oriented manifold M with the action
of the fundamental group G = 7 (M), but, in order to obtain an upper bound for the
(?-Betti numbers, we will use singular homology. We recall here the main notions we will
use in the next section.

Let X be a CW-complex endowed with a free cellular action of a group G. The
singular chain complex (Cy"(X), d) consists of Z[G]-modules, as G acts on a singular
simplex by left translation, and the boundary operators are G-equivariant.

Definition 3.21. The p-th (singular) ¢>-Betti number of X is
b (X, (@) = dima) Hp((N(G) ©6 CI™(X),idoc) © 05))

The following result ensures that this definition is equivalent to Definition 2.38 in
case the action of G is free and cocompact:

Theorem 3.22. Let X be a free G-CW-complex of finite type. Then

dimag(c) Hp(X, N(G)) = dimg? Hy(X, £4(G))
Proof. 1t is well-known that there exists a chain map

fO9(X) = (X))
which induces isomorphismns in homology. Defining
Cone(f)n = C37(X) @ Ci(X)

with the boundary operator d,, : Cone(f),, — Cone(f),—1 given by
(=031 (e), fle) + 05 ()

we obtain a chain complex of free left Z[G]-modules. It fits in the exact sequence

dy(c, )

0 — CU(X) = Cone(f), — C™(X) = 0.
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Studying the corresponding long exact sequence in homology, we obtain that Cone(f).
has trivial homology. Since it consists of projective modules, it is also contractible. This
implies that f is a chain homotopy equivalence. By tensoring the involved maps, the
same holds for

idy(c) ® [ N(G) ©c C(X) = N(G) @6 (X))

thus we obtain an isomorphism H,(A(G) ®g C<H) =N Hy(N(G) ®¢ C*™(X)). In
addition, there exists an isomorphism

hy : 7 (U (X 62(G))) — PHy(X, N(G))

defined by the following diagram:

! (Ker(idp © 8,)) — Ker(ido(a) @ 0p)

() j

T_I(Im(idgz (%9 6p+1)) — Im(sz(G) & 8p+1)

0 0

The columns are exact, the middle and lower arrows are isomorphisms and hj, is an
isomorphism by the five lemma. Therefore,

dimy(g) Hp(X, N(G)) = dimyq) PHp(X, N(G)

)
I & —1/red 2
= dimy() 7 (" Hy (X, £4(G)))
= dimF H,(X, (*(@)) .
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3.2 An upper bound for the /’-Betti numbers

In this section we will establish a connection between the integral foliated simplicial
volume of a closed, connected and oriented manifold M and its ¢2-Betti numbers. It
is based on a generalised cap product which induces a sort of Poincaré isomorphism in
(co)-homology with coefficients in the Von Neumann algebra ARg~ x -

3.2.1 The Von Neumann algebra AR; x

We are going to define the Von Neumann algebra related to the orbit equivalence relation
of a group G acting on a standard G-space. The construction is analogue to that of A((G).

We recall this general result which will be useful later:

Theorem 3.23. (/16], Theorem 1.3) Let f : X — 'Y be a measurable map between stan-
dard Borel spaces which is countable-to-one, i.e. for each y € Y the preimage f~1(y) is
countable. Then the image f(X) is measurable and there is a countable partition (X, )nen

of X by measurable subsets X,,, such that f‘Xn 1s mjective and a Borel isomorphism onto
f(Xy) for every n € N.

Definition 3.24. Let (X, u) be a standard probability space. A standard equivalence
relation ® on X is an equivalence relation ® C X x X such that

i) R is a measurable subset of X x X;
ii) the equivalence classes of ® are countable;

iii) For each Borel isomorphism ¢ : A — B between measurable subsets A, B C X such
that (a,¢(a)) € R for every a € A one has u(A) = u(B).

The main example is given by the orbit equivalence relation of a countable group G
acting on a standard G-space.

Lemma 3.25. Let (X, u) be a standard G-space. The orbit equivalence relation

Ro~x ={(z,9z) |z € X , g € G}
1s a standard equivalence relation.

Proof. For a fixed gy € G the subset {(z,g0z) | € X} is a Borel subset, hence Rg~ x
is measurable because it is the countable union of Borel sets. The equivalence classes
are countable because G is. Let ¢ : A — B be a Borel isomorphism between measurable
subsets A, B C X such that (a,¢(a)) € Rg~x for every a € A. Fix an enumeration of
G ={91,92,...}. Then A is the disjoint countable union of A,, where

A, ={a€ A| ¢(a) = gnpa and ¢(a) # gja Vj <n} .
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Since the G-action is measure-preserving, we have u(gnA4,) = 1(A4,). Therefore

HO(A) =S w6(A) =3 ilgndn) = 3 u(An) = u(4) .
=1 =1 =1

O
The following fact is important for the definition of a somehow canonical measure on

a standard equivalence relation R.

Lemma 3.26. Let R C X X X be a standard equivalence relation and A C R be a
measurable subset. Then there exists a partition A = |J,,cn An tnto measurable subsets
A, such that both coordinate projections are injective on each A,.

Proof. Since the equivalence classes are countable, the coordinate projections are countable-
to-one. Hence we can apply Theorem 3.23 twice. ]

We define a measure on a standard equivalence relation ®, which is induced by the
measure on X in a natural way. By the previous lemma, there exists a countable partition
R = Unen Rn such that both coordinate projections p; and ps are injective on each R,;.
If follows that for a measurable subset B C % the function

X - NU {0}

T Xpu(xanm) (@) = BN py ()]
neN

is measurable.

Definition 3.27. The measure v on R is given by

v(B) = [ 1B b @) ld

Remark 3.28. We could define the measure using the coordinate projection ps. The
resulting measure would be the same: namely, the map

peopit i pi(BNRy) — pa( BN Ry)

is a Borel isomorphism because both coordinate projections are injective on each ;.
Hence, by condition (ii7) in the definition of a standard equivalence relation, we have

p(p1(BNR,)) = u(p2(BNRy)). As a consequence,

v(B) = [ 1BOp @i = Y [ X (@)

neN
=3 up1(BNR)) =Y pu(p2(BNRy))
neN neN

=/ [BNpy ! (2)|dp -
X

We will now define the Von Neumann algebra of a standard equivalence relation R®.
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Definition 3.29. Let R be a standard equivalence relation and S = Z,R a ring. The
equivalence relation ring S[R] is defined by

S[R]={f € L®(R,S)|3neN s.t.
Vee X {ye X | f(z,y) #0} <nand {y € X | f(y,x) # 0} < n}

where the addition is pointwise and the multiplication is given by

(f-9)(@y) =D f(x,2)9(2y) .

zZ~x

Remark 3.30. There is an embedding of rings
j: L>®(X,S)— S[R]

fH<(x7y)H{f<x) if v =y )

0 otherwise

Thereafter, we will never distinguish between f and j(f), if the ring we are considering
is clear from the context.

Remark 3.31. In the special case ® is the orbit equivalence relation of a group G on a
standard probability space X, the map

S|G] = S[Rax]
Z agg — ((g:c, x) ag)

geG
is an injective homomorphism of rings.

We indicate with ¢2(®) the Hilbert space of real square summable functions on }
with respect to the measure v introduced in Definition 3.27. The scalar product on ¢?(R)
is given by

() (R) x A(R) — R

(6, 9) = /}i (@, )0 (@, )

It is a left R[®]-module, where the action is defined by

pr: RIR] = B((R), *(R))
pl(f)((b)(a?,y) = Z f(x,z)¢(z,y) .

zZ~T

The ring R[R] can act on £2(®) via right translations, as well

pr: R[R] = B(£*(R), (*(R))
pr(f)((b)(xvy) = Z ¢($72)f(27y) .

zZ~T
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Definition 3.32. The Von Neumann algebra AR is the weak closure of p,(R[R]) in
B(£%(R),?(R)). It is finite and the trace is given by
traceag : AR — R
T = (T(xax), Xax)e(x)
where Ax C R is the diagonal in X x X.

Remark 3.33. In Section 2.1 we presented the definition of the Von Neumann algebra
A(G) using a different procedure. Actually, one could verify that A((G) is exactly the
weak closure of R[G] in B(£*(Q),¢*(Q)), where R[G] acts on £?(G) via right translation.
Moreover, the trace on AR is based on the same idea of Definition 2.9, as xa, is the
identity in the ring R[R].

In the special case R is the orbit equivalence relation of a group G, Sauer (|16]) proved
the following result:

Proposition 3.34. There is a trace-preserving x-homomorphism N(G) — NRg~x- So
NRa~x 15 a flat N(G)-module.

This result implies that we can calculate the ¢2-Betti numbers of a G-CW-complex
Z using the Von Neumann algebra ARgnx, where X is a standard G-space. We denote
with
Cn(27 NRG’mX) = NRa~x Qc Cn(Z)

the set of n-singular chains of Z with coefficients in Al/Rg~ x. In the definition, C),(2)
stands for the left Z[G]-module of the integral n-singular chains and AR~ x is consid-
ered as a right Z[G]-module. Notice that C),,(Z, ARz~ x) has a natural structure of left

NRG~x-module given by
N‘—RGK\VX X NRG@X ®G Cn(Z) — N‘RG/\VX ®G’ Cn(Z)
(9, f@0)— fg®@0o.
where g* denotes the adjoint operator.
Definition 3.35. The homology of Z with coefficients in ARG~ x is
H*(Z7 NKG@X) = H*((Cn(Zv NKGNX)? idﬂ@’(smx ® 8*))

Proposition 3.36. Let G be a countable group and X be a standard G-space. Let Z be
a G-CW-complex. Then

b (X, (@) = dimagg, .« Hi(Z, NG x)
Proof. Since N(G) is a subring of ARz~ x, we have
NRGAx ®a On(Z) = NRcAx D) N(G) @a Cn(Z) .
By flatness, we deduce that
Hy(Z, NRgnx) = NRG~x Pa(a) Hu(Z, N(G)) -
The thesis follows from Theorem 3.20. O
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3.2.2 A generalised cap product

Let M be a closed, connected and oriented manifold with fundamental group G and
universal covering M. Let X be a standard G-space. Let A be a ring with involution,
denoted like the complex conjugation, containing Z[G| as a subring. Then A has a natural
Z|G]-bimodule structure. Let B C A be a subring closed under involution such that for
every b € B and g € G the product gbg~! belongs to B. We explain the other module
stuctures we will use:

e B has a left Z|G]-module structure given by

gxb=gbg!.

e In Chapter 2 we defined a left action of G on the set of singular n-chains C,, (M)
via left translations. We can introduce a right action by setting

O'.g:gil.o"

We will denote with C” (M) the corresponding right Z[G]-module.
e On Homg(Cj(M), A) ®z CI(M) a right Z[G]-module structure is given by
(p®o) g=¢®g " 0.
In addition, it is a left A-module with the action defined by

a-(pRo)=¢-a®o .

e On A®y C)_;(M), aright Z[G]-module structure is given by

(a®0)-g=a-gRg ‘-0 .

Definition 3.37. Given a cochain ¢ € Homg(Cj(M), A) and a chain ¢ € B®g Cp(M),
the generalised cap product N _ is the linear map determined by the formula

Homg (C;(M), A) @7 B ©¢ Cp(M) = A @ Cy_j(M)
PRO® T ¢(o);) 5@\7@ o

where o), indicates the singular j-simplex obtained by restricting o to the front j-
dimensional face of A™ and |, _ o denotes the singular (n — j)-simplex obtained by re-
stricting o to the back (n — j)-dimensional face of A™.

A direct computation shows that
On—j(¢N¢) = (1) (-1 Ne = ¢ N u(c))

hence the generalised cap product descends to (co)-homology.
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We will apply this construction in the case A = ARz~ x and B = L>(X,Z). Recall
that the involution in A is the map which associates to an operator T" € ARg~x its
adjoint T € ARz~ x. Moreover, L (X, Z) can be seen as a subring of ARz~ x, because,
given a function f € L>°(X,Z), we defined in Remark 3.30 the element j(f) € Z[Ra~x],
which acts on £?(Rg~x) by right translation. In addition, L>(X,Z) is closed under
involution, as every element f € L*°(X,Z) is self-adjoint.

With the aid of the change of coefficient morphism 1 Z®g Cn(M) — L®(X,7Z) @¢
Cn(M) we can establish a relationship between the extended cap product and the clas-
sical one.

Lemma 3.38. The diagram

HomG(Cj (M), NKGK\VX) Xz 7 Ra Cn (M) == NKGQX ®a Cnfj (M)
idHom®Ly, id

Home(Cj(M), NRg~x) @z L®(X,Z) @ Cn(M) ="t ARoAx ®c Cr—j (M)

commutes, i.e for a cochain ¢ € Homg(Cj(M), NMRg~x) and a chain ¢ € Z @g Cp(M)
one gets

dpNec=onuy(c) .

Proof. Since cap products are linear, it is sufficient to prove commutativity when ¢ =
1 ® o, where o : A™ — M is a singular simplex. We get

o N (1®0’) :W‘j)(@ ln—s @ :W'XAX ® ln—j @
= Xax - #(0),) @ |,_;0 = consty - §(0),) ® |,_;0
= ¢ N (const; o) = PNy (1R o)

because the characteristic function of the diagonal in X x X is the identity in ARG~ x
and it is the image of the constant function const; € L°(X,Z) under the inclusion
j: L®(X,Z) = Z[Rg~x] (Remark 3.30) . O

Corollary 3.39. Let [M|z € H,(M,Z) be the integral fundamental class. Then the map
N Hy () ([M]) « HY (M, 2R x) — Ho—j (M, NRG~x)
15 an NRg~ x -isomorphism.

3.2.3 An upper bound for the (>-Betti numbers

We now use the above construction to prove an upper bound for the ¢?-Betti numbers.
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Theorem 3.40. Let M be a closed, connected and oriented n-manifold with fundamental
group G and universal covering M. Let (X, pn) be a standard G-space. Let

k
2= fi®0o; € L(X,Z) @¢ Cn(M,Z)
i=1

be an X -parametrised fundamental cycle. Then for every j > 0 we have

k
b (M) < (nj 1) > u(supp(fi)) -

=1

Proof. Consider the evaluation homomorphism

k
€Vp—j HomG(C ( NKG@X — @ @ NRGAX - fz

1=1 (n—j)— faces

¢ ¢(Uzl‘) - fi

where o! denotes the I-th (n — j)-face of o;.

Let ¢ € H"J (]\Zf , NRc~x) be a cohomology class which can be represented by a cocycle
in Ker(ev,—;). By definition of the cap product, we obtain that ¢ Nz = 0. Since the cap
product _Ne3;(2) induces an isomorphism in homology, it follows that ¢ = 0. Therefore,
we obtain the following commutative diagram

Ker(én_j) > H"_j(M, Nﬂﬁgmx)

Ker(én_j)
Ker(evy,—j)NKer(d,—;)

Due to the additivity of the Von Neumann dimension, we conclude that

Ker((Sn_j) )

dimagg . (Hn_j (M7 NR~x)) < dimag,, (Ker(eVn—j) N Ker((sn—j)

Consider the composition of injective AR~ x-homomorphisms

Ker(d,,—;) Homg (Cpj (M, NRG~x)) evn s é
1=1

Ker(evy,—;) N Ker(d,—;) - Ker(ev,—;) ])6% NRc~xfi -

=1 (n—j)—

aces

noticing that ARg~x - fi C NRe~x - Xsupp(f;), the additivity of the Von Neumann di-
mension implies that

_ Ker(d,,—,) _ K
dlm?\@icmx (Ker(evn_j) N Kjer((sn_j)) < dlm?\@icmx (16:91 (nj)eafaces NRGAX Xsupp(fi)) .
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From the definition of the Von Neumann dimension, it follows that

dimagg, . x (NRGAX - Xsupp(£:) = traceame, . x (Xsupp(s))
= <XAX " Xsupp(fi)» XAx >€2(9\[9(Gf\x)

= / Xsupp(fi)dy = V(AX N Supp(fz’))
Ax

= -/XXsupp(fi)dN = N(Supp(fi)) .

Hence we obtain
. ~ n+1
dimagg,. x (H;(M, ARG~ x)) < ( j ) ‘ZM(SUPP(fi))

and Proposition 3.36 completes the proof. ]

Corollary 3.41. Let M be a closed, connected and oriented n-manifold. Then

(2) n+l
on < (")l

Proof. Fix € > 0. Let (X, i) be a standard G-space such that | M | = | M | X TLet

k
Z:Zfi®0'i
i_1

be an X-parametrized fundamental cycle such that | z | X < | M| X+€. By the previous
theorem we know that
k

b® (M) < (n * 1) > u(supp(fi)) -

J =1

Since the functions f; are integer valued, for almost every « € supp(f;) we have |f;(x)| >
1, so

k k
X
S ntsupp(£) < Y- [ fi@ldp= 12]% < | M] e
i=1 i=17X
The arbitrariety of € > 0 gives the thesis. O

Corollary 3.42. Let M be a closed, connected and oriented n-manifold. If the integral
foliated simplicial volume vanishes, then the Euler characteristic does, as well.

Proof. By Proposition 2.39 the Euler characteristic can be computed via the ¢2-Betti
numbers. Therefore, by the previous corollary,

(M) <SP <Y (”j 1) | M| <27t | M|
j=0 j=0

which implies the assertion. O
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