1. LINES IN IR?

For v, w € E?, we define
v X w:=viwy —vwy € E.
We also define
vt = (v, —11).

We have the following:

Proposition 1. Given v,w € E?, there holds
v X w = 0 < visparallel to w

and v - vt = 0.

Proof. Suppose that v x w = 0. Then
VW) = VW
Then
Wy = (wyvy, Wavo) = (Vawy, Wrvy) = v (wy, W) = Voyw.

Conversely, suppose that w || v. If w = 0, then v x w = 0. Otherwise, there exists A
such that

v = Aw.
Then
vXw=(Aw) Xxw=Mw xw) =Awiwy, —wrwq) = 0.

As for the second equality, we have

0 - "UJ- = (’01,’02) . (’Uz, —"Ul) = 0102 — 0102 = 0.

Definition 1 (Parametric form). Given P € R? and v € E?, a line is the subset of
((P,v):={P+tv|teR}.

If v =0, then ¢(P,v) = {P} itisjust a point. A point is a degenerate line.

The following equalities hold

(1) ¢(P,v) = ¢(P,Av) VA € R — {0}

(2) ¢(P,v) = (P + pv,v) Vi € R.

In view of the above equalities, the representation of a line with a pair (P,v) is not
unique. We wish to state a precise relation between two pairs (P, v) and (Q,w) such
that

(P,v) = £(Q,w).
Proposition 2. Given (P,v) and (Q, w) such that v, w # 0 there holds
¢(P,v) :E(Q,w)@P_Q)xv:vxwzo.

If condition v = w = 0, then the proposition fails: just take P # Q.



Proof. We use the notation
¢:={(P,v), (' :=0Q,w).
Firstly, we consider the case P # Q. If £ = ¢/, then ¢ C ¢'. Thus,
Pelt=rel.

Therefore, there exists t such that

P=Q+tw
whence N N N

QP =tw = 0= QP xw = —PQ X w.

Similarly, from Q € ¢ we obtain .

PQ xv=0.
Now, we prove the converse. Suppose that there are two points P, Q and vectors v, w

such that N
POxv=vxw=0.

Since v x w = 0 and each of the two vectors is non-zero, there exists A € R — {0} such
that

w = Av
and p € R such that
PQ = po.

Then by (1) and (2), we have
(Q,w) = {(P + v, Av) = £(P,v).
O

Along with the parametric form, there is a definition of line using cartesian coordi-
nates.

Proposition 3. Given two points Q, R such that Q # R, there exists a unique line ¢ such that

Q,R e /.
Proof. Firstly, we show that
Q,R € 4(Q,QR).
In fact, .
Q=Q+0-QR=Q¢c/
and

R=Q+1-QR=Q+(R—-Q)=R=Rer

Now, we show that the ¢(Q, (—Q_I—{)) is the unique line which contains Q and Q. Let
¢:={(P,v) be such that Q # R € ¢(P,v). Since Q, R € /, there are t1, t; such that

Q=P+tv, R=P+ho.
Since Q # R, we have t # t;. Then

1
th —t

v=A0QR, A:= £ 0.
From (1) and (2), there holds

¢(P,0) = £(Q — v, AQR) = £(Q, QR).



Proposition 4 (Intersection of two lines). Given two lines ¢ := ¢(P,v) and ¢' := £(Q,w)
such that v,w # 0 and { # (', then

Nl #Q < vxw#0.
If N 0" # @, then the intersection contains the unique point

Proof. We argue by contradiction. Suppose that R € /N ¢ and v x w = 0. Then, there
exists A such that

v=Aw, R=Q+tw, R=P+sv.
Then, by (2) and (1)
¢(P,v) = ¢(R —sv,v) = (R —sAw, Aw) = {(R,w) = {(Q + tw,w) = £(Q, w).
We obtained a contradiction with the assumption ¢ # ¢'.
Now, suppose that v x w # 0. We prove that
(e £ Q.
Then, we have to show that there exists a solution to the system
P+ to=Q +sw.

We write the system coordinate-wise

tv; —swy = x0 — X1
tvy —swy = Y2 — 1

We multiply the first equation by v,, the second equation by v; and take the difference
s(wyvy — wpvy) = v1(Y2 — Y1) — v2(x2 — x7).
The equation above can be written as
s(v x w) = vt PQ.
Then

1 . pA
S:v PQ

U X W
and the intersection point is

ot PQ _ v x PQ
®) Q+<wa>w—Q—<wa>w.

Definition 2 (Distance between a point and a line). Given a point Q and a line ¢, we
define

O

d(Q,¢) :=inf{d(Q,R) | R € (}.

Proposition 5. Given a non-degenerate line £(P,v) and a point Q, there holds

d(P,0) =



Proof. We consider the line ¢ := ¢(Q, v"). By Proposition 4,
(Nt #£o
and, by the second equality in (3), the intersection contains only the point

O =0- <v><PQ>UL‘

v X vt

Since

QR-QQ=0
for every R € /, there holds
d(R,Q)* = d(R, Q') +d(Q Q).
Then, for every R

d(R,Q) > d(Q,Q")
and the equality holds when R = Q'. Thus,

vx PQ\ || |lvxPQ|
|| = —— =1,
v X vt ||o]]

d(Q,6) =d(Q,Q') =
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