SOLUTIONS OF THE EXERCISES OF WEEK TWELVE

Exercise 1. Given open sets (2, )/ C R? and C! function
P: Q=R 9:Q —Q
we can define the composition
8(u,v) == P(e(u,v)).

Using the chain rule (check Theorem 4.11, page 166 of the book of M. Corral), show
that

0ug (1, v) x 0ug(1t,v) = (Ju(u,v) x Jup(1,v)) (A (x,y) ¥ dyp(x,y)).

Solution. By the chain rule,

dug = 0xPdy @1 + Iy Poy P2, dyg = IxPy@1 + Iy Py Py.
Then

dug X 0pg = (0xPou@1 + 0y Pou@1) X (xPdy@1 + Iy Poue1)
= 0xP0yP1 X 0x Py @1 + 0P, P1 X Iy Py P2
+ 9y Py @2 X 0x POy @1 + Iy Poy, P2 X 0y, P2
= 0+ 9Py @1 X APy + Ay, P2 X 0xPdy@1 + 0
= (0u@10092)0xP X 9y — (9u@20091)0xp X Iyt
= (0u@100¢2 — 0uP200¢1)0x P X dyY.

Exercise 2. The following function
¢: (0,1) x (0,2m) = R%,  ¢(p,®) = (pcos®,psind)

is C1(Q; R?), where
Q=(0,1) x (0,27).

a) Show that
p(Q) =U
where
B(O,1) — {(x,0) |0 <x < 1};
b) show that ¢: (3 — U is a variable change, that is, ¢ is injective and

dxp X dyg(x,y) # 0
for every (x,y) € Q.
Solution. a) ¢(Q)) C U. We consider (x,y) € ¢(Q). Then

(x,y) = ¢(p, 9)
forsome 0 < p < 1and 0 < ¢ < 27. Then

+yt=p" <1
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We have to show that y # 0. If = 0, then
psintd = 0.

Since 0 < p,

cos®=0= 0 =2k
for some k € Z. Since 0 < ¢ < 27, this is not possible. Thus, (x,y) € U.
UcC ¢(Q0). If (x,y) € U, we have to find p and ¢ such that

(pcost,psin®d) = (x,y).

p=Vaty?

and 0 < p < 1, because (x,y) € U. Since (x,y) € U, (x,y) # (0,0). Then, either
x #0ory # 0. If x # 0, we have

We have

sin & _Y = tan = y.
cos? x X
Then there exists 7t/2 < ¢ < 37t/2 such that

y

¥ = arctan =.
X

If y # 0, we can write

x

cott = —.

Yy

The equation above has a solutionin 0 < ¢ < worin T < ¢ < 27.
b) ¢ is injective. Let us consider two elements (p, 9) and (p’, 9’) such that
(pcos®,psind) = (p' cos ¥, p’ sind’).
Then, taking the norm of the two vectors, we obtain
o=
Consequently,
sind =sin®, cos® = cos®?

which implies ¢ = ¢ unless ¢, ¥’ € {0,27}. But this second case does not happen,
because, by hypotheses

0< ¢ <2m.
Now,
dp@(p,9) = (cos?,sin 1)
dep(p,0) = (—psind,pcos ?).
Then

dp@ X dgp = p # 0.

Exercise 3. We define the parametric surface

$: B(O,1) = R, ¢(xy) = (x,y,2* — %)
a) is ¢ injective?
b) evaluate ¥, x ¢
c) what is the area of i (the variable change of the second exercise can be helpful)?
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Solution. (a) Yes, it is injective. Given (x,y) and (x’,y’) such that
Plxy) =9y
there holds
(vy,x* —y') = (Y 5"~y = x=xy =y

(b)
0y x dyp = (—2x, —2y,1);
(c) the area of ¥(B(O, 1)) is given by

// V14 4x2 + 4y? dxdy.
B(O,)

We use the variable change of the previous exercise. Therefore,

// V14 4x2 +4y? dxdy = // V14 4x2 + 4y? dxdy
B(O,1) u
21 1 1
= / / V1+4p%pdpdd = 27r/ V1 +4p%pdpd?
o Jo 0

(53/2 _ 1)7.[

=27 [(1+4p%)%?/12 = c
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