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Notations

Vf gradient of the function f :
H Hessian matrix of the function f :
Fy, approximation of the Hessian matrix at a point : (SUBSECTION 4.5)
By, approximation of the inverse Hessian matrix at a | (SUBSECTION 4.6)
point zy, S
777777777777777777777777 Functions
v [an(ss/uss/ a1SS ) Lyapunov function ' Definitions (5.3), (211),
| (2.23), (2.26)
@ a K or Ko function : (SUBSECTION 2.1)
g a KL function : (Definition 2.5)
P a comparison function : (SUBSECTION 2.1)
o a K function ; (Definition 2.2)
7777777777777777777777777 E 71';0;‘57777777777777777777777777

gx or r, | error in the evaluation of V f(zy) SUBSECTION 4.4

€H error in the evaluation of H(z) SUBSECTION 4.4
SUBSECTION 4.4
Ap or si | error in the evaluation of H~!(zy) SUBSECTION 4.4

SUBSECTION 1.1

~—~ o~ ~~ —~
~— ~— ~— ~— ~—

\
\
|
\
Ck error in the inversion of the Hessian H !
\
|
\
\

Ay error in the Newton’s Method step

1| euclidean norm of a vector € R"

IA]l induced matrix norm for A € R»*™
2T or AT | denotes the transpose of a vector  or a matrix A

A® B Kronecker product between matrices A and B

{~ norm of a bounded control u: N — R"

Uk] truncation of u

xz(-,&,u) | trajectory of system (12) with initial state
z(0) = ¢ € R™ and input u




Summary of the work done

What I learnt. I have learnt the formalism of the comparison functions, I've
come to know stability definitions and properties like input-to-state-stability,
integral ISS and incremental ISS. I've looked at some examples and learnt the
relationships among the different definitions of stability, as well as their char-
acterization via Lyapunov functions. I understood the importance of having
consistent and intuitive notation throughout the document.

About Lyapunov functions. I investigated the changes in gain and tran-
sient bounds after a scaling (linear or nonlinear) of a given ISS and ¢ISS Lya-
punov function.

Results on Newton’s Method. Given some results on convergence of
Newton’s Method, I found some examples to illustrate the value of the different
assumptions required to use the algorithm, implemented it in Matlab and plot
some domains of attraction. I extended the results on convergence, both to the
exact point and relaxing the convergence to a ball, giving sufficient conditions
for the cases in which an error is made in the evaluation of the gradient or the
Hessian matrix.

Results on approximated Newton’s Method. Given a result of con-
vergence for an approximated version of Newton’s Method, I made explicit the
error term to obtain a sufficient condition of practical convergence to a ball.
Studying the Quasi-Newton Method, in particular the BFGS and the DFP, I
compared these algorithm with the original one, trying to find conditions for
incremental stability and input-to-state-stability. Considering that a Lyapunov
function might be easier to find for a continuous time problem, I tried to state
the equivalent dynamics of BFGS and DFP in a continuous time frame.

Results on stability for Newton’s Method. I looked for a Lyapunov
function for the generic iteration step: for the classical Lyapunov definition
there exists an easy one; for the ISS case, I provided sufficient conditions for
the input-to-state-stability of Newton’s Method using comparison functions and
investigated the class of functions that satisfy these conditions; a weak result
on incremental stability (sufficient conditions assuming the Lyapunov function
is the 2-norm) was obtained; two results give sufficient conditions for the incre-
mental input-to-state-stability of Newton’s Method.

Results on stability for Quasi-Newton Method. After having rewrit-
ten the updating step for the matrix BB%S in a vectorial form using Kronecker
product, I studied the eigenvalues of the iteration matrices for this new linear
dynamic.

In the Appendix besides the many examples, used to clarify the concepts,
I wrote a scheme to switch from CT systems to DT and vice versa.

Plan

e In (SECTION 1) we provide context for the problem of guarantee conver-
gence and robustness guarantees for numerical optimization algorithms.



e In (sEcTION 2) different types of stability are presented (Lyapunov, ISS,
Input-output, incremental stability ...) with the ensemble of definitions
and main results.

e In (SECTION 3) we briefly discuss about the modifications on gains and
transient bounds that occur if the Lyapunov function (ISS or 0ISS) is
scaled by a linear factor or by a nonlinear K, function.

e In (secTIiON 4) Newton’s method is described. After a brief overview,
where the role of each assumption is emphasized, and some remarks we
provide a proof for convergence and its generalization when the update is
noisy. A Newton-like method (in which the inverse of the Hessian matrix is
replaced by a local approximation) and Quasi-Newton methods are briefly
described. Finally, we translate the method in the formalism of ISS and
provide a Lyapunov function that guarantees convergence.

e (SECTION 5) makes the link between Newton’s Method, Quasi-Newton
Method and all the stability properties presented in (SECTION 2). Lya-
punov functions and sufficient conditions are provided for input-to-state-
stability, incremental-input-to-state-stability, integral-input-to-state-stability...

e (APPENDIX A) contains: some tools that might be useful for the proofs of
this document (APPENDIX A.2); some extra examples of ISS and incremen-
tal ISS systems are presented in (APPENDIX A.3) and (APPENDIX A.5); a
link between continuous time systems and discrete time systems sharing
stability properties is made in (APPENDIX A.5).

References for the different sections

List of the main references used for each section of the document.

(SECTION 2): Stability. [1-6] And, in detail for each subsection:

SUBSECTION 2.1): Khalil [1], Kellett [2]
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)
)
)
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Sontag [3], Jiang and Wang [1], Tran et al. [5], Jiang et al. [7]
Tran et al. [7]
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1 About the problem

We have a dynamical system & = f(x, u) that we can solve to get the trajectories
x = x(t). These trajectories are used to build a control feedback v = k(x)
that will be injected into the dynamic as input for the following step. Figure
(Figure 1) illustrates this cycle. We might have “disturbances” (i.e. uncertainty
or noise in the calculation of w or in solving for the trajectory) and we want a
guarantee that our dynamic will be stable. In other words we want to prove
some robustness results under hypothesis of "small" perturbations of the input.
We can observe and measure the trajectory given by the solver of the dynamical
system (possibly with some noise). In this report we are interested in discrete
time dynamics, that is system (12): zx11 = f(xg, uk).

Xepp = fxg, 1)

u, = k(x;)

Figure 1: Feedback stabilization, closed-loop system w1 = f(ag, k(zx)).

We have essentially 3 cases:
(i) noisy feedback w: 4@ = u + 1 (x);
(ii) noisy dynamic z: & = x + na(z);

(iii) noisy feedback u and dynamic z: & = u + 1 (z) and & = x + n2(x).

Remark 1.0.1. We observe that even if x is given exactly as output of the dy-
namic solver, it will contain some noise due to the noisy input injected in the
function f. |

We can model the noisy results as & = u + n(x) where n(z) is a random
variable with a distribution independent from the point z (and the notation
simply means that we compute a realization of the random variable at any =
when computing .

Remark 1.0.2. This model also include the case where the noise is multiplicative:

i = u(1 +7i(x)) = u+ uil(x) = u + n(a).



In order to have a chance of convergence we suppose that the noise n(x) is
bounded.

Remark 1.0.3. The noise can be stochastic or deterministic (i.e. round-off er-
rors), but in this report we will stick to the deterministic case, that is will make
no assumptions on the nature of the errors and we suppose that we don’t know
the explicit form of u, that is k(z), but only the class of functions to which it
belongs. For example, we may suppose that u is bounded in L norm. |

1.1 Link with the Newton’s method

Iterative algorithms can be represented as dynamical systems. Indeed, consider
an iterative algorithm and a dynamical system with state vector x; and dynam-
ics g+1 = f(xx). This dynamical system represents the algorithm when the
state xj of the dynamical system is equal to the k-th iterate of the algorithm for
all k. In particular we are interested in Newton’s method algorithm for finding
stationary points of a function f, as a discrete time dynamical system. The
iteration step of the Newton’s method (see (SECTION 4)) is given by

Tpi1 = xp — H(xp) "'V f ()

where Vf is the gradient of f and H is its Hessian matrix. This iteration step
is an example of closed loop dynamics, as shown in diagram of figure (Figure 2).

X
Xip1 = X T Py
Px
pr = —H ' (x)Vflx)
Figure 2: Closed-loop system for Newton’s Method:

Tpai1 = T — Hfl(xk)Vf(xk).

In real world application an algorithm has finite precision so we have to add
finite precision errors in the model. This could be done by considering the finite
precision errors as disturbance inputs in the dynamical model. In this case there
are several possibilities in which an error may occur:

i) error in evaluation: this includes the evaluation of Vf at points xj or
evaluation of H~! at point x;. In figure (Figure 3) we call the first error
€, and the second one eg. One can suppose that the evaluation error is



the same in both cases (the two error are of the same nature, so their
size should be comparable). Notice that the same error appears in the
evaluation of f but is not directly seen in this equation, however we should
take it into account because in the evaluation of V f we will probably do
an approximation that requires f(xy).

ii) error in the inversion of the Hessian matrix H ~!(z) (which is noted ¢, in
figure (Figure 3));

In general both types of errors will be present. Even if we have already made
the remark that the form of the noise can be always considered as additive, keep
the structure of errors may actually be important to prove convergence and to
give more accurate bounds on the norm of the error that one should assume
to guarantee convergence. Figure (Figure 3) schematize the general situation:
an error ¢ in evaluation of Vf, an error e in evaluation of H~! at point x,
and an error (;in inverting the hessian matrix are combined together. We can
estimate the error due to inversion as follows: we consider the hessian matrix
H(x) but we only know its noisy value H(x)+¢cp. When the matrix is inverted,
we are actually computing (H(z) 4+ eg)~!. We can use the expansion of the
geometric series to estimate this quantity:

(H(z) +en)™ = (H(z)(I + H (2)en)) ™"
= +H N(x)ey) ' H }(x)
=(I-H '(2)en +cf (H ' (z))
~H Y(z) - H Y (2)eg H (2).

25H7...>H’1(x)

When we evaluate this quantity at xj another error g5 adds to it. So, the
computed values are

o Vf(z)+ e for the gradient of f at xy;

o H Y(zp)— H Y (x)eg H ' (x)+( for the inverse of the Hessian matrix H
at Tg;

these two quantities are multiplied together, so that at the end the update
Pk = Tp+1 — Ty for the iteration step becomes:

pei=— (H Hxy) = H (@)em H ™ (@) + C) (Vf (1) +ex)
pr = —H Y21)Vf(xy) — H Y (ap)er — GV f(zy)
+ H Y 2)eg H N 2)Vf(zp) + H N 2)ep H H(2)ep — Cuep

Remark 1.0.4. In order to prove the stability of this dynamics, we can arbitrarily
decompose the iteration step, making xjy; a more general function of z; and
an input uy. Indeed we notice that taking uy = —H(xx) "'V f(x)) makes the



p= —H()Vflx) -H e, —LVf(x) X,

X=X +
+H ' (x)egH (1) Vf () e T T B
+H Y (x)eH U (x)e, — Crey

D Vf(x,)
Vf(x) + & SFE il

[D(H(xk) +ep)! H(x,) + ¢y

» » » (- )—1 Me
H ™ (x) —H ' (xp)eH () + G, T
Cx ey

Figure 3: A scheme for the general case of noisy Newton’s method.

system not to be ISS' (with respect to uy). For example a possible (linear)
decomposition would be zg11 = 0.9z + (0.1z) — H(zx) 'V f(z)). In this
case, the system is ISS with input uy = 0.1z — H(zx) "tV f(z). <

Remark 1.0.5 (Two possible main questions.). In this setting we have two pos-
sible main directions to explore:

I. Assuming that there exists a unique point z* stationary point and mini-
mum point for a given function f, what assumptions are needed to guar-
antee the convergence of Newton’s method to that point?

II. What other assumptions one need to make to show that such a point
exists?

These two directions contains each multiple sub-questions. For example, in
the first case a natural generalization would be the case of multiple stationary
points, and in this case one may just be interested in convergence to any point
or one in particular. <

Remark 1.0.6. In the literature there are many results for the convergence of
Newton’s method (and other iterative algorithms) to the exact solution x* when
no kind of disturbances are considered in the iteration step. An example of these
results are (Theorem 4.1) or (Theorem 4.2). In (SUBSECTION 4.4) and (SUB-
SECTION 4.4) are presented similar results that take into account disturbances
in the iteration step and still guarantee a convergence to the exact point. How-
ever, in general, for many difference equations a solution is considered a stable

1See (Definition 2.10).

10

H(x,) =



solution if it enters and remains in a sufficiently small set. For example, un-
der the proper conditions all solutions of the Newton’s equation (28) approach
the desired solution as k — oo. This is what proved for instance in (Fact 1),
(Fact 2), (Proposition 4.4) and (Proposition 4.9). In some cases, if all the so-
lutions become and remain close to the desired solution, then the method is
judged to be satisfactory. This type of stability is called practical stability.
An example of exact definition is (Definition 2.25) of incremental stability in
(SUBSECTION 2.6). <

Ay €

Pk Xps1

Controller Plant

\V

Pr = H‘l(ek)Vf(ek) X1 = X TPk

A, = —H(x)e, ~ GV () + H  (x)eH () V() + H ' (x)eH ()€, — Gy

Figure 4: Is it OK? Newton’s Method in the basic control system scheme.

1.2 Conclusion of this section

In this first section we provided an introduction to the general scheme of dy-
namical system with control feedback. In the setting of discrete time systems,
we highlights the way that disturbances can be introduced in the system so
that noise arises when measuring the output. Motivated by the goal of guar-
anteeing convergence and robustness for numerical optimization algorithms, we
translated Newton’s Method in this framework and presented a diagram with
all the errors introduced at each iteration. We concluded the section with some
remarks about the different directions of study and research and a window on
the following sections.

11



2 Stability

Various types of stability may be discussed for the solutions of differential equa-
tions or difference equations describing dynamical systems. The most important
type is that concerning the stability of solutions near to a point of equilibrium.
This may be discussed by the theory of Lyapunov.

2.1 Comparison functions formalism

These classes of functions are used in stability theory to characterize the stability
properties of control systems.

P

Figure 5: Subsets of comparison functions.

Definition 2.1 (Positive definite functions). The class of positive definite func-
tions is the class

P ={y€CRL;R:)|~(0)=0and Vr > 0~(r) > 0}.

Definition 2.2 (Class K). A continuous function 7: [0,a) — Ry is said to
belong to class K if it is strictly increasing and (0) = 0. In other words

K={yeP|~vy 7 (strictly increasing)}.

Definition 2.3 (Class K). A continuous function v: Ry — Ry is said to
belong to class K, if it belongs to class K with a = co and it is unbounded. In
other words

Koo ={y € K| lim 5(r) = oo}.

Definition 2.4 (Class £). A continuous function v: R4 — Ry is said to belong
to class L if it is strictly decreasing:

L={y€CR;Ry) [7> and lim ~(r) = 0}.

Definition 2.5 (Class KL£). A continuous function 3: [0,a) x Ry — R is said
to belong to class KL if B(-,t) € K for each fixed t and 5(r,-) € L for each fixed

KL={B€C([0,a) x Ri;Ry) |Vt >0p(t) € K and Vr € (0,a) B(r,-) € L}.

In other words § is strictly increasing in the first variable and decreasing to 0
in the second one and $(0,0) = 0.

12



Lemma 2.1 (Comparison function properties). [/, Lemma 4.2, p. 145] Let ay
and ag be class K functions on [0,a), as and oy be class Koo functions, and
be a class KL function. Then,

20 £

15

oyt is defined on [0,a1(a)) and belongs to class K;
ozgl is defined on [0,400) and belongs to class Koo;
aioag € K;

azoay € Koos

o(r,s) = ar1(Blas(r),s)) € KL.

Comparison functions: examples in classes P D K

—x|sin(500z)| € P\ K
—_— rek
— e*—1ek

13



Comparison functions: examples in class £

2 —3 —tan"!(x)
1.5+ ¢
= |
0.5
0 :
0 1 2 3 4 5
x

Comparison functions: an example in class KL

Qo
0.1xy+1

20

r 20 0 Yy

Remark 2.1.1 (Other properties of comparison functions). In addition to the
basic properties listed by the previous (Lemma 2.1), comparison functions have
also other interesting properties:

e fae K and o € L then avoo € L.
e For any 01,09 € L, 01 0 03 — 01(02(0)) € K.

e We can always bound comparison functions from above and below by
smooth functions on R, ; we may additionally control how close the smooth
function is to the given function. [2, Lemmas 1-4, pp. 345-346]

e (Sontag’s Lemma on KL-Estimates) For any given f € KL and any con-
stant A > 0

Elplv p2 € K:OO /B(S7T) < pl(pQ(S)eikr) VS,’/‘ >0 (1)

14



e (A lower bound for KL functions) [2, Lemma 19, p. 351] For any 8 € KL
there exist oy € K, ag € K, such that

a1(s)

B(s, t)_m

e (A triangle inequality) for any function o € K and any a,b € R > 0,
ala+b) < a(2a) + a(2b). (2)

This is a special case of a more general inequality involving a K, function
© (see [2, Lemma 10, p. 347]):

Lemma 2.2 (Triangle inequality for comparison functions). Given a € K
and any function € Ko such that ¢ —id € K, then for any a,b > 0:

ala+0) < a(p(a)) +al(po (¢ —id) "' (b)) (3)
e The integral of a class-K function is convex.

Proof. Let a € K and call ¢(s) = [; a(r)dr. We need to prove that
oAz 4+ (1 = Ny) < Ap(z) + (1 — Np(y) for every A € [0,1]. Tt is just a
change of variables:

Az (1=XN)y
Az + (1—=Ny) = /o a(r)dr + /0 afr)dr

[ a4 (1 -2 /ya()\T)dT

0

<)\/ p— 1—/\)/Oyoz(7')dr

= Ap(x) + (1 = A)ep(y).
Where we used that A < 1 and the fact that « is increasing to obtain the
inequality. O

e There is a comparison principle (or comparison lemma) which makes use
of a scalar differential inequality to make statements about the nature
of solutions to a scalar differential equation (that is give upper or lower
bounds by K or KL function on them).

e Given a K-function, it is possible to find another K function that upper
bounds the given function away from the origin and is linear near the
origin. (see [2, Lemma 26, p. 354])

e For any a € K there is & € K satisfying:

a(s) <afs) Vs>0 and id—a& e K.

15



2.2 Input-output stability

An input-output model relates the otput of the system directly to the input
(with no knowledge of the interior structure that is represented by the state
equation, so the system is like a black box).

The input-output stability is useful in studying interconnected systems: the
gain allows us to track how the norm of a signal increases or decreases as it
passes through the system.

We consider y = Hu where u: RT — R™ is a (piece-wise constant / bounded
/ plece-wise continuous / square integrable ) input. We set, for 1 < p < oo,

00 (1/p)
Ly = {u piece-wise continuous with ||ull, := </0 [u®)ll, dt) < oo} .

We extend this space:
Ll i={ueLl™|u =ut)lj(t) € L™ V7 €[0,00)}.

We say that H is causal if the value of the output at any time ¢ depends
only on vales of the input up to time ¢.

Definition 2.6 (L-stable). |1, Definition 5.1, p. 197] H: LI* — L2 is L-stable
if doo € K 38 > 0 such that

[(Hu)rllp < allu-ll)+8 Vue Ly VreRT

Definition 2.7 (finite gain L-stable). [1, Definition 5.1, p. 197] H: LI* — L4
is finite gain L-stable if 3y, 5 > 0 such that

||(Hu)7-||£§’y||u.rH£+ﬁ VUEL?VTER+

Remark 2.2.1. The notion of £ stability is the same of BIBO: for every
bounded input the output is bounded. <

Remark 2.2.2. One could give a nonlinear version of this (Definition 2.7), re-
quiring the upper bound to be v € K, a function of |lu||. <

Definition 2.8 (small-signal £-stable). [1, Definition 5.2, p. 201] H: LT — L4
is small-signal L-stable if 3r > 0 such that

Vue L sup lu@®l <7 = [[(Hu)-ll; < a(urll) +8
Definition 2.9 (small-signal finite gain L-stable). [I, Definition 5.2, p. 201]
H: L7 — L1 is small-signal finite gain L-stable if 3r > 0 such that

Vue L sup [[u@®)]| < = [[(Hu)rll; <vllucll, + 68

[0,7]

Lyapunov stability tools can be used to establish £ stability of nonlinear
system represented by state models.

16



2.2.1 Summary of results

We consider the system
i = f(t00) 2(0) = w0 "
y=h(t,x,u)

where f is piece-wise continuous in ¢ and locally Lipschitz in (z,u) and h is
piece-wise continuous in ¢ and continuous in (z,u). Then the following theorems

hold.

Theorem 2.3 (Small-signal finite-gain £, stable). [/, Theorem 5.1, p. 202/
Consider the system (4) and take r > 0 and ry, > 0 such that {||z|]| <r} C D C
R™ the z-domain for f and h and {||u|| < ry} C D, C R™ the u-domain for f
and h. Suppose that

e © = 0 is an exponentially stable equilibrium point for & = f(t,x,0) with
Lyapunov function V' that satisfies

ezl < V(ta) < e |laf? (5a)
OV + 0,V f(t,2,0) < —c3 ||| (5b)
10V ]| < ea |l (5¢)

for some positive constants c;;
e f L-Lipschitz in u:
1t z,u) = f(t,2,0)|| < L [ull
e h satisfies inequality
1R (t, 2, w)l| < mulla]| + m2 [|ul| (6)

then the system (/) is small-signal finite-gain L, stable for each ||xo|| < ry/c1/ca.

Remark 2.3.1. We can precise the result a bit:
e it holds for each p € [1, o0];

e it holds locally or globally (depending on where the assumptions hold) if
D =R" and D, = R™;

e we have an explicit form for the constants v and 3:

1 =
cocal c b=
T=mA TS Bl ([ where p=

1/p .
c1C3 (%) p € [1,00)
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e As a corollary we can apply the theorem if f is continuously differentiable
in a neighborhood of (z = 0,u = 0) with 9, f and 9, f uniformly bounded
in ¢.

e As a corollary, the linear time-invariant system

&= Az + Bu
y=Cz+ Du

is finite-gain £, stable if A is Hurwitz.

<

Theorem 2.4 (small-signal Lo, stable). [I, Theorem 5.2, p. 206] Consider
the system (4) and take r > 0 and r, > 0 such that {||z| <r} C D C R™ the
x-domain for f and h. Suppose that

o x = 0 14s an uniformly asymptotically stable equilibrium point of & = f(¢,x,0)
with a Lyapunov function V' that satisfies

ar([lz]) < V(¢ z) < ax(llz) (7a
OV + 0,V f(t,x,0) < —as(||=]]) (7b)
10:V || < aua([l]]) Tc
for some K functions «;;
e f and h satisfy inequalities
£t 2,u) = f(t,2,0)] < as([|ul]) (8a)
1Rt 2, u) || < ag([lz]]) + az([lul) +n (8b)

for some IC functions as, ag, a7 and a constant nn > 0.

then the system is small-signal Lo, stable for each ||xo| < ag (a1 (r)).

Remark 2.4.1. In this case we cannot generalize to obtain a global result. |

Theorem 2.5 (L stable). [/, Theorem 5.3, p. 208] Consider the system (4)
with D = R™ and D,, = R™ and suppose that & = f(t,z,u) is ISS stable and

1h(t, 2, )| < ar(llz]) + ez((ful)) +n (9)

for some KC functions aq,as and a constant n > 0. Then, for each o € R™ the
system is Loo stable.
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2.2.2 Calculation of £ gain

e [I, Theorem 5.4, p. 210] gives an explicit form for a L, gain of a linear
time-independent system

T = Az + Bu
y=Cx+ Du

which is given by sup,,cg [|G(iw)|| where G(s) = C(sI — A)"'B + D.

e [I, Theorem 5.5, p. 211] If we consider the system

&= f(z)+Gx)u z(0) =x9 (10)
y = h(x)
where f(0) = 0 = h(0) and f locally Lipschitz, h,G continuous. If V
satisfies the Hamilton-Jacobi inequality

0,V f(x) + T;awVG(x)G(x)T(amV)T + %h(:c)Th(:c) <0 (1)

with v > 0 then the system is finite-gain Lo stable with £ gain < ~.

— the theorem hold globally or locally as long as that the solution z(t)
of system (10) remains in the same domain;

— we can use asymptotic stability of the origin of & = f(z) when ||zo||
and supyg . [[u(t)| are sufficiently small to get the same result (see
[1, Lemma 5.1, p. 215]).

— we can check the asymptotic stability of the origin with linearization
or by a Lyapunov function. Under certain conditions we can use
V' satisfying Hamilton-Jacobi inequality as a Lyapunov function for
showing asymptotic stability.

e |1, Theorem 5.6, p. 218] If we have also that f € C! and no solution of
i = f(x) identically stays in {h(z) = 0} other than = = 0 then the origin
is asymptotically stable and 3k ||| < k = the system is finite-gain L,
stable with Lo gain <.

— this is the same result of the previous theorem but the asymptotic
stability is a consequence of stronger hypothesis on the solutions.

Remark 2.5.1 (Hamilton-Jacobi in the linear case.). Suppose that the system
(10) is linear:

T = Az + Bu
y=Cx
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and call V(z) = %CETP:L‘. Then the Hamilton-Jacobi equation becomes

1 1
o' PAz + — 2" PB"BPz + -2"C"Cz =0
2y 2
which lead to the Riccati equation
1
AP+ PA+ —PB"BP+C"C =0
v

for the positive definite matrix P. <

Remark 2.5.2 (Fundamental Relationship Among ISS, I0S, and 10SS). Input-
output stability combined with input-output-to-state stability is equivalent input-
to-state stability. <

2.3 Input-to-state stability

The notion of input to state stability (ISS) (Definition 2.10) plays a central
role in nonlinear systems. In particular this notion has many good properties,
such as: that the states are bounded for bounded inputs, and they tend to the
equilibrium of the systems when the inputs tend to zero.

e ISS applies Lyapunov notions to systems with inputs.

e The property concerns with the continuity of state trajectories on the
initial state and input.

e Every state trajectory corresponding to a bounded control remains bounded
(the trajectory becomes small if the input signal is small no matter what
the initial state is).

e ISS employed the stability analysis and control synthesis of nonlinear sys-
tems with complex structure.

e the discrete time system can be rendered ISS iff it is globally stabilizable
via state-feedback.

e ISS is particularly useful as a tool for the robust stability analysis of
nonlinear system and interconnected systems.

Remark 2.5.3 (Notations.). ? If x € R then ||z| is its euclidean norm. For a
matrix A € R™*™ ||A|| stands for its induced matrix norm. The same notation
for the bounded controls w: N — R™ stands for their ., norm. For each £ € R™
and each input u, x(-,&,u) denotes the trajectory of system (12) with initial
state (0) = £ and input w. <

2] used essentially the same notations used in [4] but for the euclidean norm.
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We consider the system

Tpt1 = fag, ug). (12)

Remark 2.5.4. The system (12) is an autonomous system since f does not
explicitly depend on time k. One can always turn a system into au-
tonomous: given a non-autonomous system #(t) = f(z,t), one can introduce
a new vector function X (¢) = (x(t),t) which satisfies the autonomous system
X(t) = g(X) := (f(x),1). Doing this, the dimension of the system goes up.
However, while autonomous systems are often easier to understand by analysis
of their equilibria, the new equivalent system X () = g(X) has no equilibria
(because g never vanishes). <

Definition 2.10 (ISS). The system (12) is (globally) ISS if 38 € KL 3y € K
such that Vu € 7} V€ € R

[(k, & w)ll < BUIEN F) +~(Jull) ¥k €N

The function S in this definition describes the decaying effect of the initial
condition £, while the function 7 describes the effect of the input signal u.

Remark 2.5.5. ISS implies 0-GAS and Converging Input Converging Output
(bounded input = trajectories in a ball).
However, 0-GAS + CICO don’t imply ISS (see counterexample below). <

Example 2.1: ISS is stronger than 0-GAS + CICO. Consider the system
1 .
Tpy1 = 5(1 + sin(ug )z
which is clearly 0-GAS and CICO simply using the definitions. It is not ISS

because when taking input uy = 7 the dynamic is just xx41 = 2% so that the
trajectories are constant and cannot go to 0 as k — 00). N

Remark 2.5.6. [3] Since, in general, max{a,b} < a + b < max{2a,2b}, one can
restate the ISS condition in a slightly different manner, namely, asking for the
existence of some 8 € KL and v € K, (in general different from the ones in the
ISS definition) such that

()] < max{S(||zoll 1), 7([ullc)}

holds for all solutions. <
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Remark 2.5.7. The truncation of u is defined as

. uj j<k
up () = {OJ sk

By causality, the same definition of ISS would result if one would replace |ul|
by the norm of the truncation H“[k] H |

Lemma 2.6 (ISS characterization). System (12) is ISS if and only if there
exists a, n, 0 € Ko such that

k k—1
allagll) < nlleol) + D olllusl)  Vao € R™ Vk = 0. (13)
j=0 §=0
Definition 2.11 (ISS-Lyapunov function). V: R® — R* is a ISS-Lyapunov
function for system (12) if it is continuous and

Jon, a2 € Koo en([[€]]) < V(€) < ex(lI€]]) VE€R® (14a)
daz € Koo Jo € £ V(f(& 1) = V(E) < alllpl) —as(lil) V& €R™ Vu 6( Rm)
14b

Remark 2.6.1. Tt is obvious by the (Definition 2.11) that, if A > 0 is a constant
and V' an ISS-Lyapunov function, then AV is still an ISS-Lyapunov function,
and all the comparison functions used for bounds are just multiplied by the
same constant A. <

Remark 2.6.2. Observe that if V' is an ISS-Lyapunov function for (12), then
V' is a Lyapunov function for the 0-input system zx11 = f(z,0). Indeed the
first condition (14a) gives V(0) = 0 and V(z) > 0 for & # 0, while the second
condition (14b) gives V(f(x,0)) — V(z) < 0. <

Remark 2.6.3. The first inequality in (14a) states that V' is positive definite and
radially unbounded. The second property (14b) of (Definition 2.11) is equivalent
to

Jou € Koo Ix €K €l = xUlpll) = V(& 1) = V(&) < —eu(ll€l)- (15)
<

Proof. Clearly (14b) = (15):
V(&) = V(&) < olllull) —as(l])

< —5as(ll) — Sasll) + ()
< — gas(Jel)

—_——

=:aa([I€)

22



whenever —gas([[€]]) + o([lu]l) < 0 that is [[€] > a5 (2o (||ull)) =: x(||ull). For
the implication (15) = (14b) one can take a3 = oy and consider

& (r) := max{V (f(&,p)) = V(&) + ca (x(Ulpl) [l < 7 lIE] < x(r)}-

Then define o(r) := max{0,5(r)}. We can assume o € K (otherwise we can
always majorize it by a I function) and show that it verifies

o(r) = sup V(f(& n) = V(E) + aax(l|ul)

llpll=r

Indeed there are two cases: when ||€|| > x(||¢]|]) then the RHS is non-positive
and the LHS o(r) is non-negative by definition. When [|£|| < x(||¢||) it follows
from the definition of 6(r) < o(r). Then the inequality (14b)

V(&) = V(E) <alllul) —as(lel)
yields. U

Example 2.2: An example of ISS-Lyapunov function. We can illustrate
the notion of ISS-Lyapunov function in the case of a linear discrete system

Tht1 = Az, + Buy,

where the matrix A has all its eigenvalues strictly inside the unit disk. We can
then choose two constants ¢ > 0 and 0 < o < 1 such that HAkH < ¢o®. Since
the system is linear, we know the exact form of the trajectories:

k
zpp1 = Aty + Z A9 Buy
Jj=0

and the ISS property as defined in (Definition 2.10) follows with

- c|B|r
Blrk) = catr () =Y col Bl = 2L

7=0
(it is obvious that g € KL as it is linear in 7 and exponentially decreasing to 0
in k and v € K because it is affine and the coefficient is positive since ¢ > 0 and
1—0 > 0). One can show that this linear system has a quadratic ISS-Lyapunov
function given by V(x) = 27 Px where P > 0 is the unique solution to the
matrix equation

ATPA-P=-Q

for @ a symmetric positive-definite matrix. Clearly the first property of (Defi-
nition 2.11) is satisfied with:

ar([|z) = Anin(P) |2]* < V(@) < Anas (P) ||2]* =2 az(]|])).
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From a direct computation follows

2||ATPB

=: o([lugll)

2
V(1) — Viag) < —%Amm(Q) ||»"Uk||2 + ( H

=: —ag([lek )

+ HBTPBW) e )

that is the second requirement of (Definition 2.11). Therefore the quadratic
function V(z) = 2?7 Px is an ISS-Lyapunov function for the linear system
Tyl = Az, + Buy,. <

Definition 2.12 (K-asymptotic gain). The system xy1 = f(ag,ui) has a
K-asymptotic gain if 3y, € K such that

limsup |z (k, €, u)|| < 7o (tmsup fuc) V€ € R™.
k—o0 k—oco

Definition 2.13 (LIM). The system (12) zx41 = f(xg, ux) satisfies the limit
property (LIM) if 30 € K such that

Inf [|lzkll < O(lull,) ¥ €R™

Definition 2.14 (UBIBS). The system (12) xzx41 = f(zk,ur) is uniformly
bounded input bounded state (UBIBS) if bounded initial states and controls
produce uniformly bounded trajectories:

Jo1, 02 €K VEERTVuels  sup [k, & w)l| < max{on(JiE])), o2(]lull)}

Definition 2.15 (Robustly stable). The system (12) xp+1 = f(zk,ux) is ro-
bustly stable if

Ip € Koo Tit1 = f(zr, dip(||zkl)) = g(zk, di) is UGAS.?

Definition 2.16 (continuously stabilizable). The system (12) xxy1 = f(zg, ug)
is continuously stabilizable if Jw: R” — R™ continuous, w(0) = 0 such that
under control u = w(x) the system a1 = f(zk, w(xg)) is GAS.

Definition 2.17 (continuously ISS stabilizable). The system (12)
Zrp41 = f(zk,ur) is continuousy ISS stabilizable if Jw: R™ — R™ con-
tinuous, w(0) = 0 and 3T n X n matrix of continuous functions invertible such
that under v = w(x) 4+ T'(z)v, the system xpy1 = f(zr, w(xy) + T(xg) + vg) is
ISS.

3Uniformly Globally Asymptotically Stable.
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2.3.1 Summary of results.

Theorem 2.7 (Equivalent formulations of ISS property.). Consider the system
(12). Then the following equivalences yield: ISS <= UBIBS + admits a
IC-asymptotic gain <= robustly stable <= smooth 1SS-Lyapunov function.

Sketch of the proof. The proof consists in the following implications steps:
e [SS-Lyapunov function = ISS;
e ISS = UBIBS + admits a K-asymptotic gain;

e GAS <= UGAS <= smooth ISS-Lyapunov function;

robustly stable = smooth ISS-Lyapunov function;

UBIBS + admits a -asymptotic gain = robustly stable.
¢

Theorem 2.8 (Explicit the gain from a Lyapunov function). We can obtain an
ISS gain function from an ISS-Lyapunov function V (if the bounds for V are
explicit). In particular the K-asymptotic gain would be v,(s) := oy 'oaz ' oo(s)
for an ISS-Lyapunov function V' as in (Definition 2.11).

Theorem 2.9 (Explicit the estimate from a Lyapunov function). We can obtain
an explicit estimate (13) for ISS characterization of (Lemma 2.6) gain function
from an ISS-Lyapunov function V' (if the bounds for V are explicit). In partic-
ular the functions would be o(s) := o(s), n(s) := as(s) and a(s) := & o a;(s)
where &(s) := min{s, az o ay *(s)} for an ISS-Lyapunov function V as in (Def-
inition 2.11).

Remark 2.9.1. Using (Theorem 2.8) and (Theorem 2.9), together with (Re-
mark 2.6.1), we can see how the asymptotic gain and the transient bounds
change when scaling an ISS-Lyapunov function V. It is easy to see that if
é(s) = Aa(s) then a~'(s) = a=* (%), so that the bounds given by the preced-
ing theorems become:

1
odztod(s)=a;to—aztoo(s)

A

Il
Q>

aS

éo 1(s ) Ad o ay(s)

2(s) = Aaz(s)
(s

Il
Q>

S

>
Il
>

Q>

S g

()
a(s)
(s)
(s)

\/

Notice that the only nonlinear change appears in the K-asymptotic gain §,. <«

25



Corollary 2.10 (ISS and I, gain). If in the previous (Theorem 2.9) there exist

two constant ¢, and c, so that a(s) > cas? and o(s) < c,sP then the system

(12) satisfies the linear l, gain property of (Definition 2.20) with transient and
1/p

gain bounds k(s) = n(s) and A = (g—(’) .

Other results.

e if two subsystems are ISS then the whole interconnected system is ISS
(Theorem 2.11);

e if we have ISS-Lyapunov function for two subsystem, then the whole in-
terconnected system is ISS (Theorem 2.12);

e system (12) is ISS-stabilizable <= continuously stabilizable.

Theorem 2.11 (ISS for interconnected systems). Consider the interconnected
and nonlinear discrete-time systems

«Tl(k +1) = fl(xl(k)’vl(k)’ul(k))
xg(k‘ + 1) = fg(l‘g(k‘),’vg(k),’u,g(k))

subject to the interconnection constraints

'Ul(k) = ZL’Q(k) ’02(145) = xl(k) (].7)

(16)

Suppose that both subsystems in (16) are ISS:

1 (k, &, vn,un) || < max{ By (€l k), 27 (Toall) s 21 (e )}
2 (K, &, v2, ug)|| < max{Ba(l|&2]l k), 75 (v2ll) 72 (lluzl))}

and 7 o3 (s) < s for all s > 0. Then the interconnected system (16) and (17)
is ISS with input (uy,us).

Remark 2.11.1. One would like to apply this theorem to the sub-dynamics of
Newton’s method (for xj and for s;), however, as already remarked in (1.0.4)
we need a smarter decomposition since the dynamic xy1 = x is unstable and
therefor not ISS. <

Theorem 2.12 (ISS-Lyapunov for interconnected systems). Suppose that both
subsystems in (16) admit ISS-Lyapunov functions Vi and Vs respectively that
satisfy

Vilfi(&isvis pi)) = Vi(&i) < —oi(Vi(&)) + pi (Vi (vi)) + pif (mall) 2 # 5 € {1,2}
(18)
with id — o; € IC for i = 1,2. If there exists p € Koo such that
oy o (id+p)opfoaytol(id+p)ops <id,

then the interconnected system (16) and (17) is ISS with input (uy,us).
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ISS concept was modified in many directions, providing different relation-
ships between input, output, and state. Some of the different concepts derived
from ISS will be explored in next sections ((SUBSECTION 2.2), integral ISS (iISS)
(SUBSECTION 2.5), incremental ISS (SUBSECTION 2.6)) but others exist (Input-
to-Output Stability (I0S), Input-Output-to-State Stability (I0SS)).

2.4 [, stability

Most of this section comes from [5].

There exist many other forms of stability for discrete time systems. Here we
list a series of definition that were proved to be qualitatively equivalent to ISS
(see (SUBSECTION 2.3) and (Definition 2.10)) or iISS (see (SUBSECTION 2.5) and
(Definition 2.22)).

We still consider the system (12): zp11 = f(zk, ug).

Definition 2.18 (a-summable). System (12) is 0-input a-summable if Ja, n €
Koo such that for input ©u =0

k
> alllzil) < n(llzoll) Vo € R™ Vk > 0.
7=0

Remark 2.12.1. It can be proved that ([5, Theorem 1, p.362]) for a system
with no input xg+1 = f(xx) then the origin is a-summable if and only if it is

GAS. <

Definition 2.19 (I,-stable). For a fixed p > 1, system (12) is O-input [,-stable
if 3k € K such that for input u =0

1217 0,57 < llzoll) Vo € R™ V& > 0.
Example 2.3: A 0-input />-stable system. Consider the scalar system

1 3
Tpy1 = flzg) = 2%k + imiuk

For uj = 0 the solution is simply given by

Zo
Tk = 2?7
therefore
k o2
2 _ 2
lallfou = 57| <218
=0
so that the system is O-input lo-stable. <
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Definition 2.20 (linear [, gain). For a fixed p > 1, system (12) has linear I,
gain property with transient bound k € K, sand gain bound v > 0 if

12017, .07 < Elloll) + 7 ull} o5—1) Voo € R™ VE > 0.

Definition 2.21 (nonlinear [, gain). For a fixed p > 1, system (12) has non-
linear I, gain property with transient bound x € K4, sand gain bound p € Ko
if

17 103 < szl + s (Il o y) Vo € R Wk > 0.

Example 2.4: A system without [ gain. The system in the previous
(Example 2.3) does not satisfy the nonlinear Iy property. Indeed, consider the
input u; = 27%, which has finite /o norm: Hu||122 = is0 37 < Dops0 38 = 2-
The solution of the system is then given by z; = 2F And taking the_norrn7 for
every K, i € Koo, there exist a time k such that

el 0 > (1) + 1(2) > ~llaol) + plllullZ o)

This means that the system does not satisfy the nonlinear Iy property. q

Theorem 2.13 (I, stable and a-summable). [5, Theorem 10, p. 363/ For any
fized p > 1, if system xp1 = f(xg) is lp-stable then it is a-summable. Con-
versely, if system xpy1 = f(xr) is a-summable then there exists a change of
coordinates such that the system in the new coordinates is l,,-stable.

Example 2.5: [, stable and a-summable system. The system
T

with zg = £ € R
—— 0=¢

Tk41 =

has explicit solution
§ vk > 0.

VEE+1 N
Notice that this implies that the origin is GAS. For the Lyapunov function
V(z) = |z|* and = # 0 yields

x(k,f) =

4
x
1% — V() = ——-% 0
(Trg1) = V(2k) 241 S
thus, defining a(s) = 7 < s? = V(s) for all s € R;. Summing along any
trajectory:
k—1

V(@) = V(zj) = Jaxl” — |zol”

<.
I
o
el
|
—

== allz])

<.
I
o
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that gives
k
Zoz |z;]) < Ek +Zo¢ |z;]) = |zo|*.
7=0 7=0

Thus, the system xpy; = IZ’CH is a-summable by (Definition 2.18) with
Tk

n(|xol) = V(xg) = |z0\2. Now, for p = 2:

|9’7||z2 0,k] Z

:0

E
Ol\)

which corresponds to the harmonic series when zg = 1, so in particular the sys-
tem is not ly-stable. However, as stated by (Theorem 2.13), there exists a change
of coordinates such that the system is l5-stable. This change of coordinates is

_ x|z
22+ 1

Indeed, define k € KL such that k=1(s) = @’ so that | 20| = k1 (|zo|?) and

k T
llliosg = D5 =3 3
2 | =0 =0 ‘$J| +1
k
2
=) allz;]) < |z
=0
= £(|zol)

therefore by (Definition 2.19) the system in the new coordinates is lo-stable. <

Similar to the (Theorem 2.13) we have the following result (see also (Theo-
rem 2.19)).

Theorem 2.14 (ISS and [,-gain). [5, Theorem 11, p. 364/ For a fized p > 1,
if system (12) satisfies the linear l,-gain property then it is ISS. Conversely, if
system (12) is ISS then there exists a change of coordinates for state and input
such that the system in the new coordinates satisfies the linear l,,-gain property.

Example 2.6: ISS and l>-gain. Consider the preceding (Example 2.5) with
a perturbation:
Ty

Thl = —H—= + Uk with g = £ € R™.
xi +1
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The Lyapunov function V(z) = 22 is an ISS-Lyapunov function:

2
T
V(fEkJrl) - V(.’ﬂk) = (211'»1 + Uk) — l’z

T
2
Lk Tk 2 2
= +2 Uk +up —
2?41 o+ 1 bR
4
T |k | 9
<——F 42 ug| + |uk
3+ 1 xi+1| [+
f% 2
< — + (2 |ug| +u
< iy + @luel + )

so it satisfies (Definition 2.11) with a(s) = % and o(s) = 2s + s2. Thus,
the system is ISS by (Theorem 2.7). We already observed that for u; = 0 the
system cannot be [o-stable, neither it can have l3-gain. With the same change
of coordinates for the state z = % and with v = sign(u)\/2 |u| + u?, we
can prove that the system has [3-gain in the new coordinates. Indeed, with the
same kind of manipulations of the preceding example yields

— 2
Z 2 |ug| + |u;l7).
7=0

Vs+1?
k k—1
||zH12[0k Z k(l20]) ZUJQ
=0 §=0

#(|zol) + ||U||12[0k 1]

which is the (Definition 2.20) with transient bound x € Ko and gain bound
v = 1. Note that this gain can be arbitrarly chosen, via the change of coordi-

nates: v = %sign(u)\/Q |u| + u2? would give a gain bound v = ¢. <

2.5 Integral Input-to-state stability

Definition 2.22 (iISS). System (12) is integral input-to-state stable (iISS) if
Ja, 0 € Ko and 38 € KL such that

k—1

a(llzell) < B(lzoll, k) + > o(lluill)  Vao € R VE > 0.
j=0
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Lemma 2.15 (iISS characterization). System (12) is iISS if and only if there
exrists o, 1, v, 0 € Koo such that

k k—1
> alllzil) < nlllzol) +v [ Y ollul) | Vao €R*VE>0.  (19)
j=0 7=0

As for the ISS property (Definition 2.10) one can define a Lypunov function
(Definition 2.11) to characterize the iISS property (Definition 2.22):

Definition 2.23 (i[SS-Lyapunov function). V: R® — R¥ is a iISS-Lyapunov
function for system (12) if it is continuous and

Jar, a2 € Koo as([€]) < V(E) < ax(lig]l) VE R (20a)
GpeP Foekn VFEW) =V < ollul) — plligl) Ve R Vu e v
20

Remark 2.15.1. Notice the similarity with an ISS-Lyapunov function (Defini-
tion 2.11). The estimate has the same form but where a3 € K in (14b). Since
K+ C P, an ISS-Lyapunov function is also an iISS-Lyapunov function. <

With this definition there is an analogous of (a part of) (Theorem 2.7) that
is the following:

Theorem 2.16 (iISS and iISS Lyapunov function). System (12) is iISS if and
only if there exists an iISS Lyapunov function for the system.

As in (Theorem 2.9), we can obtain an explicit estimate (19) for ISS char-
acterization of (Lemma 2.15) from an ISS-Lyapunov function V' (if the bounds
for V are explicit).

Theorem 2.17 (Explicit the estimate from a Lyapunov function). Given an
iISS-Lyapunov function V as in (Definition 2.23), let p1 € Ko and ps € L such
that p(s) > p1(s)pa(s) and poaj*(s) <1 for all s > 0. Define
1 - . _
x(s) i = ———1 a(s) := min{s, poaj'(s)}
P20 Qy

Then the system satisfies the iISS estimation (19) with

a(s) == aoay(s)

v(s) == x(2s)s + 3x(25)° + 55> + s
n(s) =y o ax(s)

o(s) = o0(s).

Corollary 2.18 (iISS and [, gain). If in the previous (Theorem 2.17) there
exist two constant ¢, and ¢y so that a(s) > cas? and o(s) < c,sP then the
system (12) satisfies the nonlinear l, gain property (2.21) with transient and

gain bounds k(s) = in(s) and u(s) = é’y(cgs).
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Similar to the theorems (2.13) and (2.14) we have the following;:

Theorem 2.19 (iISS and [,-gain). [, Theorem 12, p. 364] For a fizedp > 1, if
system (12) satisfies the nonlinear l,,-gain property then it is iISS. Conversely,
if system (12) is iISS then there exists a change of coordinates for state and
input such that the system in the new coordinates satisfies the nonlinear l,-gain
property.

Example 2.7: iISS and [l>-gain. Consider the (Example 2.6) with an addi-

tional linear term:
Tk .
1 = fzp,ug) = — =+ ukTk + up with g = £ € R™.
ry +1

For u; = 1 and initial condition zy > 0, the solution will always be positive and
strictly increasing since

Tp
T, Uk) — T = —F——=
f(or, ug) k \/m

This means that the system is not ISS. The Lyapunov function candidate will
be V(z) = Vi(z) + Va(x) with

+1>1 Vk>0VxyeR.

Vi(x) = arctan(|z]|) Va(z) =log(|z| + 1).
It is possible to prove that

[@kra] = |za]
3+ 1

|2 | 1 |ukTr|
< - 1-— + + |u
- o2+l 241 3+ 1 |

g-'f’“' -2 + 2 |uy
Ik+1 1/;17%_’_]_

= =p(|zx]) + o1 (Jur])

Vi(zgy1) — Va(zg) <

where in particular p is positive definite and o1 € K. In addition

Va(ri1) = Va(ar) <log (lzx — [ak] luk] + [uk] +1]) — log(lzx| + 1)
< log ((Jor| + 1) (Jur| + 1)) —log(lzk| +1)
<log(Jux| + 1)
=: oa(|ukl).
Define o(s) := 01(s) + 02(s) and hence,
Vi(zra) = Vizr) < —p(|zel) + o(furl)
which guarantee that the system is iISS by (Theorem 2.16). In the same way

as in (Example 2.5), taking up = 0 the system cannot have nonlinear l>-gain.
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However, (Theorem 2.19) states that there exists a change of coordinates for
which the system has a nonlinear ls-gain. This change of coordinates is given
by

z = sign(x)k(|z|) = sign(z)/a(|z])

v = sign(u)\/o(Ju]) = sign(u)\/2 |u| + log(Ju| + 1)

where

a(s) := min {log(s +1),s(vVs2+1— 1)} .

Using the following definitions:

o) = (5 — 17 pls) = p(29)" + 20(25)%s + 25(28)s + p(25)? + 26 + 5
as(s) =log(s + 1) + arctan(s) f(s) = poagort(s)

one obtains:

k

k
12 00 = D12 = 3 allay)
j=0

=0
k—1
< p(as(|zo|)) + 1 Zo(lujl)
k—1

= plaz(v (|20))) + a1 [ Y Loyl

=0
= A(|2o]) + M(HUHZ[O,kﬂ])-

Thus, in the new coordinates, the system satisfies the nonlinear lo-gain property.
N

2.6 Incremental stability

Incremental stability extends the classical notion of asymptotic stability of an
equilibrium of a nonlinear system to consider the asymptotic behavior of any
solution with respect to any other solution. Specifically, any two solutions must
eventually asymptotically converge to each other regardless of their initial con-
ditions.

Consider the system (12):

Ty = f(@p, ur) r(0) =¢

Definition 2.24 (§GAS). The system (12) is incremental globally asymp-
totically stable (6GAS) if 35 € KL such that for every sequence of distur-
bances u and every initial states &, & € R™

(K, &1, u) — x(k, &2, u)|| < B(161 — &l k) VE = 0.
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Remark 2.19.1. Incremental stability describes the convergence of trajectories
with respect to themselves, rather than with respect to an equilibrium point or
a particular trajectory. <

Example 2.8: A /GAS system. The system

k
:z:k_,_l:—ffler—k with g = £ € R
2 2
has an explicit solution
2 &) = —k+ 5 k>0
) - 2]€ - .

For any two initial conditions &1, &2 € R™ yields

161 = &all _

ok, &) — 2k, &)l = =5

(B(16 — &l L k)

and ((s,r) = 57 is a KL function. Hence, the system zj1 = 7% -1+ %
is globally asymptotically incrementally stable. However, notice that for the
specific initial condition & = 0, the solution z(k,&) = —k from this initial

condition is unbounded. q

The following theorem is a discrete-time Lyapunov function characterization
of incremental stability.

Theorem 2.20 (§GAS Lyapunov function.). [8, Theorem 9, p. 7] System (12)
is 0 GAS if and only if there exists a smooth function V: R™ x R™ — Ry which
satisfies

ar(flzr — z2|) < V(x1,22) < as([|er — 22]))
V(f(x1), f(x2)) = V(21,72) < —az([|z1 — 22|

for some aq, as, € K and ag € P for all 1,22 € R™ and all k > 0.

Incremental ISS is the notion that estimates differences ||x1(t) — x2(¢)|| in
terms of ICL decay of differences of initial states, and differences of norms of
inputs. Consider system (12) where v € U a closed and convex set of R™. Also
suppose f(0,0) = 0.

Under these assumptions we define:

Definition 2.25 (4ISS). The system (12) is incrementally input-to-state
stable (JISS) if there exists a function S € KL and v € K such that for any
k > 0, any initial states &1, &, € R™ and any couple of disturbances w1, us the
following is true

|2 (k, &1, ur) — o(k, €2, u2) || < B — &2l , k) +y([Jur — w2l )
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This kind of stability definition provides a way to formulate notions of sensi-
tivity to initial conditions and controls. Notice that in particular when there are
no inputs one obtains incremental GAS property of (Definition 2.24). Indeed,
note that the difference between the above inequality and the one defining incre-
mental global asymptotic stability is that the latter property holds for arbitrary
identical input signals u; = us = u, and arbitrary pairs of initial states.

Remark 2.20.1. Again, in the previous definition, the summation on the RHS
may be replaced by max{B([|&1 — &, k), Y([lur — uzll )} <

Remark 2.20.2. Since f(0,0) = 0 it is easy to check that §ISS implies ISS just
comparing an arbitrary trajectory with z; = 0. <

A Lyapunov characterization exists for incremental input-to-state stability
as well. In the following definition, 2* is an abbreviation for x(k, &;, u;).

Definition 2.26 (0ISS Lyapunov function). A function V:R™ x R — R is
called a §ISS Lyapunov function if for any u;, us € U and any z', 22 € R®

al(Hxl - a:QH) <V(z',2?) < ag(Hxl - .TQH) (21a)
V(f(ah u), f(a? uz)) = V(' a?) < —au([|2" — 2?||) + o(|lus — uzl|) (21D)

for some o, as, ay € Ko and o € K.

Remark 2.20.3. The second condition (21b) can be restated in an implication
form: there exists k € Ko such that for every 2!, 2% and ui,us € U

[lur — ual] < /-@(H:cl - x2H) = (22)
V(f(l?l,ul>,f<$2,’ll2)) - V(l‘laq’g) <- p(H‘rl - xQH) Vk >0

where p € Ko <

Proof. Indeed, if condition (21b) holds and [Ju; — uz| < k(||a' — 22||) then

V(f(zlvul)v f($27u2)) - V(xlwfz)

IN

—ou(l|zt = 2*[) + o (lur — )
—ea(ll#! — ") + olw(fl=” — 2*|)).

—p(llzt—z2])

A

O

Remark 2.20.4. The reverse of the preceding remark requires additional assump-
tions: suppose V: G x G — R with G C R™ compact and U C R™ compact.
Then, if system (12) admits an implication form incremental ISS Lyapunov
function (22) it admits a dissipation form incremental ISS-Lyapunov function
(21D). <
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Theorem 2.21 (§ISS and 6ISS Lyapunov function.). If the system (12) admits
a time-invariant 0ISS Lyapunov function, then it is §1SS. Moreover, if the set
U is compact the two conditions are equivalent.

Remark 2.21.1. As stated in [9], the following classes of systems are JISS:
e linear time-invariant systems which are asymptotically stable;

e globally Lipschitz systems with a Lipschitz constant 0 < L < 1;

2.7 Relationships between the different concepts

We might be interested in which relationships are (if any) between the different
notions of stability given in (SECTION 2).

We have already remarked the Fundamental Relationship Among ISS, 10S,
and I0SS in (Remark 2.5.2): see figure (Figure 6).

ISS + I0S <—> 10SS

Figure 6: Fundamental Relationship Among ISS, I0S, and I0SS (Remark 2.5.2).

(Example 2.1) shows that ISS property is stronger than Converging Input
Converging Output property combined with 0-Global Asymptotic Stability.

0-GAS + CICO CX> ISS

Figure 7: ISS is stronger than 0-GAS + CICO: (Example 2.1).

In (Remark 2.20.2) we observed that a §ISS system is clearly ISS when
£(0,0) = 0. In the continuous case, [(] suggest a counter-example to the impli-
cation ISS = 0JISS.

Example 2.9. The system @ = —2 + u? is ISS with respect to the equilibrium
point z,, = @ and the input signal u — @ for all @ € R. For this, is enough to
choose Vg (z) = (x — @?)? as ISS Lyapunov function. Moreover it is GAS (with
respect to the “disturbance” u in any compact subset of R):

d

% (x(taglvu) - x(tvg%u)) = - (x(tvglvu) - x(t7£2’u)) :
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Nevertheless, it is not 0ISS: we pick u; and us as given by the closed-loop
feedback that makes the system into & = 1. That means u} = x(t,&,u;) + 1
and thus x(t,&;,u;) =t + & for i = 1,2 so that

ui(t)=(t+&+ DY wp(t)=(t+&+1)V3

and in particular x(¢,&1,u1) — x(t,€2,u2) = & — & is constant whereas
u1(t) —ug(t) = 0. This contradicts the converging-inputs—converging-states
property of §ISS.

<

ISS OX>6ISS
ISS <—1 6ISS

Figure 8: A 6ISS system is ISS but there are ISS systems that are not JISS:
(Example 2.9) and (Example 2.10).

We can transpose the same example in a discrete time setting (see (Ap-
PENDIX A.5)).

Example 2.10. Consider the discrete time system
Ty = (1= 8)z + su.

This is ISS with respect to the equilibrium point z, = %> and the input signal
u — 4. Indeed, V(z) = (z — @?)? is a ISS Lyapunov function. We show that
the system is not §ISS, by contradiction with the converging-inputs-converging-
states properties. Take two different input u, v corresponding to the solutions x
and y respectively. Choose them in order to have u} =z + 1 and v} =y, + 1
so that the solutions are

T =xo+ké =& + kb Yk =Yo+ kéd =& + ko
and the corresponding inputs become
up = (k6 + &+ DY oy = (k6 + &+ 1)V5.

Now the difference x — y = &; — &5 is constant even though v — v — 0. N

Asnoticed in (Remark 2.15.1), an ISS-Lyapunov function is an iISS-Lyapunov
function as well, so that ISS = iISS; the converse is not true, as shown in (Ex-
ample 2.7).
2.8 Summary of implications

In this section we propose some diagrams to summarize the relationship among
all the different stability properties for discrete-time systems.
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ISS =—>iISS
ISS <X iISS

Figure 9: An ISS system is iISS - using the characterization via Lyapunov
functions - but an iISS system is not necessarily ISS.

GAS <:> a —summable

Figure 10: Equivalence from [5, Theorem 1, p. 362]

UBIBS
K AG 0-GAS

CICO

Figure 11: Implications of ISS property as showed in (SUBSECTION 2.3).

Iss < H

@ smooth

UBIBS + K AG T— > robustly stable ——>> 1SS Lyapunov
function

Figure 12: Equivalence of ISS property from (Theorem 2.7).

38



linear 1, gain B nonlinear I, gain

N\

1SS LI 1/[55
ﬁ. GAS/

- mput a — summable

Il

0 —input I, stable

Figure 13: Implication diagram showing the relationship between stability prop-
erties for discrete-time systems. The gray arrows are for implications that re-
quire f in system (12) to be continuous. Blue arrows are for implications that
require change of coordinates. Where indicated more assumptions are needed
(asymptotic gain (AG) (Definition 2.12), and limit (LIM) (Definition 2.13)).
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2.9 Conclusion of this section

This section contains the definitions and main results of different types of sta-
bility (Lyapunov, ISS, Input-output, incremental stability ...) for discrete-time
systems. In particular, we presented the comparison functions formalism, which
is a powerful and useful tool to prove stability results. For each notion some ba-
sic examples are provided as well as some proofs (which I made as an exercise).
At the end, different diagrams help to understand the different relationships
between the different concepts and the major implications among the several
types of stability. Hereafter, the most important tools will be from (SUBSEC-
TION 2.1) (comparison functions), (SUBSECTION 2.3) (input-to-state-stability),
and (SUBSECTION 2.5) (integral-input-to-state-stability).
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3 Lyapunov functions and gains

In this section we will investigate how scaling the Lyapunov function affects the
asymptotic gain and the transient bound for a stable system (ISS or 4ISS).

3.1 Lyapunov function and ISS bounds
Recall (14a) and (14b) from (Definition 2.11):

Jon, a2 € Koo e ([[€]) < V(§) < en(lI€]]) VE€R™ (14a)

Jag € Koo Fo € £ V(f(§, 1) = V(§) < o([lull) — as([€]]) ¥€ € R™ Vu 6( Rm)
14b

Concerning the ISS property, we already observed in (Remark 2.6.1) that if
V is an ISS-Lyapunov function, then for every positive A, V = AV is still an
ISS-Lyapunov function. Then using (Theorem 2.8) and the K-asymptotic gain
becomes ,(s) = a; ' o +az " o o(s) while from (Theorem 2.9) the Ko functions

for the characterization (13) of (Lemma 2.6) become

a(s) =aodai(s) = aoa(s)
(s) = aa(s) = Aaa(s)
a(s) = Mo(s)

Notice that the only nonlinear change appears in the K-asymptotic gain 4,.
From the proof of (Theorem 2.7), we can explicit the KL function 8 and the
Koo function v of the (Definition 2.10) of input-to-state stability. In fact, the
proof is “quasi” constructive and the bounds on V' are used to build this functions
as:

B(s,t) = ai ' (Blaz(s), 1))

23
Y(r)=a7toasoaztop” (23)

Loa(r)

where § is given by the comparison (Lemma 3.1) and p € Ko is such that
id — p € Koo The proof of this construction can be found in [4, Lemma 3.5,
p. 860] and shows that if system (12) admits a continuous ISS-Lyapunov func-
tion, then it is ISS. If we decide to scale V= AV, then all the functions «; and
o from (Definition 2.11) are also scaled and the previous equations for 5 and ~
change as follows:

B(s 1) = a7 (iw”(s)’tv .
) = ot o ap o a3 (iﬁ‘%Aa(ﬂ)) (24)

where p is a K, function such that id — p is again K. According to the choice
of p (which may depend on \) we can decide to simplify a little the expression
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for 4:

or
~ S N — _ _
ps)=p(3) =30 =ai eazeaz! (7 (o).
Notice that in this way the effect of scaling appears only once. Of course, choices
like p = p or p(s) = p(As) are possible as well. Another interesting choice is

p(s) = Ap (i> sothat p=1(s) = Ap~* (E)
A A
and the gain remains unchanged:

1

y=a7loagoaztoptoa(s) =17.

Remark that this choise is always possible for any A > 0. Indeed, if p € K
and such that id — p € K, such a p is still a K, function and for every s > 0
s—pA(s):s—)\p(i) >0

so that id — p is again K.

Remark 3.0.1. In the implication form (15) when V is scaled by A, then oy is
too, while x stays unchanged:

Joy € Koo Ix €L €l = x(llpl)) = AV(f(&; 1)) = AV (§) < —Aau([[E])-

Let us state the comparison lemma mentioned before.

Lemma 3.1 (Comparison lemma). [/2, Lemma 4.8, p. 55] For each K-function
a there exists a KL-function By (s, t) with the following property: if y: N — [0, 00)
s a function satisfying

ylk+1)—yk) < —a(y(k)) VO<Ek<k
for some k1 < oo, then
y(k) < Ba(y(0),k) Yk < k.

In the proof given in [12], the f3, is defined from id — « through iteration
and max operations. In the contest of ISS-Lyapunov function, y corresponds to
V and « is defined as being o := (id — p) o az 0 ay !, so that with the last men-
tioned choice of p, the new K function would just be a scaled version: & = Aa.

We focused on a linear scaling for the ISS-Lyapunov function, but nonlinear
scaling are possible. Let ¢ € Ko, and pose W(z) = ¢(V(z)). We want to found
the conditions for which, if V' is an ISS-Lyapunov function, then W is still an
ISS-Lyapunov function for the same system.
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Proposition 3.2 (Nonlinear scaling of ISS-Lyapunov function). Given an ISS-
Lyapunov function V' for the system (12) that satisfies

ar([[€l) < V() < ax([i€l) VE eR™
V(&) = V() < o([ull) = es(llE]]) €€ R™ Vu e R™
and applying a non-linear scaling: W(zx) = ¢(V(z)) for some smooth ¢ € Ko

such that ¢' € K. Then W (x) is an ISS-Lyapunov function as it satisfies the
conditions in the implication forms:

ar([lgll) < W(€) < as(fi€l]) v€ e R™
Il = x([lul) = W(f(E w) = W(E) < —aa([¢]]) ¥¢€ €R" VueR™

Proof. The first condition (14a) is trivially satisfied:

a(flzl) = ¢lea(2)) < o(V(z)) < ¢la(||z]])) = aa(|l=]])
——

while condition (14b) becomes

Wi(zy) —

=
O

() + V(@) = o(V(2))
a(llzl) + V() = ¢(ea (llz]])
+ (az — aq)([])) =

) —aa([|=[)

IAIA A IA
SEEEE
2
=
Q <

where the last inequality yields if as < ay4. A better condition on «g is
]l > ag ' (V(x)):

W(zy) = W(z) < ¢lo(||ull) — aa(llz]]) + V() = dlar(flz]])
<¢

Supposing ¢ smooth and ¢’ € K:

W(zy) = W(z) = o(V(zy)) - o(V(2))
=¢'(N(V(zy) = V()
< ¢ (Viwy) + V(@) (—aalllzll) + o ([lul)
< ¢'(—au(llzl)) + o (lull) + 2V (2)) (—ea(llz]]) + o([lul)
< ¢'Qaa(llz]) + o (lul))(—eallzl) + o (llull)
< (¢'(daz([lz])) + ¢' Qo ([lul)) (—aa(llz]) + o (flul))
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and if we use the implication form (15) with ||z| > agz ' (2o(||ul))) =: x(|Ju|):

W(zy) —W(z) < ¢'(daz(l|zl)) (o([ul) — as(lz]])) + &' Co([[ul])) (o(lull) — cal(lz]]))
—%az;(\lwll) (¢'(4aa([|z]])) + &' (ea([lz]])))

—ay([l)

IN

IN

O

Let now A € (0,1). If a3 is replace by AV in (14b) of (Definition 2.11), one
obtain a so called exponential ISS-Lyapunov function, for which

Jar, a2 € Koo an([l€]]) < V(E) < an(llé]l)  VE€R™ (14a)
doe £ V(f(&n) <o(llul) +AV(IEN) V€ €R™ VpeR™  (25)

hold. In [11] it is proved that if there exists an ISS-Lyapunov function V,
then there exists an exponential ISS-Lyapunov function V as well, given by a
nonlinear scaling V= &(V) for some & € K. The corresponding implication
form of condition (25) is

Ix e €l = xUlul) = V(f(& ) < AV(E). (26)

3.2 Lyapunov function and /ISS bounds
Recall (21a) and (21b) from (Definition 2.26):
ar(||at = 2?||) < V(2! 2?) < (||’ — 2°|) (21a)
V(f(ah u), fa?, u2)) = V(' 2?) < —au([|2" — 2?||) + o(|lus — uall) (21D)

for some a1, as, ay € Ko and o € K.

In this case as well, if V' is a JISS-Lyapunov function, then for every positive
A, V = AV is still a 6ISS-Lyapunov function for the system.

The reasoning applied to the ISS property still holds: from the proof of [,
Theorem 8, p.482], which still uses (Lemma 3.1), the gain and the transient
bound are given by (23)

, o
~(r) = 051_1 oy o a;l op toa(r) (23)

so that a scaling V = AV produces again (24)
A (1~
Bs.0) = i (§0ax(s).0)

A = oazoai! (35700 ()). (24)

Again for a nonlinear scaling by a smooth K, function, one still has a JISS-
Lyapunov function.

44



3.3 Conclusion of this section

In this section some effects after linear and nonlinear scaling of an ISS or 4-ISS
Lyapunov function are depicted. In particular we were interested in the changes
on the asymptotic gain and the transient bound for a stable system.
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4 Newton’s method

4.1 An introduction to Newton’s method in dimension 1

As a method to find the root of a function f: R — R: it uses an approxi-
mation of the function by its tangent line and the z-intercept will be a better
approximation of the root, then we can iterate. We define the Newton transform
Ny(z) = —f'(z)~! f(x) and we have the iteration step ,,+1 = z,+ Ny(z,,) solv-
ing the equation f'(z,)(x — z,,) + f(zn) = 0 for . We can justify a quadratic
convergence by a Taylor expansion of the function f around its root a:

0= Fla) = Flawn) + £/ (@)= 0) + 51" () — )

that leads to a recurrence formula on the error
lenti] == |la— zpt1] = % len)?.  In particular we need the following

three hypothesis:
i) f'(z) # 0 in a neighbourhood of the root «;
ii) f” to be continuous on this neighbourhood;

iii) the initial guess xo close enough to the root so that we can justify the

Taylor expansion and neglect the higher terms: % ||J;c,((f”)) ‘| <C ‘|J;/((z)) |‘ < Ei

4.2 General case

We can easily generalize this method in dimension k£ > 1, and in this case one
just need to use the gradient and the Hessian matrix of f instead of its first and
second derivative. The iteration step is then of the form:

Th1 =z — V7 (@) f (). (27)

Remark 4.0.1. Another generalization of Newton’s method can be done: take f
a functional on Banach space saying D f its Frechet derivative. In this case we
could use a damping strategy aiming to avoid the appearance of possibly large

Tn4+1 = Tn + 776n

updates in the iterations: for 0 <n < 1. |

Remark 4.0.2 (Newton’s method for stationary points.). We can see Newton’s
method as a descent method (an iterative algorithm for minimizing a function
g) where the descent direction is d, = —H, ' (x)Vg(xy) so that the iteration
takes the form zp11 = xp — oy —Hg_l(xk)Vg(mk). The idea in Newton’s method
is to minimize at each iteration the quadratic approximation off around the

current point zp. The price for the fast convergence of Newton’s method is
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the overhead required to calculate the Hessian matrix, and to solve the linear
system of equations
Hy(zy)dy = Vg(zy).

The stationary point of g correspond to the roots of f = Vg in the previous
form. |

In the rest of this document, we will always consider the Newtons method
in this form, that is with the following iteration step:

Tt+1 — Tk — H_l(l'k)Vf(ZL’k) (28)

Remark 4.0.3. For a special class of function, Newton’s method converge to
the exact solution in only one step! This corresponds to the quadratic case.
Consider

f(x)=2TAz + Bz + ¢

where A is symmetric positive definite. Its gradient and Hessian matrix are
Vf(x)=Ax+ B H(zx)=A
so that an iteration step is
v, =x— A Az +B)=—-A"'B

which is a stationary point for f: Vf(zy) = —-AA !B+ B =0. |
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4.3 Importance of the hypothesis

All the simulations and plots in this section have been realized in MATLAB.

A few problems may arise if one or more of the hypothesis are not verified:
we can see cycles appearing, divergence or oscillation when the first derivative
is not defined or unbounded at roots...

Remark 4.0.4. Many factor can slow the convergence down: if we cannot calcu-
late f’ analytically (secant method), if a root has multiplicity bigger than 1, in
case the algorithm encounters stationary points (we could be dividing by 0), if
the second derivative does not exist at the root... |

Table (1) presents different situations that may occur in the case in which
Newton’s method is used to find roots of a real valued function f: R — R. The
starting point is always xy = 0 and the number of iteration was chosen to be
N = 10. Here is the explanation of the different examples:

(a) the method works well because f(x) is smooth.

(b) In this case the problem is that during the iteration step one try to divide
by 0 which is the value of the derivative at zy. The problem is only due to
the particular starting point: x¢ > 0 would make the algorithm converge
to 1 and zg < 0 would make the algorithm converge to —1.

(c) Again, starting point enters a cycle and the algorithm does not con-

verge; choosing g = 2 would make it converge to the real root
r=— 2 — O=VEN'P o 1.7693. Figure (Figure 14) is a graph-
T (21=3VB1)1/3 3273 ~ T - rg gure grap

ical view of this case.

(d) As in case (b), the problem is that the derivative does not exist at root,
however in this case a different starting point would not avoid the problem
(as choosing a point close to 0 would make the algorithm diverge).

(e) The derivative is discontinuous at 0 and because of the particular starting
point the method fails; with x¢y = 0.01 a value of 3.5410e — 06 is found
after 1000 iterations.

(f) In this case the algorithm has no problem in converging to the exact
solution, but the convergence rate is not quadratic since there is no second
derivative at the root.

(g) Function f(z) = 2 + 1 has no real roots, so Newton’s method will chaot-
ically move around the x axis.

Remark 4.0.5 (What is really needed.). In order to guarantee the convergence
of Newton’s method, we need (i) a sufficient regularity of the function (Vf con-
tinuously differentiable with some bounds linking min |V f(z)| and max | f'(z)|);
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(i) we want to be able to inverse the Hessian matrix; (%) iterations should
start close enough to the stationary point of f. However if we consider New-
ton’s method in the complex field, we can see the convergence to i according

to the starting point in the upper or lower semi-plane. <

fx) f(z) exact root found root error
(a) e’ +x e’ +1 ~ —0.56714 —0.5671 1.2537e¢ — 07
(b) 1—2? —27 +1 NaN NaN

_ 1/3

() a®—22+42 322 — 2 7(2773\2/5)1/3 -0 g) cycle of 0 and 1 1
(d) zt/3 1p=2/3 0 failed: derivative is 0
(e) z+a%sin(2) | 1+ 2xsin(2) —2cos(2) 0 failed: xq is NaN
(f) x /3 1+ 2a1/3 0 1.6797¢ — 10 1.0669¢ — 07
(g) 22 +1 2z +i ¢ R changes slightly >1

Table 1: Different behaviours of Newton’s method in dimension 1. The starting point was
chosen xg = 0 (but o = 0.1 in case (g)) and the number of iteration fixed to N = 10.

Figure 14: The function f(z) =23 — 2z + 2 of example (c) (in blue).

| tangent line at (02) |

0.5

The

tangent lines at points corresponding to x = 0 and z = 1 are marked in red.
Following these lines we understand why the method enters a cycle when starting
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Figure 15: The domains of attraction for the three complex roots of
f(z) = 2% — 22 + 2 of example (c). Roots are marked with a white spot. The
black zones correspond to where NM fails to converge (note that the origin is
in black and the point (1,0) as well).

Remark 4.0.6 (Interesting questions). what happens if we use pseudo-inverse
H or regularize (H + eI); what if we have many near roots (domains of at-
traction); in which cases the algorithm does not converge; where the numerical
computations introduce noises (approximation of V f, evaluation, ...); <

4.3.1 Multiple roots

An interesting question is: what happens if the function f(x) has more than
one root? Which of these will Newton’s method converge to? This is actually
asking for the domain of attraction of each root, that is the ensemble of starting
points x that will converge to the root. There are two ways to determine the
domain of attraction of a root. The first one is to apply Newton’s method
to each different possible starting point and see which is the root it converges
to. This method gives the entire domain of attraction for each root and it is
used for the simulations below. A second way is to identify the region using
the sufficient conditions given by the theorem that guarantee convergence (like
(Theorem 4.1)). Notice that this approach could leave some points out of the
different domains of attraction. A rough estimation of the domain of attraction
based on (Theorem 4.1) is given in figure (Figure 17), where the corresponding
domains are drawn as circles.Each root has a domain of attraction that contains
a circle of radius 1/3. To estimate the radius, we noticed that (computations...)
L=6, h=38=2for |z| <1.
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Remark 4.0.7 (Third roots of unity.). A common example is the function

f(x) =23 —1, which has a real root a@y = 1 and two complex roots
) = e = -+ z‘/Tg and o3y = e = -1- z‘/Tg We can use Newtons for-

mula on each point on a 2D complex plane. The calculated root is searched
in array of roots (previously calculate with the command roots([1 0 0 -1]).
Each root is associated to a different colour (blue, green or red in figure (Fig-
ure 17)), so that the index of array (that tells to which one of the three roots
the algorithm has converged) is the used to decide the colour for the starting
point.

<

Figure (Figure 18) shows the domain of attraction of the four roots of the
polynomial f(z) = 2* + 1. We can see that it is very similar to the previous
figure (Figure 17). Both this figure are in fact fractal figures, known as Newton
fractals. This web page provides a canvas for the roots of f(z) = 23 — 1 with
the possibility to click anywhere in the canvas to zoom in. A static version is
shown in figure (Figure 16) below (from Wikipedia).

Figure 16: Successive zoom on figure showing the three domains of attraction
for roots of polynomial f(z) = 23 — 1.

o1


http://www.malinc.se/m/NewtonFractals.php
https://fr.wikipedia.org/wiki/Fractale_de_Newton

Figure 17: The three domains of attraction for the (complex) roots of the func-
tion f(z) = 2® — 1. To each root is associated a colour: blue for o) = 1,
green for a(g) = ¢ and red for ) = €% . Roots are marked by black spots,
the circles correspond to the estimation of the domain of attraction based on
(Theorem 4.1).

Figure 18: The four domains of attraction for the (complex) roots of the function
f(x) = 2* + 1. To each root is associated a colour: blue, green, red and yellow.
Roots are marked by black spots.
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4.4 A proof of convergence

T own the following (Theorem 4.1) and its proof to Dr Iman Shames. The follow-
ing theorem gives sufficient conditions for the convergence of Newton’s method
(as a method for searching stationary points: zpy1 = zx — H Y(xr)Vf(2k)
where H(x) is the Hessian matrix of f(x)).

Theorem 4.1 (Newton’s method convergence). Suppose:
(i) =* is a stationary point for f: Vf(z*) =0;
(it) 3h >0 ||H='(2")|
(iii) 36, L >0 |z —a*| < B = |[H(z) - H@")| < Llle — *;

1
<z

(iv) ||lxg —x*|| <7v:= min( 7%)

Then the iteration x4 = x — H=Y(2)V f(x) is such that:
1. oy — 2% < llo - 2| sy
2 lzy =2 <l —a*| <~
8. Nzt —2*| < llz — 2" |* $.

Proof. We will need the two following lemmas: for h > 0

1
MR M = MT 5 M7 £ E s Mol 2 Bl o e R (29

and (for a continually differentiable function)

F(z)— F(z) = / Vi +t(z—1x))(z—x)dt. (30)
0
Let’s compute
zy -2t =z -z = H () (Vf(z*) = Vf(z))

=z—a" - H_l(ac)/o H(z+t(x* —z))(z* —x)dt using (30)

1
= H Y(x) [/0 (H(z+t(z* —2)) — H(x)) (" — x)dt| .

So, taking norms and using the hypothesis:
1
o =2 < 2@ [ 1H @+t ) = HE@) 2" - o] d
0

1
< HH’l(x)HLHx*—xHQ/O tdt

< |H @)

* 2
2 ||’

|l —x
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Now, using (29) and the properties of matrix norm:
[H (z)v]| = [|[H(z")v + (H(x)v — H(z")v)|| = hjv]| = L |z — 2| [Jo] Vv
so that (again by (29))

< L e — 2|
S Lo

BN

holds. The other inequalities follows noticing that L ||z — z*|| < %h because of
hypothesis (iv). O

Remark 4.1.1. This theorem tells us that if z* is a stationary point in which
H~1(x*) is well defined and H is locally Lipschitz near z*, if we start sufficiently
close to x* then at each iteration we get closer, the convergence rate is quadratic
and the constant mostly depends on H. <

Remark 4.1.2. The second hypothesis (ii) of the (Theorem 4.1) corresponds to
the assumption that H is coercive (see property (29)). <

Remark 4.1.3. In the previous theorem (4.1), the convergence result is obtained
with an argument fixed point-like. Indeed we show that the iteration map is a
contraction. <

Remark 4.1.4 (What if?). One could ask what would happen if one or more
assumptions are not satisfied. Consider the examples in (SUBSECTION 4.3).

(a) We saw that the method do not present particular problems in conver-
gence. However, notice that the Lipschitz condition on H(z) = e® + 1
is not satisfied globally, but only in a neighborhood of z* (i.e. the
is a finite constant) when one can for example use the approximation
H(z) — H(z*) =e® — e ~z —a*.

(b) Does not present any problem (unless one takes zo = 0), as H(z) = —2x
is globally 2-Lipschitz. However, condition (i) in (Theorem 4.1) is not
satisfied: HH(x*)_ln = |2i* is unbounded; moreover, v = oo but

z*=0

actually the situation is asymmetric: one cannot start farther than 1 on
one side of the root.

(c) In this case H(z) = 322 — 2 so that H~!(z*) ~ 0.1353 and one can take
h = 7.3. Noticing that

[H(z) = H(z")|| = 3| + 2™ |z — 27| <3(Ja| + [27]) [« — 27|
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the constant L for the Lipschitz condition depends on |z| and so we
can actually fix 8 big as much as we want and L = 3(8 + |z*|). Then
2h 2h

v:=min (8, 3%) = 2% ~ % becomes very small. The theorem suggests a

trade-off to find between the two conditions.

(d) The coercivity (#) and Lipschitz condition (éii) are not satisfied (as
H(z) = %x’w 3) and indeed the algorithm does not converge.

(e) H(x) oscillates heavily near the origin (conditions (i) and (%) are not
satisfied).

(f) In this case h = 1 satisfies condition (4i) but the Lipschitz condition is not
satisfied as 2'/3 > z near the origin. The method converges despite this
fact.

(g) The first condition is not satisfied if we consider only real functions. Oth-

erwise the conditions are satisfied with z* = +i, h =2 = L and v = %
We can see that the domain of attraction is only a circle of radius % but
the maximal circle just need the radius to be less than 1 and the whole

domain of attraction is a semiplane.

<

(Theorem 4.1) can be generalized using comparison functions (to replace the
Lipschitz condition (7)).

Theorem 4.2 (Newton’s method convergence 2). Suppose:
(i) x* is a stationary point for f: Vf(x*) =0;

(it) H is coercive: 3h >0 ||H~'(2*)

<%
(i) 36 € KL ||H(2) — H(z")[| < B(|le — 2*||, k) VE > 0;
() [lzo — 27| < 3

Then the iteration x, = x — H Y2)Vf(z) is such that
g —2*| < %#%B(le —a*|| k) < 585 K).

Proof. As in the previous proof, compute
vy —1" =z —a" — H '(z) (Vf(a") = Vf(z))

=z—a"— H_l(;v)/o H(z+t(x* —z))(z* —x)dt using (30)

= H Y(x) [/ (H(x +t(z" —x)) — H(z)) (" — x)dt| .

0
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So, taking norms and using the hypothesis, (29) and the properties of matrix
norm:

oy — 2™l < [[H ™ (=) /O [H(x +t(a" —x)) = H(z)|| [|«" - 2| dt

1
< |H @) Ile* - 2]l B(la* — 2 ,k>/0 dt
e — *|| (llz — =*], k)
h B(z— k)
2h 1 %

<o k
<Framn (1)
4 2h

<=p|—,k]).

EWER
In the last two lines we used that, by induction, if ||z — z*|| < 2 and B(2,0) < &
(B(3,0) < h already needed to use (29)), then ||z — 2*|| < 2. The inequality
between 3 and h also leads to h

hiﬁ(%‘k)
k — oo. O

< 2. This guarantees convergence as

4.4.1 Errors in Functions, Gradients, and Hessians

In the presence of errors in functions and gradients, the problem of convergence
becomes a bit more difficult. In this section we discus this briefly and we’ll
study the different cases more in detail in the next sections. A first significant
example in which errors appears is if only functions are available and gradients
and Hessians must be computed with differences. We Let consider a simple
one-dimensional analysis to better understand the size of the this errors. As-
sume that we can only compute the function f approximately, say we compute
f=f+e¢ ¢ rather than f. Then an approximation of the gradient with forward
difference is

Duf(a) = =IO _ g0y 4 0+ eg/m)

and the error on the gradient is at least ¢, = O(,/€f). Doing the same for the

Hessian, its error will be ey = O(,/&,) = O(e}“).

From a numerical point of view, when €5 is larger than machine round-off,
this implies that using a second numerical differentiation of f to compute the
Hessians will not be very accurate, and in addition it will be very expensive to
compute if the Hessian is dense. Alternatively one can obtain better results with
centered differences, but at a cost of twice the number of function evaluations.
An approximation of V f(z) will be:

Duf(e) = XD IEZI) gy 4 02 2 /m)
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so that the error in this case is ¢, = O(si/g). This leads to an error in the

Hessian matrix of ey = 0(54}/9).

4.4.2 Error in the evaluation of the gradient

X1 = X + Py

Pr = —H_l(xk)(Vf(xk) +¢&)

@ H™(x,) G

O v
N ( Vf(x)
&€

k

Figure 19: Diagram for the case the error is only in the evaluation of the gra-
dient. As observed in (Remark 1.0.4), in order to prove the stability of this
dynamic, we can arbitrarily decompose the iteration step, making z;,; a more
general function of z; and an input ug. This means that we can change this
diagram and make it more general.

We try to understand what happens in the case that for every iteration we
have some noise Ag due to the computation of the step update pg such that
H(zk)pe = =V f(zk):

Tkl =Tk + P + Dp = xf — H_l(mk)Vf(xk) + Ay. (31)
This corresponds to the case presented in (SECTION 1) where the evaluation
of the gradient is noisy (i.e. Ay = —H !(zx)er where g is the noise on the

evaluation of Vf at ;). Using the proof of the previous (Theorem 4.1) one
obtains

k
A .
lzken — || < ellag — 2" + Akl < ¥ llzo — 2™ + Y F A
i=0
for a positive constant ¢ < 1. If one requires that the method converges to a
compact set (say a ball), then this result is sufficient whenever the series at the
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RHS converges.

This is true, for example, if the norms ||A;|| are uniformly bounded (since the
constant ¢ < 1): for every i > 0 ||A;|| < M. One can more precisely find the
required bound on the error imposing the radius of the ball, say §. Then in
order to have ||zo — z*|| < § we need:

k k
lim Y " F A < M lim Y M <
A2 IAlS M i 2 s
1= 1=

that is

. gl—cFk k¢ c )
lim ¢ —— = lim — < —
koo 1—1/¢c k—oo c—1 l—-c™ M

which gives an upper bound for M:

Mgélfc.
C

We just proved the following fact:
Fact 1. Suppose that the evaluation of the gradient in the iteration step (28)

of the Newton’s method is noisy and call g5 the error of this evaluation. The
iteration step becomes then (31) with Ay = —H ~!(z)e. Suppose
1-c

c

||Ak|| = ||H71(Ik)€kH <6 Vk >0

where ¢ = % < 1 is a constant depending on the Hessian matrix H. Then for
every starting point x sufficiently close to the stationary point z* of f, ¢ the
algorithm convergence to a point that lies in a ball of radius ¢. &

Remark 4.2.1. Applying the version of (Theorem 4.1) with the comparison func-
tions (Theorem 4.2), the upper bound on the error is just the size of the desired
ball. In other words, the previous fact can be restated as follows:

Fact 2. Suppose that the evaluation of the gradient in the iteration step (28)
of the Newton’s method is noisy and call g5 the error of this evaluation. The
iteration step becomes then (31) with Ay = —H !(xy)er. Suppose that the
assumptions of (Theorem 4.2) and

[Ak]l = ||H Nan)er]| <6 VE=0

Then for every starting point xg sufficiently close to the stationary point z* of
f, the algorithm convergence to a point that lies in a ball of radius 6. ¢ <

4such that it satisfies the last hypothesis (iv) of (Theorem 4.1).
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Suppose otherwise that we are interested in the convergence of the method
to the exact point z*. In this case the previous argument is not enough and
we need to add some additional hypothesis on the norm of the error ||Ag|| and
on the Hessian matrix H(z). Again we suppose that the uncertainty is in the
evaluation of the gradient V f(zy).

Theorem 4.3 (Convergence of NM with noise in Vf). Consider the Newton
iteration:

vy = H ' 2)Vflx)+A=2—H Y2)Vf(x)+ H *(z)r (31)
Suppose that there exists a sequence {ny} with sup, nx <n < ¢ <1 such that

el
¥ fao) ™ <" (32)

Also suppose that there exists v > 0 such that
m(l+ My)(Mn+ny+2y) <ec<l

Then there exists € > 0 such that if ||xo — z*|| < € the sequence of iterates {xy}
converges to x*.

Proof. Call
=[H@)  me=[H @) (33)
and observe that, by definition
n 1 *
Vo e R — lof| < [[H(z")v]| < M o] (34)
Now we can choose £ > 0 such that for all ||z — 2*|| < Mme the hypothesis
[H(z) = H(z")[ <~ (35a)
[ (@) = H™ (@) < v (35b)
IVf(z) =V (") = H(z")(z — 2| < vl — 27| (35¢)

yield. By induction, if ||z — z*|| < e then the ||z — 2*|| < Mme and we can
apply (35a), (35b) and (35c). We rewrite the iteration step:

vy =x—H Y 2)Vfx)+A=2—H 2)Vf(x)+ H  (z)r (36)
Some tricks in rewriting:
v, —a* = (r—2%) - H Y (2)Vf(z)+H *z)r

we put H}(

=H™'(2") (H(2")H ™ (x)r + H(z")H ' (2)H (2)(z — 2) = H(z")H " (2)V f(2))

we put H(z*)H '(z) in factor

=H™'(2") (H(z")H™ (2)(r + H(z)(z — ") = Vf(2)))

since Vf(x )*Oanda7a+bfb

) [(1+ H(z*)H ' (z) — 1)-
: (7" + H(’I)(ﬂf - ) - Vf(ﬂ«“) + H(a")(z —a") — H(z")(z — ") + Vf(27))]

x*) in factor
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And in conclusion we obtain
vy —a* = H @) [(1+ H@ ) (H (@) - H @) (A= B)]  (37)
where
A=r+(H(z) - H(@"))(z—2") B=Vf(z)-Vf(z")-H@")(z-z).
Taking the norms:

los — 2™ < [[H ™ (2%)

[+ 1 H @ B @)~ B @)

)

(Il + 1H (@) = H@") | o = 2| + |V f(z) = Vf(2*) = H(z")(z - 2)| )}
which gives the inequality

oy — 2|l < [|[H (@)

| (L4 M) ([Ir]| + 2 [l — z*|)). (38)
Now we notice that
IVF(@)l| = [H(z*) (@ — 2*) + V(z) — Vf(a*) - H@") (@ - )|
< |[H(z")(z —2")| +[[Vf(z) = V[f(@") — H(z")(z —z")||

that is
V@) < [H(z")(z—2")|| + 7 llz — 2. (39)

Putting (32) and (39) into (38) one obtains
o4 — 2| < [|[H= @) (1 + M) [V f (@) + 27 [lz — 27[)

< ||H ' @)|| (1 + M) (Mn +ny +27) ||z — 2|
<m(1+ My)(Mn+ny+2y) ||z — 27| (40)

The result then follows from the choice of 7. O

Remark 4.3.1. As said for (Theorem 4.1), this last result tells us that if z* is
a stationary point in which H~!(z*) is well defined and we start sufficiently
close to x* so that H and H~! have little variations near z* (hypothesis (35a)
and (35b)) and we have a Lipschitz-like condition (hypothesis (35¢)), if we can
bound the norm of the error as in (32), then the algorithm converges. Notice
that in this case, the convergence rate isn’t quadratic anymore. |

Remark 4.3.2. One could relax the assumptions on ~: choos-
ing three different parameters in (35a), (35b), (35¢) so that
m(l+ My2)(Mn+nys+7+92) <c<Ll
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A simple generalization of previous (Theorem 4.3) can guarantee the con-
vergence only to a ball of radius § rather than to the exact point z*.

Proposition 4.4 (Practical convergence of NM with noise in Vf). Consider
the Newton iteration:

vy =2 —H Y 2)Vf(x)+A=x—H Y2)Vf(x)+ H *(2)r (31)
Suppose that there exists a sequence {ni} with sup, q <n < ¢ < 1 such that
lricll < mie IV f (@)l < 0 IV f (@) + 6.
Also suppose that there exists v > 0 such that
m(l+ My)(Mn+ny+2y) <ec<l

Then there exists € > 0 such that if ||xo — z*|| < € the sequence of iterates {xy}
m(1+M~) S
1=m(1+M~)(Mntny+2v)

converges to a ball of center x* and radius § =

Proof. Since the estimation on the norm of the error is

Irll < me IV £ ()|l < m IV f ()| + 6,
then from inequality (38) follows
g — || < [[HH@)]] @+ M) (Il + 2y [l - 2*])
< HT @)@+ My V@) +0 + 29 [lz — 27])
< m(1 4+ My)(Mn +ny + 2y) |z — 2*[| + m(1 + Mv)é

=: ¢ ||z — 2*|| + ¢20.

~ 1-— 1-— 1+ M~)(M 2
Now taking § = 616 = m(1+ My)(Mn + ny + 7)6, when £ — oo,
Co m(1l+ M~)
since ¢; < 1:
* * G < *
lows = o)l < 5 floo = 2"l + = -0 = oo — 2" <6

O

4.4.3 Error in the evaluation of the gradient and of the inverse Hes-
sian matrix

We will try to do the same thing, that is proving the convergence of
Newton’s method to the stationary point z* of f in the case the update
pr = —H 1 (2)V f(x1) is noisy both because of error in the evaluation of the
gradient V f(xy) and in the inversion of the Hessian matrix H. For the sake
of simplicity, we change the notation of (SECTION 1) as follows: we call the
error on the gradient €, and we write the error on the Hessian matrix as

61



Xjp1 = X T Py

e = — (H'(x) +Ap) (VF(x) + €)

(Mo H1
H(x) + Ay Sr &)
AH

D V(x,)

VF(x) +e€, S’(
€k

Figure 20: Diagram for the case the error is in the evaluation of the gradient
and of the inverse of Hessian matrix. As observed in (Remark 1.0.4), in order to
prove the stability of this dynamic, we can arbitrarily decompose the iteration
step, making xx41 a more general function of z; and an input uj. This means
that we can change this diagram and make it more general

Ay = —H Y(xp)eg H Y(zx) + ¢ We suppose then that it takes the form
pr=—(H "(zx) + Ap)(Vf(2r) + )

The idea is again to write
vy —a*=x—a* - H Y2)Vf(z) - H '(x)e — AgVf(x) — Age

and try to control the mixed terms with stronger hypothesis on H and Vf.
The term H~1(x)e should be treated as the term H~!(z)r in the previous
(Theorem 4.3). Using (39) if we suppose Ay small enough, we should be able
to control AgV f(x) too. Then |Age|| < |Ax| ||V f(z)||n and with a smaller
v the constant should still be < 1. Renaming

r=¢ s=Apy (41)
for the sake of simplicity, we can state the following (Theorem 4.5).

Theorem 4.5 (Convergence of NM with error in Vf and H). Consider New-
ton’s method iteration step

Tpy1 = — H N (2) V(o) — H H@g)re — sk Vf(@r) — sk (42)

Suppose that there exists a sequence {ng} with sup, i < n < ¢ < 1 such that

el |
¥ fo] <™ <" (32)
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Also suppose that there exists v > 0 such that
m(L+ My)(Mn+ny+2y+ Myl +n)(M +7)) <c <l

If in addition
skl <m<e<t (43)

then there exists € > 0 such that if ||zg — x*|| < € the sequence of iterates {x1}
converges to x*.

Proof. Rewrite the iteration step and obtain something similar to (37):
vy —a*=H '(2") [(1+H@)H '(z) —H '(z%)) (A-B-C)] (44)
where

A= (H) - HE )@ - 2) 7
B=Vf(z)-Vf(@") - H(x")(z—z7)
C=H(x)s(Vf(z)+r).

Taking the norms, after some computations one obtains something similar to
(40):

ey — ™| < m(14+My)(n(M+7)+2y+M(1+n) |[s]| (M +7)) [z — 27| . (45)
Thanks to the hypothesis (43) this becomes
o4 — ™[] < m(1+ My)(Mn+ny+ 2y + Mn(l+n)(M+7)) ||z — || (46)
Now, since n < ¢ < 1, if we can choose 7 small enough so that
m(1+ M~y)(Mn+ny+2y+Mnl+n)(M+7)) <c<1

the result follows. O

We can try to find conditions on r and s in order to obtain practical conver-
gence to a ball in the general case. Suppose that

el <m IV @) +00 sl < n2|[H ()] + 62

and that the point z is close enough to x* so that the three conditions

[H(z) — H(z")[| <m
[H ™ (@) = H™ (z7)|| < 92
IVf(z) =V f(z") = H(z")(z —27)|] <73l — 27
hold. As above, call
M = ||H(z")|| m = |}H71(x*)||
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and notice that
V(@) < (M +13) |z — 2.

Then one can compute:

zy—a*=H '(2") [(1+ H(z*)(H ' (z) — H '(z"))) (A— B) = C]
with
A= (H(z) - H(z"))(z —a") —r
B=Vf(z) = V(") - H(z")(z - z7)
C=H(z")s(Vf(x)+r).

Taking the norms one obtains

lzy — %) < m(1 4+ M) (M 4+ mys + 91 + 73 +mM2ny + M?narys + M?55+
+ mMnays + Mnav2ys + Mysds +mM>nuns + M2 npineye+
+ M?n182 + mMminays + Mmnzyays + Miiysds) [l — ||
+m(1+ M)l +mMns + Mnays + Md3)d
=:cllz —a*||+d

So that, for 11,72 < 1 and x close enough to z* one can find positive 71,2 and
~3 such that ¢ < 1 and

k
lpsr =@l < oo — 2™ +d Y
i=0
converges
*
- <
[Too — ™| < 1—c
. . . d

that is practical convergence of the sequence {zy }x to a ball of radius ¢ := .

—c

Remark 4.5.1. In order to look for conditions that yield ¢ < 1, one could study ¢
as function of 71, 2, v3 under the constraint that the three gammas are positive.
However, writing the Lagrangian and imposing the derivative with respect to
71 to vanish, one obtains m(1 + M+3) = 0 that means 7, should be negative,
thus there are not admissible solutions. <

Remark 4.5.2. An easy lower bound ¢ for ¢ is obtained imposing the three
gammas to be 0:

c>ci=m(Mn + mM?ny + M35, + mM>n1m2 + M277152).

This can never happen because of their definition, so the inequality is strict. <«
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Remark 4.5.3. If we change the two definitions of «; and 5 to be some sort of
Lipschitz constants:

I1H(z) = H(z")|| <7 llz — 27
[H7 (@) — H ' (2)

| <7ellz —a*
then in the end we find
oy — 2% < e1 [lo — 2™ + ez [lo — 2*|* + 3 [ — 27| + d

where

cr =m (M (M((1+01)(62 + mn2) + m(n2 + 62)) +v3(1 +m) (02 + mn2) + 11 + 7201 (1 + n2)) +73(1 +m))
ca =m (y1 + Mryz2 ((m +n2 +mne + Md2)(vs + M) +mM(ni(1+ 61) +n2(Mm +v3)) +73))

ez = mM~y2(y1 + Mnaya (1 + 1) (M +73)))

d=m(1+ M(mns + 82))51

are positive constants. If we rewrite the inequality as

los = 2" < (e1 + ez lle = "l + sl = 2*)17) lle = 2| + d

C

Sufficient conditions for a convergence to a ball of radius T are

e3> 4(cy — 1)es
max(0,2) < |lzx —2*|| <Z Vk
z>0

with

 —ca— /3 —4(c1 — 1) - —ca+ /3 —4(c1 — 1)

- 263 283

The first condition guarantees that ¢ < 1 when each step is close enough to
the stationary point z* the sequence will converge; the second condition control
how much the steps should be close; the third condition just ensures that the
interval on the second condition is not empty.
Another sufficient condition would be imposing that all the three constants are
smaller than 1:

1<l o<1l c3<1

and the radius of the ball would be 6 = §(cq, ¢2, c3,d).

A third approach that leads to sufficient conditions makes use of a general
theorem of stability for nonlinear first-order recurrences. Let ey = zp — x*.
From the theory of nonlinear first-order recurrences, we know that

exr1 = glex) == creg + coei +czes +d
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is locally stable, meaning that it converges to the fixed point e = € (that corre-
sponds to z = z*) from points sufficiently close to it (thus x sufficiently close to
x*), if the slope of g in the neighborhood of € is smaller than unity in absolute
value: that is,

|9’ (€)] = |3cse + 2co8 + 1] < 1.

This condition leads to three possible cases:

—cy — /% —3c3(c1 — 1) s T + /3 —3cz(ep — 1)
(a) 2 363 363
36%3 —C| < 1
ey — B = 1 ey — B = 1
Cs c5 — 3es(c ) o< C c5 —3es(c1+ 1)
(b) 3c3 3ca

c3 > 3cz(ep +1)

g+ /[ — 1 - - 1
¢+ /5 —3cs(c1+1) e c2 + /5 —3cs(a )
(C) 3c3 3cs

e >3cs(c1 + 1)

and we recall that a zero of a cubic function can be written as an expression in

its coefficients as: ) A
s = C 70
€ 33 <C2 +C+ C >

with
Ag = ca — 3cszeq A = 20% —9¢ie9c3 + 27c%d

C_i/Ali\/A%—zlAg
_ . .

Condition |¢'(€)] < 1 could be satisfied for either one, two or three roots of the
function g. This means that local convergence is guaranteed but not to a specific
root (domains of attraction could be chaotic: see figure (Figure 17)). <

There is another result that guarantees practical convergence of the Newton’s
Method to a ball: in [17, Theorem 2.3.4, p. 18] we find the following theorem.

Theorem 4.6 (Estimation on the error for NM). Let z* be a stationary point for
f: Vf(z*) = 0. Suppose that the Hessian is y-Lipschitz and H(x*) is positive
definite. Then there are K > 0,0 >0, and §1 > 0 such that if ||x — z*|| < § and
llem|l < 91 then H(x4+) +en is non-singular and after one step

vy =x— (H(z) +em) ' (Vf(z) +e)

the error satisfies

* %12 *
oy = 2*) < K (o = 2" + lenll o = ¥ + |l (47)
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with

K=@4+9)[[H ()| +16 ||H’1(fv*)||2 [ H (x|
=4+ +16||H @) 1H @) |H ()|

As a consequence, one cannot hope to find a minimizer with more accuracy
that one can evaluate Vf and in most cases the iteration will stagnate once
le — z*|| is (roughly) the same size as . The speed of convergence will be
governed by the accuracy in the Hessian.

Using this theorem we can find sufficient conditions on the coefficient of the
recurrence equation (47) in order to keep the norm of the error smaller than a
fixed value (. The equation

era1 = gler) = Keg + K |lenll ex + K [ (47)

1 - K llen|| + /(K [len|| — 1)2 — 4K [Je]]

. The sta-

2K
bility conditions are given by ||¢’(€)|| < 1 which is possible if and only if the
discriminant is positive and the fix point is € = e_, that is:

{ng'(e_)n = [t - VE Teal =177 =47 ef]| < 1
(K llenl = 1)* = 4K [l > 0

has two fix points e; =

that means

0< (K|eg| —1)*—4K?||¢|| < 1

0 < K < 2lenl+2)el 0 < I < 2llenll+2el
len] len]
7 i < lenl+2lel—2/Tel Qe+ o > lenl2lel+2y/Tel Qe+
Ten? Ten?

and since K is always positive the conditions become

< Nenll + 2]lell = 2v/lefl (lell + ller |

K 2 (*1)
lem|l
or
+ 2 el + 2 |lel|l + 24/lel| (|le]| + ||e
Hllem] 2||€|| S K> lemll + 2|l \/II2 [ Cllelt + flez |l ()
lewl lewl

The following proposition summarizes the considerations above.

Proposition 4.7 (Practical convergence of NM with noise in V f & H). Suppose
that the Hessian is y-Lipschitz and H(x*) is positive definite. Let 6, 61 and K
given by (Theorem 4.6). If K satisfies one of the two conditions (&) or (&2)
then for every n > 0 the Newton’s Method with iteration step

Tpp1 = T — (H(zg) + ) NV f(2n) + )

stays in a ball of radius ( :=n+e_ for k sufficiently large.
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4.5 An approximation of Newton’s method

The following (Theorem 4.8) and its proof are a reformulation of a theorem
showed me by Dr Iman Shames.
Instead of considering the Newton’s method iteration (28), we consider

Tr1 = xk — F 'V f () (48)

where F ! is a local approximation of the inverse Hessian matrix H~!(x}).
Then the following theorem yields.

Theorem 4.8 (Local convergence of Newton type updates). Let x* a stationary
point of f and consider the iteration (48). Suppose there exist bounded positive
scalars w and § where § < 1 and a sequence {Jx} where sup, {0} < § such that
for all x and xy

(i) |lxo —z*| < @; (proximity of the initial guess)
(i) HFk_l(H(a:k) - H(2))|| < wlze —=|; (Lipschitz condition)
) HF,;l(H(a:k) — F)|| <6, < 6. (quality of approximation)

Then the sequence {1} converges to x*.

Proof. Compute
Tpp1 — 3° = a5 — ° — F 'V f(2y)
1
=F"! (Fk(xk —z") — / H(z" +t(xp — ")) (z) — x*)dt)
0
1
=F"! ((Fk — H(xg))(zr —2™) — / (H(x" +t(xg — ")) — H(xg))(zx — a:*)dt) .
0
In the light of conditions (4i) and (#i7), one obtains

1
|[@k41 — 7| < Ok [Jak — 27| +/ wllz® + t(zp — &) — e [lor — =[] dt
0

w * *
< (1 + 5 lla = ) Jlow = 2|
< Ok +1—=90) [|lzp — 2™

Due to (i) and the fact that sup,{dr} < ¢ <1 this results in convergence. [

Remark 4.8.1. We could “explicit” the approximation, that is write
F' = H '(21) + s1,. The three assumptions become:

(1) |lwo — ™[] < @; (proximity of the initial guess)
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(i) |1 — H (@) H (o) + s(H o) — H@)|| <o o - al]
(Lipschitz condition)

(40) ||spH (zg)|| < 0k <0 . (quality of approximation)

The iteration step of Newton’s method corresponding to this case is
wppr = xp — H N (ax) VI (xr) — su VS (21)

which is slightly different to the hypothesis of (Fact 1): there is no error in
the evaluation of the gradient, but there is some error in the evaluation of the
Hessian matrix. In particular this is a special case of (Theorem 4.5) when taking
rp = 0. <

As done before for (Theorem 4.1), the previous (Theorem 4.8) can be easily
generalized to the case of an extra error €, in the iteration step, that is every
iteration step is in the form

Tht1 = Tk — F]:1Vf(l‘k) + €k,

in order to guarantee convergence to a ball of radius . This is more precisely
stated in the following propostion.

Proposition 4.9 (Practical convergence of NM approximation). Consider the
approzimation (48) of Newton’s method iteration step and suppose that it is
noisy. Call this noise €, so that the iteration step is in the form

Tyl = T — F1;1Vf(:ck) + €k

Suppose there exists bounded positive scalars w and § < 1 and a sequence
sup,{dr} < 0 such that for all x and xy, the three assumptions (i), (i), (iii)
of (Theorem 4.8) are satisfied. Call ¢ := § —sup,{dx} < 1 and suppose also that
the noise is bounded: supy, ||ex|| < (. Then the algorithm converges to a ball of
radius % when k — oo.

Proof. Compute as in the proof of (Theorem 4.8):

[eker — ™| < (1 =0+ 6k) lze — ™[ + [l

k
< (1= lzo — 2" +¢ Y (1)
=0

1
<(1-— k+1 o
<1 =0" " zo HfHJrCil_(l_c)
ko &
C
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4.6 Quasi-Newton methods

Quasi-Newton methods are generalizations of the secant method to find the
root of the first derivative for multidimensional problems. In quasi-Newton
methods, the Hessian matrix of second derivatives is not computed. Instead,
only first order information is used and the Hessian matrix is approximated using
updates specified by gradient evaluations (or approximate gradient evaluations).
So, quasi-Newton methods differ in how they update the approximate Hessian.
According to [13] «the earliest, and certainly one of the most clever schemes for
constructing the inverse Hessian, was originally proposed by Davidon and later
developed by Fletcher and Powell.»

The Davidon—Fletcher—Powell (DFP) and the Broy-
den-Fletcher—Goldfarb-Shanno (BFGS) algorithms are iterative methods
for solving unconstrained nonlinear optimization problems.

DFP Algorithm. From an initial guess zy and an approximate inverse of
the Hessian matrix BP¥'F the following steps are repeated as xj converges to
the solution:

DFP Algorithm

1. Obtain a direction dj by solving d, = —BPFPV f(xy).
2. Find an acceptable stepsize «j, in the direction found in the first step, so
ap = argminf(xg + ady).
o
3. Set pr, = aydy and update x11 = Tk + pi.
4. qr = Vf(xr+1) — V(xp).
BP P quaf BPTY | prepi

af BPTP g, afpr’

DFP _ gDFP
5 By =By -

BFGS Algorithm. The BFGS formula is the dual or complementary of
the DFP formula (that means one only needs to interchanging the roles of q and
p in the two updating formulas for Hessian approximation). This comes from
the fact that the two equations

H Y (x)Vf(z)=4d

and
Vi(xz)=H(z)d

have exactly the same form. So one can approximate the Hessian itself rather
than its inverse. The corresponding update to the Hessian approximation
Fy, = (BPFP)~1 is given by

T T
aq,  Freprpy Fr
Fk+1 = Fk + - (49)
afpr P Fipe
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V£(x)

Xip1 = X+ Py % V()
Ter1 = ~ U
d arg min f(x + ad) 7
a k > =Vl Vfx)
: &
DFP,, T DlFP T BkDFP U
BDFP _ BDFP By 4,4, By PiPk
+1 — Pk T q;{BEFqu + %

Figure 21: A diagram summarizing the DFP algorithm.

where again ¢ = Vf(zr41) — Vf(xx). The BFGS algorithm uses the in-
verse of the matrix F},, which can be obtained efficiently by applying the Sher-

man—Morrison formula (65d) to the previous updating step (49), giving (with
BkBFGS — Fk—l)

T T T
GS Pkq GS qkp DPkp
BYh —(I T’“>BEF (IT’“)+Tk. (50)
Qj P i Pk Qi Pk

T nBFGS
4 By

recognizing that BkBF GS is symmetric, and that qr and p{qk are

scalars, we can expand this update to compute BEF &S efficiently. The ex-
plicit derivation of (50) from (49) can be found in (APPENDIX A.2). The entire
algorithm is summarized in the following steps: from an initial guess x¢ and an
approximate Hessian matrix By the following steps are repeated as xj converges
to the solution:

BFGS Algorithm

1. Obtain a direction di by dy = fB,?FGSVf(wk).

2. Perform a one-dimensional optimization (line search) to find an acceptable step-size
oy in the direction found in the first step, so ay = arg minf(zy + ady).
«@

3. Set px = aydy and update xi11 = Tk + pi.
4. qp = Vf(zps1) — V().
T BBFGS
k

T
+
5. BBFGS — pBras | (Pk 9k + Gk

BFGS T RBFGS
B B,

) (pep}l) QkPE + Prai
(pfqr)? e
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V£(x,)

Xes1 = X P % V£()
Tl = U
dargmin f(x+ad) K—— %E )
- dy -V,
Pk ALY
\WJ
BEPGS
T TRBFGS T l BFGS,, T TRBFGS U
gorcs _ grcs , PRAct B a0Pwe) B+ P Be
k+1 k

(Pia? Prdx

Figure 22: A diagram summarizing the BFGS algorithm.

Remark 4.9.1. The last step of (BFGS Algorithm) - which is the expansion of
(50) - can be also rewritten as

BFGS _ pBFGS ar BEFSaqi\ pepk BT akpf + prai BEFYS
B - B +(1+ -
i F gy g L
|

One of the advantages of the BFGS algorithm is that the matrix By does
not appear in the denominator of its updating step. A proof of the convergence
in a finite number of step for the DFP method can be find in [13, p. 292]. This
proof is given assuming f quadratic with positive definite Hessian and seeing
the DFP as a particular conjugate direction method. The same proof holds for
BFGS under the same assumptions.

However, even for general nonquadratic functions, these two methods offer
several advantages: (i) they require only that first-order information be avail-
able (the Hessian matrix does not need to be computed); (ii) the directions
generated can always be guaranteed to be directions of descent by arranging for
B,? FP 0 be positive definite throughout the process; (iii) since for a quadratic
problem the matrices BPF'F converge to the inverse Hessian in at most n steps,
convergence will be superlinear.

Remark 4.9.2. The (Theorem 4.8) can also be applied to both DFP and BFGS
method to prove their convergence. Indeed, if we suppose o = 1 in the prevoius
algorithms, their iteration steps become

DFP DFP DFP DFP
Tpy1 = Tk — Bj, Vi)
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and

kaflGS — gBFGS _ BBFGSy ¢(;BFGS),
By, (for both DFP and BFGS algorithms) plays the role of F; ! in (Theorem 4.8),
so if it satisfies the assumptions (some Lipschitz condition and a good quality of
approximation) the theorem can be directly applied. However, the assumption
ap = 1 is quite strong and one should then find the neighborhood of trajectories
where this stays true. |

Attempt to apply (Theorem 4.8) to DFP algorithm. In this case,
By, = BPFP plays the role of F,:l, so we do not need to express the inverse
in a clever way from the update step. To make things simpler: suppose that
H(x) = H is constant. Then the Lipschitz condition (i) is always satisfied,
since it becomes

1B (H ) — H@)|| = B H = B)|| =0 < wlay — .

Now, try to use induction to see if By satisfies condition (éii). Suppose that
|BpH — I|| < 0). Using the updating step, the condition to prove becomes

1 1
| Bi1H —I|| = HBkH - aququTBkH-F apkng - IH

" (arbr — beBraray — ax BV f(z)V f(x)") BrH — IH

< kg1
where we supposed «y = 1 so that pp = d = —BiV f(x) and we have set
ar=qtqy and by = —qi BpVf(xp).

The inequality is true as long as BpH gets closer to the identity matrix, i.e. if
the quality of the approximation doesn’t get worse.

Remark 4.9.3. As emphasized in figure (Figure 22), the BFGS algorithm is
composed by two different dynamics, one involving the sequence z; and the
other involving Bjy. This two dynamics are interconnected so one may think
about proving the ISS property for each dynamic (with respect to an input
and respectively) and then apply (Theorem 2.11) to obtain ISS property for
the whole system. However, it is clear than the dynamic

Tp+1 = Tk + Pk

is not ISS with input py (because if we take a vanishing input the dynamic is
unstable). So to have a chance of applying a result like (Theorem 2.11) one
need to split out the system in a different and less obvious way. |

We can summarize the two algorithms in a more general frame of plant, con-
troller and estimator. This is precisely done in the following figure (Figure 23):
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e the plant corresponds to the integrator that establish the dynamic of xj
plus a static map that computes V f(zy);

e the estimator uses this two information to build a matrix By that approx-
imate the inverse of the Hessian matrix, thus it contains the dynamic for
By, and the memory of V f(xy_1);

e the controller uses all the information from the plant and the estimator to
compute ay, (with an exact or inexact line search) and multiplies it by the
direction obtained by the gradient to provide a feedback p; to the plant
and the estimator.

VI Px

Plant

P, Estimator

By

Controller

Figure 23: A general diagram to summarize DFP and BFGS algorithms.

Explicit error analysis of BFGS. In all that follows the bars indicate the
exact value, that is the value that the variables would have theoretically without
any error. Suppose in a first approximation that By = BEFGS =H(zp) ' +eq.
Then following the steps of the (BFGS Algorithm) and considering the evalua-
tion errors we have that

d=—(H(zr) +em) " (Vf(xr) + £g)
= —H Yxp)Vf(xp) — (Hil(a:k)gg +euVf(ar)+eney)

dy, €d

74



and so

ap = argmin f(xg + ady) = O + €4

and
P = apdy = (O + o) (di, + €4)
= Qpdy, + apeq + cady -
——

Pk €p

The main equation on x is then given by

Tk41 = Tk + Pk = Tk + Pk T€p-
——

Thk+1
When computing the gradient direction:
dk = v.f(xk-‘rl) - Vf(Ik) - Vf(xk’-‘rl + 5])) - Vf(ilfk)
~ Vf(Twi1) — Vf(zk) + Hep
~—

dk Eq
That leads, after some computations, to the equation on B:

(PFax + af Bear)(prpi)  Braspi + prds B

Bjt1 = By,
(Pt qr)? PEax

= Biy1 +e¢B.

This should be re-injected into the equation for dj (the computation is the
same with ey that becomes éy = ey + ep at the next step). Similarly to
(Proposition 5.2), we can provide sufficient condition for the two dynamics on
x and B to be input-to-state-stability, with inputs u, = €, and up = ep. The
problem is to explicit the construction of the Ky functions (or at least prove
their existence) that guarantees the stability.

V£(x)

Xy = X+ Py X, V£() \L

Ty = —U
k+1 k
d+e; | €

’ d arg min f(x + ad)

de & -Vf(x, )

&
P + &p Pr /

N

N2 . N
BBFGS B BBFGS ¢, ] .
| N k q
P<—
srcs _ marcs . PRI AEBE a0 (pipt)  BICSqpi +pygi BT
Bk+1 = Bk + T \2 - T
Py PrAk G+ &g

Figure 24: Error diagram for (BFGS Algorithm).
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dx

%

Vi)
X1 = X TPy %, VF(+)
outer loop —| dargmin f(x + ad)
a
P line search
/Newton's method /1 | ] 2
\/gradient descent k
\\/ inner loop |
~a_l-=T BEFGS
I

sros  marcs . PRAe+ EBECa)(ppD)  BEFSqpl + paf B

Biaw =B+ T2 - =
(Peay) Pk

Figure 25: The three main loops of (BFGS Algorithm).
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( Plant

e = Vflx)

Yx

Xpep1 = X%t P

Pk

Xk

Pk

( Controller

d, = -B, Vf(x)
o, = arg min f(x, + ad,)

Pe = dy

By

Ter1 = Y
I =Y~k
qx

( Estimator

)

k+1

T
BEFGS = BBFGS 4 Py

+q{BFS) (it

BYTCo,pi + pya BT

(p;f qk)z

p;?qk

Figure 26: Diagram for (BFGS Algorithm) in the general form of (Figure 23).
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4.7 Conclusion of this section

This was the first "big section" of this report. It began with the introduction
and the description of Newton’s method as a tool to compute zeros or a function
(or equivalently stationary points) in (SUBSECTION 4.1) and (SUBSECTION 4.2).
The role of each assumption was emphasized in (SUBSECTION 4.3). In (SUB-
SECTION 4.4) we stated and gave a proof for a usual theorem of convergence
(Theorem 4.1), together with extensive comments on the use of its assumptions
and its application to the examples of the preceding section. The same result
is then restated using comparison functions (Theorem 4.2). Follows a general a
brief presentation about the presence of errors in the evaluations of function, gra-
dient and hessian matrix (SUBSECTION 4.4). Additional assumptions on the size
of the error let us apply the previous theorems even when some noise is added
at each step (Fact 1) and (Fact 2). After fixing the notations, corresponding
theorems for both exact (Theorem 4.3) and practical (Proposition 4.4) conver-
gence are enunciated and proved in the case of noisy gradient. The same was
done for the general case in which the hessian is also noisy: (Theorem 4.5) and
(Proposition 4.7). In this more complicated context, a long discussion follows
(Theorem 4.5) on how modifying the sufficient conditions in order to guarantee
practical stability. Different solutions are proposed, but none of them seems to
be easy to check.

Quasi-Newton methods - in which the inverse of the Hessian matrix is re-
placed by a local approximation - are subject of (SUBSECTION 4.5) and (SUB-
SECTION 4.6). After a brief description, two general result for local convergence
- again exact (Theorem 4.8) and practical (Proposition 4.9) - are stated and
proved. The principal Quasi-Newton methods we dealt with were (DFP Algo-
rithm) and (BFGS Algorithm). Since it appears difficult to directly apply the
local result (its requirements are quite strong), we tried different way of looking
at them as dynamical systems (see diagrams in (Figure 25) and (Figure 26)).
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5 Newton’s method in the ISS formalism

Recall the result of (Theorem 4.1): ||zp+1 — z*|| < ¢||ag — 2*|| for some constant
c < 1, then

lzper —a*| < T zo — 2| Vk Voo Vu

that is Newton’s method has asymptotic stability.

Having in mind the (Definition 2.10), we would like to prove that the ISS
property holds for Newton’s method. As already observed, if we consider the
iteration step xx.1 = xx — H '(2x)Vf(2xr) = 2 + us, then the ISS property
does not hold: if one takes uy = 0 the dynamic is unstable. Consider instead
the decomposition

1 1 1
Tpt1 = Tk — Hﬁl(ﬂjk)v‘f(l‘k) = ixk + ixk - Hﬁl(fﬂk)v‘f(:ck) = ixk + Uug.

It is easy to estimate

2

1
lzrs1ll = || 525 + i

A

1
5 lzwll + llux]
k
1 1
oFFT HCL’OHJFZ? [k ]|
——— =0
=:B(llzoll,k)

< B(llzoll k) + 2]l -
——

=7(llull)

That means that the dynamic is ISS with input u;, = %xk—H_l(J;k)Vf(xk). No-
tice that the this stays true with any other decomposition xy = Azy + (1 — )k
for 0 < A < 1, as one would obtain a term in \* kjﬁ) and a convergent
series 3. o(1 — A)® = 1. We are now interested in introducing an error
in the iteration step and try to obtain the ISS property with input contain-
ing the error term. For this purpose, consider the dynamic corresponds to

Tpr1 = g, up) = o — H N (zp)V f (1) + .

Remark 5.0.1. Recall that if the perturbation is in the form uy = H ! (x)ng,
from (Theorem 4.3) ensure asymptotic stability when starting close enough to
x*, and from the discussion and the fact stated after the same (Theorem 4.3)
practical stability to a ball of radius § is ensured with weaker and slightly
different assumptions. |

Let us define the solution error as e, := x — x*, where x; is the approxi-
mate solution at iteration k£ and x* is the exact solution of a numerical prob-
lem. Given a dynamical system representation of an algorithm in state space
form, zp11 = g(xk,ur), we can find the dynamics for the solution error as
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ert+1 = ge(er,ur) := g(ex + x*,u) + 2*. Note that this dynamical system for
the solution error has an equilibrium at the origin for wy = 0.

Proposition 5.1 (Error bound for an ISS system). Assume that x* is an equi-
librium point of the dynamical system when there is no disturbance, i.e. uy = 0.
If the dynamical system for the solution error, ext+1 = ge(ex,ur) s ISS, then
the norm of the error, is bounded:

llexll < B(lleoll, &) + v (llull )
for each k > 0, where p € KL and v € K.

Proof. Tt is exactly the (Definition 2.10) of the ISS property for a dynamical
system. O

Remark 5.1.1. As a corollary from (Proposition 5.1) we have the following
bound:

Jim Jleg]) < (ull.).

Also remark that (Proposition 5.1) is true for a general dynamical system, i.e. g
does not have to correspond to Newton’s method, since the proof only is based
on the assumption of the system for the error being ISS. |

We recall the definitions of a GAS and UGAS system (as given in [12]).
Definition 5.1 (GAS). A discrete time system
Tp1 = f(@n, ur)
is said to be globally asymptotically stable (GAS) if

e for each € > 0 there is a 6 > 0 so that for every £k > 0 and wu tak-
ing values in a compact set & C R™, if ||£]| < d then ||z(k,& u)|| < &
(local uniform stability) °

o klim lx(k, & u)|| = 0 for each £ € R™ and u taking values in a compact set
—» 00
QcCcR™ (global attraction)

Alternatively, we can say that the origin is GAS if 38 € KL such that
lzell < B(|lzoll, k) Vao € R" Yk > 0. (51)

If w = 0 and the previous condition (51) holds, we say that the origin is 0-GAS.
Example 5.1. The system (without disturbances)

1
= 1—7
Tht1 x’“( k+2)

5 We can state this as “the trajectory is a map from R® 3 ¢ w z(-,¢) € C(R+;R?)
continuous at 0”.
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is GAS. Indeed, the solution in terms of xy = £ is given by

1

RS

T

which clearly satisfies the global attraction property from (Definition 5.1). Local
uniform stability also holds: for every e, we can choose § = ¢ and whenever

)l < 6, then |la(k, & w)l = || gse| <6 = X
Definition 5.2 (UGAS). The system xp+1 = g(k, zg, ug) is called uniformly
globally asymptotically stable (UGAS) if

e 36 € Ko such that for each € > 0 and ||€|| < d(¢) yields ||x(k, ko, &, u)|| <€
for each u taking values in a compact set 0 C R™; (uniform stability)

e for all 7,¢ > 0 there is a time T' € N so that for every k > T+ ko and ||€]| <
r the norm of the trajectory is |z (k, ko, &, u)|| < € for every ko € N and for
each u taking values in a compact set 2 C R™. (uniform global attraction)

Remark 5.1.2. In fact, we know that a system is UGAS if and only if there exists
a KL function 8 which is an upper bound for the norm of the trajectory:

[z (k, ko, &, u)ll < BUIEll k — ko) VE € R"Vk ko €N s.t. k> ko.

<

It is clear that UGAS implies GAS, but the converse is not generally true
(it is for periodic systems, see [12, Proposition 3.2, p. 52])..

5.1 A Lyapunov function for Newton’s method

We can apply the different characterizations of ISS (Theorem 2.7) and try to
give an ISS-Lyapunov function for the Newton’s method. In the following we
suppose that a stationary point x* exists.

Recall the definition of a classical Lyapunov function for a dynamical system:

Definition 5.3 (Lyapunov function). A Lyapunov function for an autonomous
dynamical system & = f(z) with an equilibrium point z* is a continuous func-
tion V' which is locally positive definite in a neighborhood of the point and for
which VV - f is negative definite. In other words we require:

e V(z*)=0and V(z) > 0 for & # a*;

_ aixlv(:z:)fl(a:) oot L v@yp@ <o

.« V(@) () i
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Example 5.2: A Lyapunov function. Suppose that z* is a stationary
point for f, i.e. Vf(2*) =0 which is a minimum for f. We look for a function
V such that V(z) = VV(2)T (z — H(z) "'V f(x)) is negative definite. Since we
need V(z*) = 0 one must have VV (z*) = 0. Let

V(z) = fz) = f(a7)
and let us prove that V is a Lyapunov function for the system
a1 = g(ax) = 2 — (V2f () 7V f ().
It is clear that V(z*) = 0 and locally V(x) > 0 for x # a*. The derivative of V'
is VV(x) = Vf(z) and —VV - g(z) = =V f(z) 'z + Vf(2)"(V*f(2)) ' Vf(2)

vanishes in = z* and is otherwise strictly positive in any point z = x; of the
sequence of the algorithm. To see this, we consider Taylor’s expansion of f:

1
fl@+h) = f(z) + VI(z) h+ ShT H(@)h + O(|IR]1*)
that can be rewritten as (using y = x + h):

(y— )" H@)(y - 2) + O(ly — )

= constants + (Vf(z) — H(z)x)Ty + %yTH(x)y +O0(ly — z|*).

fy) = f(2) + V@) (z —y) +

N |

Now,

av(y)' ey —x) = (Vf(2) = H(z)z + H(z)y)" (~H " (2)V f(2))
=~V f(x) H()Vf(z)+a" H(z) - y"H(z)
which in y = z becomes dV () (zy — z) = —Vf(x)TH(x)Vf(z) that is
quadratic and thus always negative. So, V' is a continuously differentiable func-
tion that vanishes in x*, is locally positive-definite, and for which the differential

is negative-definite. This means that V is a Lyapunov function for the system.
<

Example 5.3: An easier attempt. Another possible Lyapunov function for
Newton’s method may be

V() = min{ ()} - £,

Indeed, if z* is a minimum for the function f, then V(z*) = 0 and for each
k is clear that V' (xy) > 0. Moreover, the sequence {V(zx)}x is non-increasing
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because for each k holds

V(2zkg1) — V(zg) = min {f(z;)} — f(2*) — glgig{f(xi)} + f(z")

i<kt1
_Jo if f(zgs1) > f(ar)
T ) f(@rgr) — Ilréllfcl{f(%)} <0

<0.

Notice that this function V' looks very similar to the previous one but it was
easier to prove that is a Lyapunov function for the Newton’s method. q

5.1.1 Lyapunov functions for the examples of (SUBSECTION 4.3)

Let’s take for example the dynamic & = f(z) with f(z) =1 — 23

flx)=1—2a3

It is really easy to find a Lyapunov function for this dynamic: just take
V(z) = %(x — 1)? which is obviously positive definite and vanishes only for

x = 1; in addiction V'(z)f(z) = (z —1)(1 — 2®) < 0 and the equality holds only
for x = 1. That means that such a function V is a Lyapunov function for the

dynamical system & = 1 — 3.

Remark 5.1.3. In general, if f(z) is a decreasing function with a simple root

in = 2*, then V(z) = 1(2 — 2*)? is a Lyapunov function for the dynamic

&= f(z), as V() f(z) <0 and V(x) > 0 with equalities only at point z*. <«

In case of multiple roots, one can only obtain local Lyapunov function. For
example, consider f(z) = 1—x? which has two roots 1 = —1 and 2 = 1. Then
the two functions

1 1
V1($):§(SC+1)2 for z <0 Vz(x):i(acfl)2 forz >0
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—Vi(z) =3
— Va(z) = 3

Figure 27: Left: f(z) = 1 — 2% and the two Lyapunov functions for the roots.
Right: The domains of attraction for the two roots ; = —1 and 2 = 1 of f(x).

are Lyapunov function for the two roots respectively. The domains of attraction
are simply {# < 0} and {z > 0} (as observed in subsection (SUBSECTION 4.3)
the point 2 = 0 lead to a division by zero in the first step) as shown in figure
(Figure 27).

5.2 An ISS-Lyapunov function for Newton’s method

Example 5.4: An ISS-Lyapunov function. We found a “classical” Lya-
punov function, but we are now interested in an ISS-Lyapunov function for
Newton’s method. Using (Theorem 2.8) we look for an ISS-Lyapunov function
V(z) that satisfies (Definition 2.11) with o = 0. Since z* is a stationary point
for

g(z,u) =2 — H Y (2)Vf(z) +u

as g(a*,u) = * 4+ u, from the second property in (Definition 2.11) one obtain
that as(]|z*]|) must be 0.

We try again with the same function V(z) = min;<p{f(x;)} — f(z*). If we
use Taylor expansion on f(x) we obtain:

Vizy) = V() = flzy) - f(2)
=f(z— H '(2)Vf(z) +u) - f(z)

=-Vf(@)" (H ' (=)Vf(z)+u)+ % (V@) "H (z) +u") H(z) (H " (2)Vf(z) +u) +...
= =Vf(x)"H ' (2)Vf(z) = Vf(x)u
+ % (Vf(@)"H Y (2)Vf(z) + Vi(@)u+u" V() +u" Hz)u] +...

V()T H @)V f(x) + %uTH(x)u L O([H @)V (@) + )

N =

< —as(llzl) + o ((lul)
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It is not obvious that one can always find a K, function as(||z|) which
is smaller than the quadratic function in Vf(z). Moreover because of the
first property (14a) of (Definition 2.11), V(z) should be unbounded in ev-
ery direction, but is not the case for our choice. The same thing is true for
V(zr) = min;<x{f(z;)} — f(z*). This is an example showing that a “classical”
Lyapunov function is not necessarily an ISS-Lyapunov function for the same
system. On the other hand, observe that if V is an ISS-Lyapunov function for
the system & = f(x,u), then V is a Lyapunov function, in the usual sense, for
the autonomous system & = f(z,0) obtained when no controls are applied. The
inequality can still be true for some functions. One condition on f to satisfy
the inequality is

VI HT @)V (@) < — 3o H e = V@) 2 el

This condition implies that the function growth is at least superlinear.

In order to find an ISS-Lyapunov function, I tried to retrace the steps of the
proof of (Theorem 2.7). So, we know that NM is ISS, which implies UBIBS and
AG with 0-gain (as we remarked the result of (Theorem 2.8)). Next step is to
see that is robustly stable, and finally that this gives us a smooth ISS-function.
The main idea is to recall the following property:

VB e KL 3p1, p2 € Koo B(s,7) < p1(p2(s)e™") Vs, >0

Then we can use the characterization of a UGAS system, so that NM is UGAS
if and only if

Ip1, 2 € Ko (k. & u)]| < pr(p2(l€])e™)

Once we have found such a K, function p; the work is done since, as in the proof
of [12, Theorem 1] we can define w = p; " and V(&) 1= supy .= w(||z(k, &, d)||)
which is shown to be an ISS-Lyapunov function that satisfies the property (14a)
and (14b) of (Definition 2.11) with:

w(ligh < V() < ——=pa(llEll)

V(f(&n) = V(E) < —w(lEl)

5.2.1 Using comparison functions

One obtains better results using comparison functions. The following statement
gives sufficient conditions for the Newton’s method to be input-to-state stable.

Proposition 5.2 (Sufficient condition for ISS of NM). Suppose there exist
Y € Koo such that ¥ —id € Koy and ¢ € Ko such that the following condi-
tions hold:
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(1) o\ lz]l) < Ae(||lz]]) for all0 < A <1 and x € R™;

(i) there exists 0 < ¢ < 1 such that ¢ (|| — H=*(z)V f(2)||) < ¢ ||=| for all
xz e R™.

Then V() = ¢(||z]]) is an ISS-Lyapunov function for the system :

Tpy1 =z — H () Vf(@p) —H N (zp)r, — sV f(zr) — sery - (42)

ug

Proof. Applying the hypothesis we obtain that

Vi(zggr) = Viag) = ¢ (|Jar — H” (ffk)vf(xk +u]]) - Hffk||)
<o (|o—H @) +¢ (o (¥ —id) " (lue])
o(llurll)
<o (|lo—H @)V I@))) = elzrl) + o (url)
<(c—1) (HSCkH)JFU(HUkll)
~—— —

—a(llz«l)

O

Remark 5.2.1. The same result with the same computations yields for
V(z) = o(|z||*) (or other powers of ||z||), as we only use the fact that |||
is positive.

<

Remark 5.2.2. If we change the definition of the disturbance wy

in the iteration step (42). In (Proposition 5.2) we assumed
up, = —H Y (a)re — s,V f(x) — sgry. Considering instead
Up = —Hﬁl(xk)rk — SETk

the result still holds replacing condition (iz) by
(') ¥ (||lz — (H*(x) + sx) VFf(2)]]) < c |z for all z € R™.

Remark 5.2.3. There are specific conditions that f must satisfy in order to be
“eligible” to the application of this result. Since ¥ —id € K, ¥ > id and we
must have

e — H @)V f(2)|| < ¢ (|]e — H @)V f(@)]]) < e || (52)

for all € R™. This is a necessary condition on f required to apply (Propo-
sition 5.2). A natural question is then to characterize the classes of functions
that satisfies this condition. <
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Let us start with a few simple examples to answer to the preceding remark.
Consider the monomial f(x) = kz®. The condition (52) is written as

T a—2 a—2

T — = z|| < [l
a—1 a—1 a—1
c€l0,1)

which is satisfied for a # 1 (for a = 1 there’s no point in applying Newton’s
Method because we know there are no stationary points). For a general poly-
n

nomial the condition does not hold: if f(z) = Y. ;a;z* then
S daptT!
T — .
S i — 1)azzi—2

is not satisfied in « = 0 unless a; = 0 (the condition gives 0 > |la1/2az]|), and
in this case

0

_ H D ii —2)aix
i

( i1
- it — Dazai=2

cllef >

. Sordat? |
ST il = D2

(1 S iaztT?
ST il D

<cllz|

for some ¢ € (0,1), whenever

1<1- Sor gy iaztT? _ St (i = 2)a;zt 2
ST il - Dawi 2 Y, ili— Dagei?
This can be rewritten as
S yiaztT? >0
S 5i(2i — 3)a x>0

The summations are positive in particular if each term is positive, and that
leads to

a; >0 ifiis even

[ o

a; =0 ifiisodd

Remark 5.2.4. Since the condition is on the gradient and Hessian matrix of
f, adding a constant to the function f do not change the truth value of the
condition. <

Example 5.5. We can apply the preceding result of (Proposition 5.2) to the
polynomial

fl)=a*+2*+3
with the ISS-Lyapunov function V (z) = |z|* and the Ko, function (s) = ks> s
Such a 1) satisfies the condition (¢ —id)(s) = s/10 € K& and

B 11 222 +1 11
¢ (e —H 1(I)Vf(w)|):fo (1622+1)x‘< 15 ]
~~

c<1
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Indeed, the iteration step of Newton’s Method for this function

) 227 + 1 N
x = — X u
k+1 6:6% +1 k k

is ISS with respect to a disturbance wuy:

2

202 + 1
5 — |ax/?

— =1(1-—
V(zgs1) — V(zg) ’( 622 +1
11 212
= Ty +1 -
10 67 +1

484
< ( - 1) el + 11 fug
——

)a:k—i—uk

2
+ [T |* = [y

900

o(Jugl])
< —0.46 |z |* +o (|uk)
N————
—a(lzk|)
<

The following example shows that the condition (53) on the coefficients of a
polynomial is not a necessary condition.

Example 5.6. Consider the polynomial
f(z) =a* + 42 + 927 + 1

and observe that a3 = 4 # 0 so that (53) does not hold. However, take

V(z) = |z|* and 9(s) = 155 as in the previous example. Since

11 222 4+ 6x + 9 88
_ Hfl = — 5 . a . A~ 10N

o (= @V = 15| (1 oy g ) 7| < 1o 7
c<1

the (Proposition 5.2) can be applied, thus V' (z) is an ISS-Lyapunov function for
the Newton’s Method dynamic

B < 223 + 6z + 9
Tk+1 =

- 6x§+12xk+9> Tk

satisfying the inequality

V(zps1) — Vi(ag) < —0.2256 |z |* + 11 |ug| .
—_—

—a(lzk]) o(|uxl)
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5.2.2 Another form of V

ll=ll
V(z) = /o o(s)ds.

Two cases are possible: ||z|| < ||z || and in this case

Suppose ¢ € K, and define

[l |
0<V(zy) —Viz) = / p(s)ds < —a([lz])) + o(flul) Vv, u

izl

leads to an impossible condition (take v = 0 and a “big” x); then ||z|| > ||z4]|
and

lzll
Viey) = V(z) = _/| ” p(s)ds = —(7)([lz]| — [lz+]) <O

for some 7 = |xi| + ¢||x| with ¢ € (0,1). If for every x the difference
|z = H=Y(x)V f(2)|| — ||lz|| is negative, the condition (14b) is satisfied:

—o(n) (2l = llz+11) < @(7) lul] +¢(7) (| = H (@) VI (@)|| - ll=])) -
——

oljull <—a(|l=])

However, the condition [|z]| > ||zy|| = ||z — H ' (z)Vf(z) +ul| for all z, u
is inconsistent (take u = H~!(z)Vf(x)). So this form for an ISS-Lyapunov
function is possible only within a certain class of functions f and disturbances
u, as for the case V(z) = ¢(||z|)).

Recap. Different form for a Lyapunov function were tested.

(a) V(z) = [l;
(b) V(@) = [l
(c) Vi) =ll=]";
(d) V(z) = ¢(||]]) for some ¢ € Koo

(e) V(z)= ()Ml p(s)ds for some ¢ € Koo
For the form (a) the condition
Ja €K o= H H (2)VI(@)| — ] < —a(|z]) V2

is needed in order to let V satisfy the (Definition 2.11). For the function of the
form (d) we obtained the result of (Proposition 5.2). Form (e) is possible only
for some specific class of functions f and disturbances u.
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5.3 Incremental stability for NM

Proposition 5.3 (NM (without noise) is §ISS). Suppose that the function x —
H=Y(x)V f(x) is 1-Lipschitz. Then, Newton’s Method is incrementally ISS with
input u = H-1(z)V f(z).

Proof. Consider Newton’s method iteration step
wppr = xp — H @) VI (wr) = 2% + w (28)
and V(z,y) = ||z — y||*. Then the §ISS Lyapunov condition (22) is given by

V(@k + e,y + vi) = Ve, yk) = loe + e — v — vel|” = [loe — yal?
< g — vill® = 2 [lae — yil| [lurx — vr|
< Nk — oull” = 2|2k — yall 2k — vkl

= = ller — il
—_———

—p(llzre—yil)
whenever ||ug — vg]| < ||ox — Ykl = £(|]xx — y&||). This correspond to the con-
dition
[H @)V f(z) = H )V < e =yl Va,y (54)
which is a Lipschitz condition for the function H=1(-)V f(-). O

Remark 5.3.1. The preceding (Proposition 5.3) means that Newton’s method
without noise is §ISS with input v = H~!(z)Vf(z). Notice that the same
reasoning would apply to the more general case (42) in which

Tht1 = Tk —H_l(xk)Vf(mk) — H_l(xk)rk — Ska(LBk) — SETk

Uk

but with a stronger condition

|H @)V f(z) — H " (z)r1 — s1V f(z) — 5171+
—H Y (y)Vf(y)+ H ' (y)rs + 52V f(y) + sora|| < |z —yll  Va,y.

Remark 5.3.2. If

supHH_l(x)H < My < o0 sup |V f(z)]| < My < o0

then if we require H ! to be Ly-Lipschitz and V f to be Ly-Lipschitz, the previ-
ous 1-Lipschitz condition on H 1.V f is satisfied whenever My Ly + My Ly < 1.
<

90



Remark 5.3.3. If we prove that some stability holds for the general dynamical
system (42), then it is proved for the Quasi Newton Methods (DFP Algorithm)
and (BFGS Algorithm) which are particular cases (rp, = 0 in iteration step
(42)). <

Proposition 5.4 (NM is 6ISS). Let f: R™ — R a function of class C®. Consider
two different trajectories given by Newton’s Method iteration

{$k+1 =ap — H () V fay) — H_l(l‘k)rﬁ — spV f(zr) — sprg (55)

Y1 = Yk — H Y ye)VF (k) — H )] — sYV fyi) — spr,

where we can suppose that the error in the evaluation of gradient and hessian
for the trajectories x and y are linked by the following relationships:

Ty =71} + 0p sy = s+ ds.
Suppose to have the following uniform bounds:
IH)l <M [[H ()| <m (V) <g
for all z € R™. Also suppose that H is locally L-Lipschitz, i.e.
>0 fz—yl<C=[H(x)-Hy)| < Llz—yl.
If the initial points are close, namely

m2Lg

C
_ < - I
lwo =woll = Cra 7

for some positive constant 1 > ¢ > m?Lg, then the system (55) is §ISS with
mputs

up = —H Map)ry — spV f(z) — sirk
vp = —H " (ye)ry — spV f(yr) — siri.-

Proof. For the sake of clarity we write simply s, = si. Then we can write the
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second equation as function of the difference Ay = yp — x:

Yri1 = T + Ap — H Y ap + Ap)Vf(zp + Ap) — H Nz + Ap)re — su Vi (2p + Ag)
— H ™ xg, + A)6, — 6,V f(wr + A) — (sk + 85) (i + 6,)

it A (H () — B () (DH)A)H (7)) (Vf (1) + H(O)A)
— (H () = HH(1)(DH(T)Ag)H (7)) 11— 55 (V f (k) + H(O)Ay)
(B () — B ) (DH A H (1)) 6, — 5, (V) + H(OA)
— (sk + ) (rg + 6)
=, — H Nap)Vf(ar) — H  (wp)re — sk V(2r) — sire
+ (I = H Y2 H(C) + H () (DH(T) A H ™ (1) H(C) — (si +05)H(C)) Ay

+ (H' (1) (DH(m)A)H (7)) (Vf (x1) + 75+ 6;)
— H Y (2p)0, — 0,V f(x) — 88, — 057 — 050,
= app1 + (I = H Y(an)H(C) + H (1) (DH(T)AR)H ' (1) H(C) — (51 + 85)H(C)) A
+ (H™(m)(DH(T)Ap)H ™ 1( )) (Vf (k) + 74 + 67)
— H_l(xk)ér — 0V f(xg) — 80, — Os7 — 050,

that is

Apyr= (I = H ' (ax)H(C) + H ™' (7)(DH(T)AR)H (1) H(C) — (sk + 05)H(C)) Ak
(H Yr)(DH(T)ARH (7)) (V£ (x1) + i + )
“Nxp)0, — 0V f(zk) — 86, — Os1) — 0450,

Above we called 7 and ¢ two points between x; and y;. Call

wp = —H ™ Nap)ry — sgV f(xg) — siry
v = —H N (yp)r] — s{V fyx) — spri

so that we can write

Apyr = (H ' (ax) (H(z) — H(Q)) + H () (DH(T)Ar)H (1) H(C)) A
+ (H () (DH(1)Ar)H (7)) V f(2k) + vk — w,
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and taking the norms

Akl < ||H ™ (ay) (H(zx) = H(C) + H™ () (DH()AH (1) H Q]| | Ax]l
+ | H () (DH (D) A)H T ()| IV f (@) | + [lur — ol
<mL(L+mM) | Agl* +m’Lg | Ak + ux — vl
< c||Agll + [Jur — vi||

k
< Aol + fluw — vkl D&

Jj=0

u—v
< g + 11V

~—
BlAoll k) v

v(llu=vll.)

We used the uniform bounds for the second inequality and the hypothesis of
closeness in the third one (by induction). The resulting inequality

[Akall < B (1Al k) + (lu —vll)
corresponds to (Definition 2.25) of incremental-input-to-state-stability. O
We also supposed that for each k£ the norms
|1 = H (zx) H(C) + ( J(DH(T)Ap)H™H (1) H(C) = (s + 8)H(Q)|| <
| H='(r)(DH (1)A ) (D[ IV F () + 71+ 6]
+ H(H_l(xk + 8 67"“ + ||5s vf(xk) + Tk + 6’)")” S d
are uniformly bounded by two constants ¢,d > 0. This is reasonable because:
e when the Newton’s Method converges, the gradient V f(zx) — 0;

e when x; and y; are close to each other, ( and 7 are both close to x; and
to each other; we expect the first coefficient to be uniformly bounded by
supy, [|sk + 0| [[H (k)]

Now, if we can say that ¢ < 1, the previous inequality proves the incremen-
tal input-to-state-stability of noisy Newton’s Method. We remark that, for a
quadratic function f, the two conditions are easily restated as

IstH| < e <1
I(H=" + )8 +6,(Vf (i) + 7 +6,)|| < d

that is, the first one simply relates the norm of the error ||s||_, to the norm of
the hessian matrix | H||. If instead, we consider the case in which the two errors
r=s=0, then

{HI — H V(a)H(C) + H N (r)(DH(r)A)H (N H(Q)| < ¢
|[H=Y(r)(DH(T) A ) H = (r)|| IV f(24)]| < d
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the second condition is reasonable when the Newton’s Method converges to a
stationary points and H is locally Lipschitz (the LHS is a product of something
bounded and something that goes to 0). For the first condition, we can observe
that, when s = 0 the inequality becomes

lyisr = wxsall < [[H I IDH NN s — el
o+ (1 @r) (Hg) = HO)| + [ H O IDHONIVS @0l o = 4l

and the stability condition for this latter is obtained imposing the RHS <
K ||lyr — x| for some k < 1:

- _ 2
[ H= () (H(z) = HQO)|| + |[H(0)|| T IDHE IV f ()] < 5
lyr — ]| < || H 7 ) (H ) = HO) [+ H ()| IDH@ NIV S @)l
Yk R = IH=1(n)IIPIIDH (M) H(C)]]

which, again, seems reasonable because the first term is close to 0 and the second
one is bounded (same as for the other condition).

As for (Proposition 5.2), we can try a more general approach with compari-
son functions.
Recap. Different form for a Lyapunov function were tested.

(a) V(z,y) = [z —yll;
(b) V(z,y) = [z —y|*
For the form (a) the condition
doeKe |z—y+H 'W)VIly)—H (2)Vf)|]|-llz—yll < —a(|z—yl) Vzy

is needed in order to let V satisfy the (Definition 2.11). For the case (b), a
sufficient condition is the Lipschitz continuity (54).

5.4 An iISS-Lyapunov function for Newton’s method
We consider the iteration step
r.=x—H Y (2)Vf(z)+u (42)

and try to find an iISS-Lyapunov function for this system. The following result
holds:

Proposition 5.5 (Newton’s Method iISS: sufficient condition). The Newton’s
Method

vy =x—H ' (2)Vf(z)+u (42)

is 1ISS with respect to an input u under the assumption

|2 — B (2)V f()]| < % el Vi R™.
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Proof. V(z) =log(||z]| + 1) € K is an iISS-Lyapunov function for the system
according to (Definition 2.23) with

{al(s) V(s) = as(s) .
s) = +log(s+1) 6(s) = 3 log(2s+ 1)

Indeed one can compute

Vi(ey) = V(z) =log (o[ +1) —log (]| + 1)
<log ||z = HH(2)Vf(@)|| + lull +1) —log (||| + 1)

< tog (|l = H @)+ 5+l + 3 ) = Tog el + 1)

< %log @z — B @)V i@ +1) + %log @Jufl + 1) —log (Jl2]| + 1)

o(llul)
()

and the condition 2 ||z — H='(2)V f(z)|| < ||z| gives:

Viey) = Vix) < —% log (||| + 1) +-o ([|u) ()

—p(llz])

= —p([lz]) + o ([[ul)-

The result follows by (Theorem 2.16). Since p € K, the system is also ISS. O

Example 5.7. Consider the function f(z) = §x5/ 3. The assumption of (Propo-
sition 5.5) is satisfied:

13 1/3 2/3

Ha: — H_l(x)Vf(x)H =
and then the system

_ 1
Tpr1 =x — H 1(1'k)Vf($k) + up = thk + ug

s (1)ISS with input ug. Notice that this was clear already from the explicit
writing of the function that rules the dynamic. <

Another multidimensional example:

Example 5.8. Consider f(z) = 2 5/3 +323+ 7 7/4 The gradient and hessian
matrix are given by
a)’® 277 00 0
Vf(x)=] z2 | and H(z) = 0 1 0
z3/ 0 0 3z
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We can verify the condition

1
1 Tam 1
lo = H @V @) = || € = /731 + 328
—373/ 2
1 1
< s\atad = ol
that guarantees that the system is (i)ISS. <

The condition from previous (Proposition 5.5) can be relaxed:

Proposition 5.6 (Newton’s Method iISS: another sufficient condition). If there
exists p € P such that

ol = o = H @)V @) = p(llz]) ¥z € R
then, the Newton’s Method
vy =x—H Y(2)Vf(z)+u (42)

1s 1ISS with respect to an input u.

Proof. Consider V(z) = ||z|| + arctan(]|z||). From the assumption we can
deduce (p(s) > 0)

il = Nzl < flull + Jo — B (2)V f(2)]| = 2] < |Jull
and therefore
2] = ar(flz]) < V(z) < az(||z]) = [|z|| + arctan(([z]).

Moreover, for 7, = ||z4|| + t(||z+] — ||z|]) with ¢ € (0,1)

Vizy) = V(x) = [Jeg || = |zl + arctan([z 4 [[) — arctan([|])
1
< full + T Ul = [l )
< 2|l + [z - [« = H™H @)V f ()
< =p(llzl) + o ([[ul)-

O

Remark 5.6.1. The condition in (Proposition 5.5) is a particular case of (Propo-
sition 5.6). Indeed, it corresponds to p(||z|) = 4 ||z||:

_ 1 _ 1
Izl =[]z = H @)V @) = pllzll) = 5 2] <= |o = H (2)VF()]| < 5 ll=]-
The particular form of p(||z||) = 3 |||/, makes it not only positive definite, but

also Ko so that one obtain the stronger result of the system being ISS (not only
integral ISS). <
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Example 5.9. Suppose to have a function f such that its gradient is given by

Va2 +1—3z%log(z) + 2% log(vVa? + 1+ 1) + 1))

222

Vf(z) = exp <

so that the hessian is

V== 2 -z
212

—V22 + 1+ 32%log(z) — 2% log(Va2 + 1+ 1) — 1))

3

ep( Va2 + —3x210g(m)+x210g(\/x2+1+1)+1)>
X — .

It easy to compute

T
z|| = |lz = H Y (2)V ()| = ||z — x—x—i—H
Il = [lo = #~ @)V £(@)]| = I S
el (1
T 2241 2 +1
p(llz)

which is the condition of (5.6) that guarantees that the corresponding dynamics
for Newton’s Method

r=x—H Y (2)Vf(z)+u

is iISS with input u. Notice that p € P\ K so that this system is not ISS. A
plot of the function p is given in the following (Figure 28).
<

5.5 Stability for Quasi Newton Methods

ISS-Lyapunov function. We can try to apply the same ideas of (Proposi-
tion 5.2) to the (DFP Algorithm). Call B = BP*? and B, = BPEP. Suppose
V(z) = ¢(||z||) and compute

V(By) = V(B) = ¢(1B+]) — #(IBI))

<o (|2 BqQBH Jull) = (1)

<@°¢(|B||H 92D - et ot o)
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025 4 —plxl) = {1~ =)

x2+1
0.2 1

0.15 -

0.1 -

0.05 |

Figure 28: The function p(z) € P\ K.

Now consider
A= mkin Amin(Bg) > 0

and define 9 (||z|) = 31/ 221 for [z < 2 (¥ must be > id). Now we have
o (sl = 9B 2 L MBI - 5,
qTBql|) 2 2
1
§§HB||
because
[[]] [k
B
18]l = HI QqTBH 1+\|qu;§\|
a 2IIBH lgl* 2||BH
2
= ||IB]| Z*Hxll
All]|
IIBII_ -
2V 2
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Then we have

V(B,) - V(B) < pou (1511 - ”TBH) 1Bl +ollel) ()

< (5181) - (1B + o(lul)
< ~a(|BI) + o(Jul).

Comparing Newton’s Method and BFGS. Since trying to look for
incremental stability leads to many variables to handle, we can try to compare
a Quasi Newton’s Method with the original Newton’s Method. In other words,
consider a first system which follows the (BFGS Algorithm) and a second one
who consists in the classical iteration step with an additional scaling;:

yr =y —axH Y(y)Vf(y)

(one can think of it as a BFGS method in which the hessian is computed exactly
at each step, so that the updating of matrix By, is just the evaluation of H—!
at the point y). In this case, the differences between trajectories in the two
systems depends on the quality of the approximation in the update of By. The
idea is to measure how the BFGS mimic the dynamic of the original Newton’s
Method. Fix the notation for the first system:

dy = =BV f(x) a1 = argminf(z + ad;)
p=aqd; $+=£U-Sp (1)
4=Viey) - V@) By =B+ (1+LE) B Bwls
and for the second system:
dy =-H"'(y)Vf(y)
ay = arg;ninf(m + ady) . (W)

yr =y—axH *(y)Vf(y)

There are two different dynamics to compare:

|24+ =yl = |z + o1dy — y — cads|
= ||z —y+a2H (y)Vf(y) —aa BV ()] (56)
TBq\ pp” Bagp" +pg' B
B _H_l :”B+( g )—_H—l 57
|| + + H pTq ) pTq Tq (y+) (57)

and we can write H(yy) in function of H(y) to compare it with the matrix B:
H™ yy) = H ' (y) + 02 VH ' (7)da

for some 7, =y + t(y4+ —y) with ¢t € (0,1) and VH ! a rank 3 tensor, so that

qTBq) " Bgp" +pq" B

p'q ) p'q p'q

|B+ — H | = HB -H '(y)+ (1 +
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We can use mean value theorem to express ¢ as a function of H:
q=Vf(z+ad)—Vf(z)=aH(m)d

for some 7, = x 4+ t(x4 — x) with ¢ € (0,1). In this way we can express the
difference

1By~ BT = ||B = B () = 02 VH (7)) H ™ ()Y /(1)

(
. <1 | odVS(@)" (BH(r,))*BV f(x >> 03BV f(2)V(2)" B
o3V f(2) BH(r,)BVf(x) ) a3V (2] BH(r,)BV (1)
_ BHE)BVI @I B+ ot DY@V @) BH ()
o3V f(x) BH(7,) BV f(2)
=B - H W)~ a2VH () B W)V ()
. (1 L V@) (BH(r)? BVf<x>) BV f(2)Vf(2)" B
Vi@ BH(m)BV (@) ) V@) BH(r) BV f(z)
_ BH(1,)BVf(2)Vf(2)TB + BV f(x)Vf(x)"BH(r,)B H
Vf(z)TBH(1,)BV f(z) '

Supposing a; = as = 1, the equation (56) can be rewritten

lz+ =yl = ||z =y + (H ' (y) = BV f(y) + BTH(Vf(y) - V(@)
=z —y+H " (y) - B~V /(y) + B~ H(r} )( — )|
=||(H (y) = B~V /f(y) + (I = BT H(7}))(= — y)|

where 7¥ = z+t(y—=) for some ¢t € (0,1). Or, using Vf(y) — Vf(z) = H(y)(x — y),
lzs =yl = [lo =y + (H(y) = BTV (2) + H ()(VF(y) — V()

~ ||z —y+ (H (y) - BTV f(z) + H (y)H(y)(z — y)]|
= |(H Y(y) - B"H)V /() +2(x —v)| -

We could try to express H 1(y) — B~! as function of H~!(y) — B and inject
(57) in (56). It can be verified that

3
S
|
=
I
3
S
|
83

! )M = H'(y)B™' = BH™'(y) + H™?)
= (H ' (y) = B)"'(H '(y) - BYH '(y) - H'(y)B~" + 1.

Instead of comparing By, and H~!(y) we could compare F, = Bk_1 and H (y),
knowing that the updating step for F} is

FppT F
Fo=r 8T
qTp Fp

(49)
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An easy computation shows that, if FB =1 = BF, then Fy By =1 = B, F,.

T
N LT FiprH
- H(r,) BV [ (2)V f(2)T BH(r,) | V@)V ()T
R A 7 >TBH< BVi) | Vi@ )TBVf@c)‘
B V() V()T (2)V ()T
S| F - O S e Y ()TBVf(:v)‘
/()
ol LR R e

where we used
H, = H+n, Ty = x+t(z4—x) for some t € (0,1) and H(r,)B = BH(1,) = I+e.
Comparing the dynamics on = and y:

lzr =yl = llz + ardi — y — aods|
=|lz—y+aH ' (y)VF(y) — o BV f()| .

Supposing a1 = a = 1, this equation can be rewritten
o4 =yl = |z —y + (H ' (y) = B)Vf(y) + B(Vf(y) = Vf(2))]
—||:t"—y+(H Yy) = B)Vf(y) + BH(Y)(y — )|
=||(H B)Vf(y) + I — H(t))(x —y)||

where 7¥ = z+t(y—=) for some ¢t € (0,1). Or, using Vf(y) — Vf(z) = H(y)(x — y),

o4 =yl = lo =y + (H ' (y) = B)Vf(2) + H- (y)(VF(y) = V(@)
~ o —y+ (H (y) - B)Vf(2) + (y)H(y)(ﬂ«"—y)H
= (H(y) = B)V f(z) +2(z — )|

We could try to express H~!(y) — B as function of H(y) — F and combine the
two dynamics...

Trying with SR1. SR1 is a Quasi Newton’s Method that uses a rank one
approximation of the Hessian matrix. The updating matrix step is given by

(» — Bg)(p — Ba)”
q"(p — Bq)
using the same notations of BFGS and DFP. This update maintains the sym-

metry of the matrix but does not guarantee that the update be positive definite.
Similar computations...

B+:B+
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5.6 Updating B?F%® with a Kronecker product

The vectorization of a matrix is a linear transformation which converts the
matrix into a column vector.

Definition 5.4 (Vectorization). The vectorization of an m x n matrix A, de-
noted vec(A), is the mn x 1 column vector obtained by stacking the columns of
the matrix A on top of one another:

T
vec(A) = [a1,1, -+ s Qm1501,2 -5 Q25 - -3 Al s -+« > G
A brief recap of the definition and some properties of a Kronecker product:

Definition 5.5 (Kronecker product). If A € R™*™ and B € RP*9, then the
Kronecker product A ® B is the mp x ng block matrix:

a11B tee alnB
AeB=| @ . (58)

CbmlB T amnB

Proposition 5.7 (Properties of the Kronecker product). The Kronecker prod-
uct has the following properties:

e Bilinearity and associativity:

AR(B+C)=A®B+A®C,
(A+B)C=AC+B®C,

(kB)@ B=A® (kB) =k(A® B),
(A B)e C =A® (B®(C);

e it is non-commutative, however, A® B and B® A are permutation equiv-
alent, meaning that there exist permutation matrices P and @ (so called
commutation matrices) such that

A®B=P(B®A)Q;

o mized-product property:
(A® B)(C® D) = (AC) ® (BD);
e inverse of a Kronecker product:

(A B '=A"1le B

e transposition and conjugate transposition are distributive over the Kro-
necker product:

(A BT =AT@ BT and (A® B)* = A* ® B,
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e trace and determinant behave as follows for A and B square matrices of
size nand m respectively:

tr(A® B) =trAtrB and det(A® B) = (det A)™(det B)";

o the rank of the Kronecker product is the product of the ranks:
rank(A ® B) = rank A rank B.
The following result link the Kronecker product with the vectorization of a
matrix:

Proposition 5.8 (Kronecker product and vectorization). For matrices of cor-

rect sizes yields
vec(AXB) = (BT @ A) vec(X)

As a consequence of (Proposition 5.8), one has:

Corollary 5.9 (Kronecker product and vectorization). If X = I in (Proposi-
tion 5.8), then

vec(AB) = (I ® A)vec(B) = (BT @ I) vec(A).
Moreover, for a vector a € R"
vec(aa’) = a ® a.

Now we have all the instruments to write the updating step for the B = B}CBFGS
matrix
(p"qa+q" Brg)(pp")  Bap” +pq" B
(p"q)? pTq

B+:B+

in a vectorization form:

1 ¢'B
vec(By) = vec(B) — i (vec(Bgp") + vec(pq” B)) + ( o7 q> Tq

B 1
TP O
Tq
1
qu®p

Where K(™™ is the commutation matrix such that K™ vec(A) = vec(AT)
(in this case A = BgpT). In the second line we used (Corollary 5.9) and in the
third one (Proposition 5.8). In this way the dynamic on B can be studied in this
linear system, and sufficient conditions for its stability will lead to conditions
on vectors p and ¢q. The problem in this formulation is that B appears in the
drift term N, 4 g. This can be solved writing q" Bgpp™ in a clevver way:

vec(B) — (Vec(qu ) + K™ vec(Bgp™)

pTq

+
1 (n,n) T
= Inz—Tq(Inz—i—K "N(pg" @ I,) | vec(B
p

=: Mp,q,n vec(B) + Np q.B-

q" Bapp” = pq" Bap" = vec(q" Bapp") = vec(pq" Bap") = (pq" ® pq") vec(B)
thus
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1 . 1 1
vec(B,) = <In2 — m(fnz + K™ (pg" @ I,) + 792 (pq" ®qu)) vec(B) + qup ®p

=: Mp q.nvec(B) + Npq. (59)

Notice that the matrices M, 4., and N, 4, depending on p and ¢, are not constant
at each step. Since p and ¢ depend on k and in order to simplify the notation
we rename them My and Ny respectively. Thus, the general term vec(By11) is
written as a function of the initial guess vec(By) as

k k k
vec(Bgt1) = HMj vec(By) +Z H M; | N; (60)
j=0 i=0 \j=iti
where the notation H?:o M; stands for the matrix product My Mj_1 ... My and
the product Hff:i 41 Mj is the identity matrix (empty product) if i +1 > k. For
a more compact notation, we could include the first term in the summation,

defining N_; := vec(By):

k

k
vec(By41) = Z H M; | N;. (61)

i=—1 \j=iti

Remark 5.9.1. Starting from the alternative equation (50) to update By, one
obtains an alternative form for the matrix My:

T T
My = (1—p’;qk) ® (1—73’;‘7’“)
Yy Pr 9k

T 7\ T T

k k k.
Biuy = (I B Pqu > B, <I Pqu ) N prk
Py Ak P 9k Dy 4k

as

pqu quT 1 T
= vec(Bgt1) = [(I - = k ) ® (I - = k )] vec(By) + —— vec(prpy, ) -
Py dk Py 4k DPi Ak

Mjy, Ny,

We want to study the convergece of By, to 3 := vec(H ~!(z*)).

Fact 1. Suppose that there is an uniform bound on the matrices M) and the
sequence N is bounded by a summable sequence, that is:

o || M| <m < 1Vk;
o VEk Ing [Nl < ng;
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° Zio:o ne < 400

Then the sequence By, converges to a ball of center 3 = vec(H ~!(x*)) and radius

11l ¢

Proof. The equation (60) becomes
[vec(Byt1) — Bl = [Mi(vee(Bi) — B) + Ni + My — B

k k
HM (vec(By) — +Z I M | v+ [ T] M

i=0 \j=i+i §=0

< mMH ||vec(Bo) ﬂll+zm T (mM 1) (18]

Now, the sum can be seen as the term from Cauchy product of the two series
of n; and mF~*=1. Indeed, define b; := m7*! so that

Zni . Z bj | = E cr, where ¢, = E nibp_i = 2: nymk=i=1,
i=0 §=0 k=0 P P

This product is well defined because we supposed Y, ng < +oo and m < 1

so that (Z —obj ) = —_. That means that the product series is convergent,
Jj= 1-m
which implies ¢, — 0. In other words

Ivec(By+1) = Bl < m** [[vec(Bo) — 6| +Zm Tl (M 1) |18
%,_/
N\ 0 NIl

N 0
— 1Bl

O

We study the eigenvalues of M} to study the stability of this system. There
are a few remarks that can be stated:

Remark 5.9.2. e The spectral radius of ﬁ(qu ® pql) verifies
p (le(qu ®qu)> =1.
(»"q)

Proof. Unless p = 0,° it is an eigenvector for the rank one matrix pg”
with eigenvalue ¢”p:
(pa")p =p(a"p) = (a"p)p

SIf p = 0 at some step, then the gradient V f(z) would be zero and the algorithm has found
a stationary point. So while the algorithm is running one can assume p # 0.
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and therefore, from (Proposition 5.7) we know that (pg? ® pg”) has rank
1 and the only eigenvalue which is non-zero is given by

tr(qu ®pg") =tr(pg")? = (¢"p)*.
This means that T ) > (pg” ® pg") has eigenvalues 0 with multiplicity
n? —1 and (qu)2 (¢Tp)? = 1 with multiplicity 1. O

The eigenvector of (CdnE q) 5 (pg” @ pqgT) associated with the non-zero eigen-

value 1 is given by vec(pp?):

5 (pg" @ pg") | vec(pp”) = (pqu> vee((pg") (pp")ap™)
1

~ (pTq)?
= vec(pp”).

(rTq)
2 5 (¢"p)? vec(pp”)

The commutation matrix K (™™ has eigenvalues 1 and —1 with multiplic-
ities 4n(n+1) and 3n(n—1). In particular this means that p(K (™) = 1.

Proof. The proof is given in [18, Theorem 3.1 (vi), p. 383]. O

The spectral radius of pqu(Inz + K(™) verifies

1 2
p | —— (L2 + K™ > < —.
<qu( ) IpTq|

Proof. 1t is straightforward from the previous bullet point. O

The spectral radius of pg” @ I,, verifies
p(pd" ® 1) = |p"q|.

Proof. From (Proposition 5.7) we know that pg” ® I,, has rank n and
trace (¢p)n. Its eigenvalues are thus 0 with multiplicity n? — n and we
show that ¢”p is eigenvalue with multiplicity n. Let v € R \ {0} an
eigenvector of pg” ® I,, with eigenvalue A\. We claim that v is of the form

P1 pol Onfl
0,—

;2 1 Ons Op1 1
0 p2 n

vE n—1| 0, 1| P2

Pn On—l

0,1 Opn2 Pn
n—




and a simple computation shows that

T v —
(0" © L)v)s = {éq e ot

that is v is an eigenvector with eigenvalue ¢7 p. O

e The two preceding bullet points imply that

1 2
1) —[2+K(n’n) qu®In>§ qu =2.
(qu( " ) ) Ip”q| [pal

From all that precedes the eigenvalues of M}, are between
0 < A(My) <2.

Moreover, we cannot bound the spectral radius of M}, with some constant m < 1:
let w € R\ {0} such that pg”w = 0. Using w, one can construct v € R™ \ {0}
such that (pg” ® I)v = 0 in a similar way as done above for the eigenvector. But
then (pg” ® pg”)v = 0 as well and Myv = v, that is p(My) > 1. This means in
particular that ||My|| > p(My) > 1 for every induced matrix norm |-||.

Remark 5.9.3. We have the following useful implications:

e (pgt ®@IL,)v =0 = (pg¥ ®pqT)v =0 and the converse implication is not
true: take p # 0, ¢= (01)T and v = (011 0)T.

e (pg¥ @ I,)v=0 <= g e Ker(V) and v = vec(V).

o (pg" @pg")w =0 <= ¢"Vq=0and v =vec(V).

Remark 5.9.4. In the (BFGS Algorithm) we suppose to initialize By with a
positive definite matrix. It can be shown that this property is preserved by the
updating step. Unfortunately, this means that 27 Bz > 0 for every z € R™\ {0}
and in particularly ¢ Bq > 0, meaning that the third term that compose the
matrix M}, is not vanishing:

1
(pTq)?

Using the equivalence (pg” ® I,,)v =0 <= ¢ € Ker(V) and v = vec(V) from
the remark above, B being positive definite means that

(pq" ® pg") vec(B) = ¢ Bq vec(pp”) # 0.

(pg" ® I,) vec(B) # 0.
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Thus, the second term composing the matrix M}, can be zero if and only if
(pg" @ I,) vec(B) € Ker(L,2 + K™™).

If this is the case, one cannot have My vec(B) < vec(B). Otherwise, if we may
prove that for the sequence {By}y holds (1,2 + K(™™)(pg” ® I,,) vec(B) # 0,
then there may be a chance that

([ My, vee(B)|| < [[vec(B)]

whereas p and ¢ satisfy some conditions, and this ensures the stability of the
dynamical system given by equation (60). <

Lemma 5.10 (Kernel of identity + commutation matrix ). vec(A4) € Ker(I,2 +
K™m™) if and only if A is skew-symmetric, i.e. AT = —A.

Proof. 1t is a simple computation:

(In2 + K™Y vec(A) =0 <= K™ vec(A) = — vec(A)
= vec(AT) = —vec(A)
— AT=-4

O

The (Lemma 5.10) above is good news in the light of preceding (Remark 5.9.4).
Indeed By is a symmetric matrix at every step k so that (pg? & I,,) vec(B)
is not a vectorization of a skew-symmetric matrix and therefore it is not in
Ker(I,2 + K(™™):

(p # 0 and Bq # 0) = (p¢’ @ I,,) vec(B) = vec(Bgp’) # 0
so that there exists some index i, j for which (quT)Z-j # 0, which means
(Bap")ij # —(Bap")i; = —(pq" B)};
= Bqp" # —(pq" B)"
= (pq" @ I,,) vee(B) & Ker(I,» + K™™).
Now, we consider v; = vec(pp’) and complete it to a basis of R™. Then we can

decompose vec(B) = yv; +w where w € Span(v;)* so that (pg? ® pgT)w = 0.
An explicit form for ~ is given by

vec(pp” )" vec(B)  tr(pp"B)  p"Bp

pTp p’p pTp

Then we can compute
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My, vec(B) = vec(B)

1 1
(Inz + K™™)(pg" ® I,,) vee(B) + o) (pq"” @ pq") vec(B)

pTq

= vec(B) — %q(lrﬂ + K™™)(pg" @ I,,) vee(pp”) — p%q(fnz + K™ (pg" @ L)w
+ 7y vec(pp”)

= vee(B) =~ (Ia + KO) vee(pp” gp) - p—iq(fnz + K vee(WapT)
+ 7y vec(pp”)

= vec(B) — yvec(pp?) — y K™ vec(pp!) — p%q vec(Wqp™) — ﬁ[(("’”) vec(Wqp™)
+ 7y vec(pp”)

= vec(B) — 2y vec(pp”) — p%q vec(Wqp™) — p%q vec(pg" W) + yvec(pp™)

=w-— p%q vee(Wgp™) — f;q vec(pg' W)

where W is a symmetric matrix such that w = vec(W). This also shows that
v1 = vec(pp?) € Ker(My,). Recall that for any real matrix A and p > 1 the
entrywise p-norm of A is equal to the p-norm of vec(A), so that in the particular
case of p = 2 (i.e. the Frobenius norm) one has

[Allp = l[Ally = [lvec(A)[ly = 4/ tr(AAT).

A (too) rough estimation on || M, vec(B)]|, is then (Frobenius norm is not in-
duced but it is submultiplicative)

2
atevec(B)l < ol (1+ 2 ol .

so that the condition we wish for is

_ [p" 4l
27 pTql+ 21pll, llall,

]

What we know about W:
e ¢"Wq = 0 because of previous remark and (pg? @ pg”)w = 0;
o p"Wp =0 because

wl vec(pp’) = w’ vec(pp”) = tr(WTpp?) = p" Wp = 0.

We can try to estimate the distance of the sequence from the desired limit
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B = vec(H 1(x*)):

[vec(By+1) — Bl = || My vec(By) + Ni, — 8|
= ||(vec(By) — B) + Ny + (M, — I,2) vec(Bg)||

(vee(By) — B) + —— vec(pxpl)—
Dy 4k

1
(pt Bipr,) vec(ppg) — I)T%(VGC(Wkapg + prai Wi,)) H
k

and decomposing

vec(Wrarpi ) = (pi pr)(at Wipr) vec(pepr ) + 21

and
vec(pray Wi) = (k pi) (ak Wipr) vee(prpy) + 22
with 21, 29 € Span(vec(pkp?))*:

1 —2(pf pi) (qf Wipr)
p;‘g%

Ivee(Bia) — Bl = || (vee(Bs) — 8 + ( - <p£kak>> vee(prpT)—

1
pf(]k

(2’1 + 22)

Notice that z; and z, are relied by the following relation:
2 =vee(ZT) = K™ vee(Z) = K™ 2.

For numerical simulations, see (APPENDIX A.6).
We can simplify the computations with the following observations. Call

1
Mk = In2 - F(IVLQ +K(n’n))(qu®In)+

T (pa" ©pq") = L2 — Ay Ay +C
q \V-/

1
T )2
(»"q) ~
and remark that:
e If v is an eigenvector for As, there are only two possibilities:

1. v € Ker(4s) and Av = 0;

2. v ¢ Ker(Ag) and Asv = v. In this case, the matrix V' € R™*™ is
not skew-symmetric (we know an explicit form for v from previous
(Remark 5.9.2)) and Av = Ajv = 2v.

e AC = CA, so there exists a common basis of eigenvectors for A and C.
Proof. Indeed C' commutes with both A; and As:
AC = A1 AC = A1CAy =CA1 Ay =CA
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e In the common basis of eigenvectors the two matrices A and C' are written
as

where the block of zeros for A has size (n? —n) x (n? —n) and the block of
twos has size n x n, while C' is vanishing everywhere but for the coefficient
in Cn2,n2 =1.

Proof. Once the form for A is fixed, there are only two possibilities for C,
that is the non-zero coefficient in the last entry of the diagonal or in the
first one (corresponding to a 2 or a 0 for the matrix A). But the latter case
is not possible: the eigenvector corresponding to the eigenvalue 1 for C' is
given by vec(pp?): Cvec(pp?) = vec(pp?) and Avec(pp) = 2vec(pp?)
so that C' is written as above in this basis. 0

e In this new basis the matrix M}, is diagonal

1

-1

0

where the ones are n? —n, the —1s are n — 1 and the last entry is zero. In

particular the spectrum is given by Spec(My) = {—1,0,1}, the spectral
radius is p(M},) = 1 and the rank is rk(My) = n? — 1.

e We can explicit the basis of eigenvectors.

Av =0
— The first n? — n vectors are such that Y
Cv=0
Let then wy, ..., w,_1 € Span(q)* be linearly independent and con-
sider
0
Wi,j = wlT e Rvxn
0

where w! is the j-th row. In this way we built n(n — 1) = n? —n

matrices such that W, ;¢ = 0, ie. w;; = vec(W; ;) is such that
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Aw; ; = 0 = Cw; ;. Moreover this vector are linearly independent by

construction.
Av =20
— The next n — 1 vectors are such that
Cv=0
Note this vectors w1, ..., Up_1.
Av =20
— The last one is a vector v such that {C’ and we already
V=0

know that v = vec(pp?).

e In this new basis we can write

vec(B) = cqwig + - F Qpo1Wip—1 + QpWa 1 + Qp2_pyWpn po1
+ Bruy + -+ + Br1un_1 + v vec(pp”)
Mypvec(B) = oqwig + -+ + 0 1Wip—1 + QpWa 1+ + Q2 Wpon—1
—Brur — - = Bttt
vec(By) = ocqwin + -+ QWi p—1 + 0pWa 1+ Q2 Wh 1
= Prug — - = Bpo1Un_1 + :YVGC(]?PT)

where v = ppTTE; £
corresponding to the vector w; ; is given by aj = Biji, that is the scalar
product between the j-th row of the matrix B and the vector w;. This
allows to explicitly compute the norms of vec(B) and vec(B,) in terms of
the coefficients «;, B; and =, 7.

and 7 = 1/(pTq). It is easy to see that the coefficient ay

e Since the coefficient v depends on B, we have the identity

T
B

vec(B) — yvec(pp!) = vec(B) — b = P vec(pp?)
p°p

1
= vec(B) — pr Vec(ppTBppT)

1
= <In2 — ——pp" ®ppT> vec(B)
p'p
and since the norm of a vector only depends on the absolute values of its

coefficients:

n-—n

2
1 2 n—1 ) 5
H <In2 - prppT ®ppT> vee(B)| = Y lay[*+> ] |8;[* = ||vec(By) = vec(pp"),
2 j=1 j=1

and using the sub-multiplicative property and the triangular inequality

[vee(B)ll,
2

1
Ivee(B) o131 [[vec(pp™)|l, < [[vee(By) - 5 vee(pp™)|, < H(znz AT
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which gives an upper bound on the norm of vec(B.):

lvec(B)ll; + 31 [[vec(pp™) ||,

1
Ivee(B)l, < H (Inz - ®ppT>
2

Now, the matrix pp” @ppT has rank 1, i.e. n>—1 vanishing eigenvalues and
the eigenvalue left is Hp||;1 with corresponding eigenvector v = vec(pp?):

4
(pp" @ pp") vec(pp™) = vec(pp” pp” pp") = (" p)* vec(pp”) = ||p||5 vec(pp™).

This tells us that

2
=1

1 . ) 1
H (In2 - ——pp" ®ppT) = [lpll;—2llpllz4n*  and H (&2 - ——pp" ®ppT)
pTp pTp )

F
and

2 4
[|[vec(pp™)||, = vec(pp™)™ vec(pp™) = tr(pp"pp") = llpll5 -

In particular, using the sharpest bound of the 2-norm, the upper bound
on ||vec(B;)| becomes

~ 2
[vee(B)lly < llvec(B)lly + 31 lIpll3 - (62)
[

— The problem is that 7 depends on k and it blows up when k — +o0.
However, assuming that g — 0 slower than py — 0, the drift term
uy, is bounded.

This implies

k
lvee(Brsa)lla < [lvec(Bo)lly + D lu]- (63)
§=0
Summing on each side of (62) this gives
k k
Z [vec(Bjs1)|l, < (k+1) ||vec(Bo)||2—|—Z(k+l—j) |u;|  for each k > 0.
Jj=0 j=0

Proof. This can be proved by induction:

— for k = 0 there’s nothing to prove;
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— suppose that the inequality holds for k, adding ||vec(By2)||, to both
sides and using the upper bound (63), we have

k+1 k
S lvee(Bya)ll, = Ivee(Bra)lly + 3 Ivee(Byi1)ll,
j=0 j=0
k
< vee(Buso)lly + (k + 1) [Ivee(Bo)lly + Sk +1 = ) lu]
j=0

k
< (k+2) [[vec(Bo)lly + Y (k +2 — ) u]
j=0

which proves the inequality.

e Starting from the inequality for squares
2 2 2
[[vec(Bry1)ll; < [[vec(Br)lly + [lurll™ + 2 [[vec(By) | [[u|
one obtains

2
k k

2 2
[vec(Brs1)ll3 < l[vee(Bo)l3 + 2lvec(Bo) I Y llusll + | D lluyll
=0 j=0

Unfortunately, none of these inequalities corresponds to the characteriza-
tion (13) of ISS from (Lemma 2.6).

5.7 NM and Quasi-NM in continuous time

Newton’s Method in continuous time. Inspired by the reasoning of (AP-
PENDIX A.5.2), we try to link Newton’s iteration step, seen as a discrete time
system, to a continuous time system which is hopefully easier to prove 4ISS via
Lyapunov characterization. Then the same Lyapunov function should work in
a neighborhood of the trajectories. The iteration step without noise is (28):

wpy1 = xp — H(zp) 7'V [ ()
which we can rewrite as
w(t +0) — a(t) = —0H (x(t)) "'V f(x(t)
by replacing xp = x(t), so that the continuous time system should be written

i =—H(z)"'Vf(z).
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More precisely, suppose f: R — R, we can consider the discretizations:

fle+h) - fz) fle+2h) —2f(x+h) - f(z)
h h?

Vf(z) = H(z) =~

and

a(t+h) —a(t) 1 h? fle+h) — f(=z)

h  hf(z+2h)=2f(x+h)— f(z) h
fl@+h) - f(z)
fle+2h) =2f(x+h) — f(x)

so that, for h — 0 one has

&= —H(z)'Vf(z).
The most general case corresponds to (42):
eppr = op — H W ap)Vf(xr) = H (wp)re — 81V f(2r) — spre
which leads to the continuous time system

b= —H Yx)Vf(z)+ H (x)r +sVf(x)+ s

The same idea could be applied to (DFP Algorithm) or (BFGS Algorithm),
constructing a specific continuous dynamic for the matrices. In this case, how-
ever, one should consider the consistency of numerical method with respect to
the continuous model. Let us consider the (DFP Algorithm).

BFGS in CT. The dynamics corresponding to z is given by

L+l — Tk Pk _

From the definition of gy:

- ak _ Vf(@e) = Vf(2k)
W=~ 5

= H(xp + Tour)up
S Q1) = Ha(t)u(t) = H(z(0)i(0)

So the equation for B is

By—-B 1pp" 1¢"Bq , 1Bgp" +pd'B
5 opTq o2 "o pTq
lu' 1¢'BG o 1Bqu’ +uq'B
8 (uTq)? / 0 uTg




Unfortunately the first term blows up as 6 — 0. Using the expression for u we

may be able to avoid this: u(t) = w so that this last expression

can be rewritten as

By —B _ aBVf(x)Vf(x)'B N 1¢"Bq w 1 Bgu” +ug" B
s 82 Vf@)TBg § (uTg)? ) uT§

We can try to re-scale the hessian matrix. Call B = nB and the equation
becomes:
B, - B a BVf(@)Vf@)T™B 1 ¢"B§j , 1 Bgu" +ui’B
o2 2 = T — —222 T 2
no nd?  Vf(x)TBg no (uTq)? no uTg

... the problem is that p and ¢ have the same scale size.

In order to realize a time-scale separation and make the transition to con-

tinuous time easier, one may use the following characterization of the matrix
BBFGS.
k+1 -

BE_&GS = argmin

B s.t. Bpr=qx

Wl/z(B _ BEFGS)WUQH
F
where W is the average Hessian matrix
1
W = / H(xyp + mpi)dr
0

and ||-|| » is the Frobenius norm:

Al = | D0 laij|> = \/trace (ATA) =

i=1 j=1

Using the notation
1Al = [w/zawre|

we can write shortly

BPECS = argmin  |B—BZFYS| .
B s.t. Bqx=pk

In this case the diagram summarizing the (BFGS Algorithm) becomes (Fig-
ure 29).
We show that the solution to this problem is given by the matrix (50).

Proposition 5.11. The solution of the problem

. BFGS
o mmin _[[B= BT,

is given by the BFGS matriz

T T T
Gs brq GS qkP brp
BPECS = <I — T’C) Bpr (I — T’“) + £, (50)
dj Pk dj. Pk di Pk
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Proof. Call
B=W"VBW'Y2 B =W'PBWY2 =Wy, g =W g,

Notice that since Wp, = g then ¢ = pr. The problem becomes

min B—BkH .
F
Let . )
Pk qdk
u = = = T
Bl Nl
and U = [uluy]. Now
T 75 T3 u' - u' -
U'B,U-U BU:[uﬂBk[u uﬂ—{u{]B[u UJ_]

o uTBku uTBk.uL . 1 0
u? Byu  ul Byuy 0 ulBuy|"

and the minimum for the Frobenius norm is obtained for uIBu L= U{Bku 1,
that is

A 1 0 uT
B= [u ul] [0 uJT_BekuJ [u{]
= uuT + ULuszUJ_'LL{

= wu” + (I —uu™)By(I — uu”)

using that
T u” T T T T
I=UU"=[u wu] LT T fuiuy = uiu), =1 —uu .
1L

At this point, changing variables back to the original ones gives the wished
result. In fact, observe that

- Pk dk A2
W2y = 2 W2y = = 14k]1" = pi ax
|1k | [tz
and compute
R T TB + B T TB T
By = W12B W12 — pl;p;c 4B — Pk kT kKD qukT kquk
Py 4k Pr 4k (pk Qk)

O

The idea is to speed up the dynamic on B with respect to the dynamic on
x. Suppose to apply the following algorithm.
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BFGS Algorithm with Time Scale Separation

1. Obtain a direction dy by dy = =BV f(zk).

2. Perform a one-dimensional optimization (line search) to find an acceptable step-size
oy in the direction found in the first step, so ay = arg minf(zy + ady).
«@

3. Set px = apdy and update xi11 = Tk + pi.
4. qp = Vf(zps1) — V().

5. B,(igl = argmin |[|B — Billy
B s.t. Bpk=qxk

6. form=1: M
(a) 1) = =BTV f(a);

(b) 0‘1(:1)1 = argminf(zy + a d,(;ﬁ)l),

(c) Set pi) = oy di;
@ BIY  agmin ||B- B
B s.t. Bp{"!)=q W
M
Byt1 = ?1%1)
M
and set i1 = d’“(*][/})
Q41 = Qg

_ (M)
Pk+1 = Pr41

In this case we can see that for each k yields the following recurrence:

(m)
Bl(cm+2) ko B,(fm) so that in the end (wlog M is even)
X

Bowy — B — Lo "0l
Hi:{)Q—l a](€2z+1)
This means that we are only scaling By by a factor, and the approximation of
the inverse of the Hessian is not improved.
What if, instead, we consider a variant of BFGS, namely L-BFGS 7? This is
equivalent to BFGS, when m is not fixed (m = k at step k) and consists in the
following:

"that stands for Limited-memory BFGS
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Limited-Memory BFGS Algorithm (L-BFGS)

Fix m > 0 and choose a starting point o and a matrix BY. At iteration k:

. 9=V f(zg)
.fori=k—-1,...;k—m

() ai = or-plg

(b) g+ g — g

3. r=Blg

4. fori=k—m,...,.k—1

© X N s o

(a) B ral

(b) 7+ r+ (a; — B)ps
now BV f(zk) = 7.

di, = —ri(= =BV f(z1))

ay = argminf(xg + ady).
«

Set pr = aydy and update ri41 = T + Dk-

ax = Vf(rt1) — V().
If £k > m discard py_,, and gix_,, from storage.

Its diagram is given in (Figure 30). In this scheme, time scale separation

seems clearer and easy to operate. The idea is then: passing L-BFGS to CT,
prove stability for it, obtain stability for L-BFGS, this is equivalent (with varying
m) to stability for BFGS.
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x V()
— k
Xpp1 = X+ P V()
Tep1 = ~ U
d arg min f(x + ad) %
u a
ay -Vf(x_1) Vf(x,)
Pr R
/™
BBEGS = arg min ” B- BEFGSH x
B s.t. Bp=q; w
( Plant ) Y, P
"
b = VI G = Y~ Tk
Xer1 = X+ Pr
Xy
[ Controller ) 9k
P
d, = -B, Vf(x)
a, = arg min f(x, + ad,)
43
Pr = dy
B,
[ Estimator J
Pk BBICS = arg min ” B- BfPGSH
B s.t. Bp,=q, w

Figure 29: A diagram summarizing the BFGS algorithm, with implicit update
on By.
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V()

Xk
Xer1 = X TP V£(-)
_____________________ - - Vf(x)
Pk | L-BIj:GS - e
: 2-loop recursion -Vf(x_y)
— )
loop 1 : qkj
; k
e - P ’ T |{
: Gevr -+ Tem)
: loop 2 GJ :
Pi d arg min f(x + ad) d,

Figure 30: Diagram for L-BFGS algorithm.
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6 CT

Suppose « depends on time: o = a(s). The other parameters are defined by

{a@ —B(s)V f(a(s))
p(s) = a(s)d(s)

Getting rid of the argmin: Assuming enough regularity on f, from
a = argmin f(z + ad) one derives

.()__<Vﬂ“@+“@W“”ﬂ@» (s) _ (TS ls) + a()d(s), ()

(

(VI (z(s) + as)d(s)), d(s)) (V(z(s) + a(s)d(s)), d(s))
(
)

Exact inverse of Hessian. Suppose B(s) = [DV f(z(s))] ", then

B(s) = — [DV f(x(s))] " D>V f(a(s))i(s) [DV f(x(s))] "
d(s) = —B(s)V (x(S)) a(s)d(s)
= [DVf(a(s))] ™" DV f(x(s))a(s) [DV f(2(s)] " Vf(a(s)) — als)d(s)
p(s) = c(s)d(s) + a(s)d(s)
#(s) = p(s) = a(s)d(s)

After some manipulations, one arrives to the form

(5) [(DVf((s))) " D?V f((s))d(s)(DV f (2(s))) "'V f(x(s)) — d(s)]

(Vf(z(s)+a(s)d(s)),d(s))

(vs w(8)+0¢(8)d(5))x(DVf(w(S)))_1D2Vf(w(S))d(S)(DVf(I(S)))_IVf(w(S))>d(s) -

(Vf(@(s)+a(s)d(s),(DV f(z(s))) "DV f((s))d(s)(DV f(z(s)) "'V f(x(s)))

A(s) = a(s)* {1 VT (a(3) T a3)d(s)).d(s))
—a(s)(DV f(x(s)) "' DV f(x(s))d(s)(DV f(2(s)))

o3-
g
@
N

I

(64)
Example 6.1: System (64) for a quadratic form. Let us explicit the

system when

1
flz) = ixTHxT +q7 .

Since the Hessian is constant, B does not varies and all becomes simple:

8
—
»
Q
—
V)
~—
QU
—~
V)
~—

LR
W

QL
—~
V2]

= 2 2

&
—

w
N



and the explicit solution is given by:

x(s) =—e"*
d(s)=1+e€"*
p(s) =e™*
a(s) = &
B(s)=H™!
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6.1 Conclusion of this section

In this section we made the link between Newton’s Method, Quasi-Newton
Method and all the stability properties presented in (SECTION 2). First, we
provide "classical" Lyapunov functions for Newton’s Method in general and for
some specific functions presented as examples in (SUBSECTION 4.3). We tried
to build ISS-Lyapunov functions, making use of the structure of the iteration
step and of comparison functions. Sufficient conditions for the existence of ISS-
Lyapunov functions are given (Proposition 5.2) and we remarked that these
conditions are verified for some specific classes of functions. We tried to obtain
similar conditions for incremental stability in (SUBSECTION 5.3), but without
succes. In (SUBSECTION 5.4.0) two propositions guarantee integral input-to-
state-stability of Newton’s Method under mild assumptions. The research for
stability for Quasi-Newton methods was more complex. No explicit conclu-
sions were found for incremental stability - even after long computations. (SUB-
SECTION 5.6) was an attempt to prove stability for the dynamic given by the
update on the matrix that approximates the inverse of the hessian in (BFGS
Algorithm). In this section, we used vectorization and Kronecker product to
rewrite the update equation in a linear form. We proved some results on the
eigenvalues and the structures of the matrices that are present in the formula,
then we proposed some numerical simulations (APPENDIX A.6) to better un-
derstand the behaviour of the dynamical system. Driven by the observation
that it is usually easier to prove stability by Lyapunov functions for a contin-
uous time system (APPENDIX A.5), in (SUBSECTION 5.7) and (SECTION 6) we
tried to derive and solve the corresponding equations for Newton’s Method and
Quasi-Newton Method in continuous time.
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A  Appendix

A.1 List of Acronyms

BIBO
BFGS (algorithm)
CICO
CT
DFP (algorithm)
DT
dGAS
0ISS
GAS
iISs
I0S
I0SS
ISS
K-AG
L-BFGS (algorithm)
LIM
NM
UBIBS
UGAS

Bounded Input Bounded Output
Broyden-Fletcher—Goldfarb—Shanno (algorithm)
Converging Input Converging Output
Continuous Time

Davidon-Fletcher—Powel (algorithm)

Discrete Time

Incremental Globally Asymptotically Stable
Incremental Input to State Stability

Globally Asymptotically Stable

|
| (BFGS Algorithm)
|
|
|
|
|
|
|
|
|
|
integral Input to State Stability \
|
|
|
|
|
|
|
|
|
|
|
|
|

(APPENDIX A.5)
(DFP Algorithm)

(Definition 2.24
(Definition 2.25
(Definition 5.
(Definition 2.22
(SUBSECTION 2.2
(SUBSECTION 2.2

)
)
1)
)
)
)
(Definition 2.10)
)
)
)
)
)
)

Input Output Stability

Input Output to State Stability

Input to State Stability

K-symptotic gain

Limited-memory BFGS (algorithm)

Limit property

Newton’s Method

Uniformly Bounded Input Bounded State
Uniformly Globally Asymptotically Stable

(Definition 2.12
(L-BFGS Algorithm
(Definition 2.13
(SECTION 4
(Definition 2.14
(Definition 5.2

Table 2: All the acronyms used in the text with a reference to their definition.

A.2 Matrix inversion formulas

Trying to apply (Theorem 4.8) to DFP and BFGS algorithms in (SUBSEC-
TION 4.6) an idea was to verify the assumptions by induction, thus expressing

HkJrl1 and B,;jl as function of H

& L and B,:l respectively should help. Here’s a

collection of formulas for inverting sum of matrices:
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Woodbury matrix identity: A, C invertible:
(A+UCV) ' =A - AU (CT +VATID) VAT
when U =V =1
(A+0)t=Aat—at(Cct+a ) Tat
when C =V =1
A+U)yt=at-AlvAa+u)!
Sherman—Morrison formula: A invertible:
AT A1
1+0vTA- 1y

(A4 uwwT) =471 -

No requirements on P or @ :
(I+P)l'=1—-(I+P)'P
(I+PQ)"'P=PI+QP)!
If A is invertible:

(A+BCD) ' =A"' —~(I+A'BCD) *A™'BCDA™!
=A!' - A1+ BCDA ) 'BCDA™!
= A -~ A'B(I+CDA'B)"'CDA™!
=A' —AT'BCO(I+ DAT'BC)'DA™!
=A"' -~ A'BOD(I +A'BCD) AT
=A"' —A'BODA™Y(I + BCDA™)™!

If C is also invertible we find Woodbury formula (65a) again:

(A+BCD) ' =A"'-A'B(C'+DA'B)"'DA™!

A.2.1 Derivation of the update formula for BBF¢S

(65a)

(65b)

(65c¢)

Applying (65d) twice to (49), we can derive the update formula (50) for the
matrix B = BPFGS = Fk_l. First, apply (65d) with A = F = Fy, u = q and

v = q/p’q and obtain

TN —1 -1, Tr—1

F F .

<F+qu> =P = AT
ptq pla+q'F1q
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Then with A=A = F + Z%Z and u = —Fp, v = Fp/(pT Fp):

(F+quT B Fz;pTF)1 A4 Tl p" Fp ] A FppT FA-!
p'q p'Fp p'FppTFp — pTFA-1Fp
F'=B,
1 Fled"FT! N pp”
pTq+q¢"F~lq  pTFp—pTFA-1Fp
ppTqq" F!
(p"Fp— p"FA=1Fp)(pTq+ q"F~1q)
p qF tqp”

(pTFp— pTFA=1Fp)(pTq+ q"F~1q)
Flqg"F(p"q)*
(pTFp—pTFA-'Fp)(pTq + ¢"F~q)

o FPled" PN (et q"FTlg) g

pTq+qTF1q (pTq)?
quF—l +F_1qu F—quTF—l
- »Tq pTqg+qTF-1q
_py Watd By o pd' B+ By’
(rTq)? pTq
T T T

A.2.2 Estimation on matrix norms

It is easy to see that, if || A|| < 1 for some induced matrix norm ||-||, then I — A
is invertible and, from (65¢),

1

T—A) < —.

This can be generalized as follows: suppose [|A|| < m. Then I —-L A is invertible

and )
(1-54)
m

and this can be rewritten

< 1 _ m
- 1AL m— A

1
(mI — A)*1 < -

“ T

From this estimation we can also derive a lower bound for the inverse matrix:

L+ Al = ([T - Al = >1—A]-

ot
(1= A=~
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Proposition A.1 (Matrix norm and spectral radius). For every matriz A and
€ > 0 there exists a induced matriz norm such that, call p(A) the spectral radius,

p(A) < JA|l < p(A) +e

Moreover, if all the eigenvalues v of A such that |u| = p(A) have corresponding
Jordan blocks of dimension 1, then there exists an induced matriz norm such
that [|Al| = p(A).

Remark A.1.1. For every induced matrix norm, if p(A) is the spectral radius of
a matrix A,

p(A) < [ A]l.
In fact if x is an eigenvector of A with eigenvalue A:
[Al =]l = [Az]| = [[Az[| = [A[ |||
wich implies || A|| > |A| for all eigenvalue A and so [|A]| > p(A). <

A.3 Examples of ISS systems in discrete time

e As showed in (Example 2.6) by the mean of the ISS-Lyapunov function
V(x) = 22, the following system is ISS:
x
Tpt1 = f(xk,uk) = 27]6 + U with g =€ € R™.
i +1

e The system

Tk
Tk+1 = 7 + Uk

is clearly ISS. In fact using the definition:

£ 4]
(k. & w)ll = |55 Z < Sp 2l
=0 < N——
B(IEN k) y(llwll)

e There exist other criteria to show that a discrete time system is ISS. Using
sufficient criteria for ISS of discrete-time systems obtained with the help
of indefinite difference Lyapunov functions as in [19], we can prove that
the following system is also ISS:

T = 1—|—sin2 k—ﬂ Tr+u
k1= g 1 k k-

In order to show this, is enough to consider the indefinite Lyapunov func-
tion V(z) = |z|:

1 k
V(tps1) < (8 + sin? (I)) k] + Jux

which satisfies the assumptions of [19, Theorem 2, p. 73] with M = 3,
T=4,n=1,¢§=23
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A.4 Examples of /ISS Lyapunov functions

Example A.1: Quadratic case. This is the trivial case: as observed in
(Remark 4.0.3), in the quadratic case, Newton’s method converges in only one
step. So we can simply choose V(z,y) = |z — y| as 6ISS Lyapunov function: if
f(x) = az® + bz + c the iteration step gives

1 b
a?Jr:x—%(an—l—b)—i—u:—%—&—u

and V(x4,y4) = |us — ug| so that the condition (21b) is verified with

V(x-‘ray-‘r) - V(l‘,y) = "lLl - U2‘ - |1’ - y|

o(lui—uz])  a(lz—yl)

and a € K and o € K. q

Example A.2: Quadratic + logarithmic case. Consider f(z) = 22 + log(z? + 1).

Easy computations show:
24+ 2
v =2z (——
o) =2 (555)
x4+ 2?2 +2
H(x) =2——F—
(@) =27y
223

zy =2 = H@)'Vf@) = ———5—.

Try V(z,y) = |x — y| as a dISS Lyapunov function. Take any z,y:

223 293
$4+1'2+2 y4_|_y2_|_2
—22%y3 (2 — y) + 4(2® + 2y + y?) (x — y) + 22%y*(x — y)
(@t + 22+ 2)(y* +y° +2)

—1) |z —yl

V(x+7y+) - V(LL', y) =

‘—x—y

IN

‘—Iw—yl

< (o —23y3 + 222 4+ 22y + 2% — 2%y?
- (x4 22 +2)(y* +y2 + 2)

< —0.1]z —y|
{ (zy)® — 20% — 20y — 2° — (ay)®
max
(@t + 2%+ 2)(y* + 92 +2)
at (z,y) ~ (—0.804747, —0.804747)%. This means that when adding distur-

because

} ~ (0.428792

8computed with WolframAlpha.
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https://www.wolframalpha.com/input/?i=max+abs(((-xy)%5E3%2B2x%5E2%2B2xy%2B2y%5E2%2B(xy)%5E2)%2F((x%5E4%2Bx%5E2%2B2)(y%5E4%2By%5E2%2B2))

bances u; and us,

223 293
Ve, ys) = Viz,y) = m"‘ul - m —uz| — |z —y|
223 23

IN

x4+x2+2—y4+y2+2’—|$—y|+|m—u2|
< =01z —y|+ |ur — us|
—_— —

—aa(lz—yl)  o(Jur—uz|)

such a V satisfies the (Definition 2.26) of 6ISS Lyapunov function. <

Remark A.1.2. In the previous example, one could have obtained a different
constant, simply using the triangular inequality in a different way (e.g. apply-
ing (Lemma 2.2) to some comparison function). This underlies the following
(Example A.3). <

In the following, we present some results that might be useful when looking
for a Lyapunov function of the form V(z,y) = |z — y\ﬁ.

Lemma A.2 (Holder continuity of z%). For any 0 < « < 1 the function
h(z) = x® is a-Holder continuous:

Je>0 |z%—y* <clz—y|”. (66)
Moreover, h is B-Holder continuous for all0 < 8 < « (and it is not for a < B):

de>0 |x“fy°‘\§c|:cfy|ﬁ for 0<p<a<l.

Proof. Fix a € (0,1]. The function h(z) = z* is concave, so for any a,b > 0

(L)a > 1 and
a ¢ b ¢
<a—|—b> +(a—|—b> =1

a+b
= a“+b* > (a+b)".

Now, wlog > y and we can set a = x — y, b = y to obtain

(x—y)* 4y~ >a”
= % —y* < (z—y)"

which is exactly the Hélder continuity condition (66) with ¢ = 1. To establish
the second inequality it is enough to observe that for x > 0

0<f<a<l = z%<if
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Suppose x4 ~ z® for some 0 < a < 1. Then choosing V(z,y) = |z — y\q for
a strictly positive 3:

]
Ve, yr) = Viwy) = oy —yil” = o —y|

a 3
~fa® =y’ =z — gy
< fo—yl™ — o -yl
Now, if @« = 1, if ¢ < 1 the RHS is smaller than — |z — y|5 = —alz —y|). If
instead 0 < a < 1 the inequality becomes
/ 3
Vi(wg,ys) = Vizy) <o —y[* = |z -y
A B(1—
<o —yl" (7 = o =y

and this is not always negative.

Example A.3: Quadratic + perturbation. Consider the function f(x) = 22 + x2\/x.
Then we can compute

15

TV

5
Vf(x):2x+§Vx3 H(z)=2+
and the iteration step is

441
ry =i IOVE
8+ 15z

T+ u

where u is a disturbance. After computation, we observe that

[z -yl <crlz—yl+ vz —yl

with ¢ = % and co = %:

44107 4+10y

T = s s Vst yy
_ |(42 4+ 102/2) (8 + 15\/y) — (4y + 10y,/7)(8 + 15y/7)|
[(8+15/)(8 + 15y/3)]
_ 132(z — y) — 60/TY(v/x — \/7) + 80(x\/Z — y /) + 150,/zy(z — y)|
(84 15/5)(8 + 15y/)]
_ (32 + 150,/Zy + 60y/z + 60/7)(z — y) — 20(y\/§ — z/T)|
(8 +15,/9)(8 + 15/)|
< (32 +150/7y + 80(Va + /9)) (= — y)| n 1207y (Vo — \/y)|
- |(8+ 15,/7)(8 + 15y/x)| |(8+ 15,/7)(8 + 15y/x)|

<eile—yl+ el -y
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with

32 + 150, /7y + 60 60
clzmax| + oY+ \/E—i— \/g|§
|(8+15,/7)(8 + 15y/x)|
20/zy 20

Cco = max ‘

(8 +15\/7)(8 + 15y/z)| = 25

Qi y+ i/

10

10 —10

10

2
3
4

5

= — =~ (0.0888888889

— 3z —yl+ 5/ lz

This inequality implies that there exist a K, function ¢, such that ¢ —id € K

o 4 (1
o-gl<ale—al+avisl<e (slo-l).

and

This means that

for any & € Ko such that &(As) < Aé(s) for all s > 0 and 0 < A < 1. Now,
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take V(z,y) = &(Jx — y|) as a Lyapunov function. Then

V() = V() = alfe +u -5 - ol) - alle — )
< (17 ~ 1 +lu —ol) ~ allz — )
< 6(p(17— 71)) + 6l 0 (p — i)~ (u — ) ~a(| — )
o(lu—vl)
<a(gle =) - alo =y +alu )
<- %aux—ynwuu—v\)

—a(lx yl)

where we applied the triangle inequality for comparison functions (Lemma 2.2):

é(a+0) < d(p(a)) +a(po (p —id)~ (b))

This shows that V is a §ISS Lyapunov function for the system given by the
Newton’s method applied to the function f(r) = 22 + x2\/z with additive
disturbance u. The system is incrementally input to state stable thanks to the
(Theorem 2.21). <

Remark A.2.1. Notice that the crucial step in the previous example was the in-
equality |7 — | < o1 (% |l — y|) If this inequality holds, with a Lyapunov
function of the form &(jx —y|) for a Ko function satisfying the condition
a(As) < Ma(s) for all s > 0 and 0 < A < 1Y and applying the triangle in-
equality, the last steps guarantee the incremental stability. The same reasoning
can be applied to other functions as shown in the next examples. |

Example A.4: Variation on the previous example. Consider the function
f(x) = 2% + 2/z, so that

3 3 8vx +3
Vf(x) x+2¢£ (x) = +4J’ N
and the iteration step is
3 _
Ty=——F———+u=2+u

8vr+3

where u is a disturbance. It is easy to see that

‘ 24(/7 — V7) ‘
VT + 2 ) 59

ﬂ%ﬁ VW<*VEjT

<t (2 |z — Z/|)

9For example &(s) = s2 satisfies the condition.

|z — gl

oo
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for some ¢ € K. The Newton’s method applied to this system is then §ISS as
observed in the preceding example and remark. N

A.5 Discrete time systems from continuous time systems

All the stability properties given in (SECTION 2) were originally for continuous
time system, and (almost) all the results stated in the same section admit anal-
ogous formulations for continuous time systems. In the next subsections we will
make a link between a stable (in the sense of ISS, iISS, ¢ ISS ...) continuous
time system and its discrete time version.

A.5.1 1ISS property from continuous time to discrete time systems

The ISS notion was originally proposed for continuous time systems in [20].
Similarly to (Definition 2.10), for a continuous time system

&= f(z,u) (67)
we have the following definition of the ISS property:

Definition A.1 (ISS - CT). System (67) is called input-to-state stable (ISS) if
for any essentially bounded input v and zoy € R™ there exist functions g € KL
and v € K such that

[ (t, 2o, w)ll < B(llzoll ;) +~([lull)-

Remark A.2.2. As in the discrete time case, an equivalent formulation of ISS is

[ (t, 2o, w)|| < max {B([[zoll ), Y(llull)} -
<

Lyapunov method gives the possibility to analyze behavior of the system
solutions without calculating the solutions proper as time function and the initial
conditions which is a hard problem for the nonlinear systems. The analogous
of (Definition 2.11) is:

Definition A.2 (ISS Lyapunov function - CT). A smooth function V: R" —
R, is called ISS Lyapunov function if for it there are the functions a1, as, ag, o €
Koo such that the conditions

o (([z]]) < V(z) < ax(f|zl)) Vo eR” (68a)
VV(x) - f(z,u) < o(ul]) — as(||z]) Vr € R" Yu € R™ (68Db)
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Remark A.2.3. An equivalent definition by implication form is obtained replac-
ing the second property (68b) by:

Jag,x e K lzfl = x(Jull) = VV(2) - f(z,u) < —as([Jz])).  (69)

<

Similar to (Theorem 2.7), in the continuous case the following statement
yields.

Theorem A.3 (ISS Lyapunov characterization - CT). System (67) is ISS if

and only if there exists for it an ISS Lyapunov function.

Example A.5. Consider the nonlinear system
i=—2+u z,u €R.
By taking V(z) = 122, we obtain that

4
. > x
V= x(,zd +u) = —zttru< D) = —az((|z|)

2/3
if ||z||® > (% ||uH) =: x(||ul|). This means that V(z) = 12? can be used as
a ISS Lyapunov function and the system is ISS by (Theorem A.3). <

We can link the continuous and the discrete time case as follows. Suppose
we have a nonlinear system in continuous time (67)

&= f(z,u)

which is proven to be ISS via a Lyapunov function V(z) and (Theorem A.3). If

we approximate the derivative & ~ W, we obtain a discrete time system

Te41 — Tk

5t :f(:ck,uk) = Tk41 :xk+5tf(xk,uk).

Now, using Taylor expansion on V:
V(zgs1) = Vizg+otf(oe, un)) = V(@k)+0t f(2n, ur) VV (2r) +O(| 6 f (25, wi) ||)
and the condition (68b) VV (z) - f(z,u) < o(||ul|) — as(]|z||) can be rewritten as

V(wgs1) = Vi)
ot

which becomes the condition (14b)

+ O([| f (e, wi) ) < o([lukll) — as([lzk])

Vi(kgr) = Viar) < o((lurll) — as(lzxl)
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for the discrete time system. In conclusion, when 4t is small enough, if the
continuous time system is ISS, the discretized system is still ISS.

Example A.6. Consider the nonlinear system of (Example A.5) and the cor-
responding discrete time system:

Tht1 = Tk — Ot xi + tuy.

Take V(21) = 227 (which was a ISS Lyapunov function for the continuous time
system) and compute

V(Tks1) — (xk + (0t)%z) + (6t)%ui — 26t} + 26t wpuk — 2(5t)°2iup — 27)
< = ((dt up — 26t o, + 26t i, — 2(5t)%x})
ot
< 2) (—ak + up)
< —as([lzx) + & (ur)
2/3
for flall® > xCluell) = (Jg luell) ™ <

A.5.2 {ISS property from continuous time to discrete time systems

A similar reasoning can be done for the incremental stability property. For
completeness we give the analogous of (Definition 2.25) and (Definition 2.26)
definitions.

Consider system (67) where u € U a closed and convex set of R” containing
the origin. Suppose also f locally Lipschitz and such that f(0,0) = 0.

Under these assumptions we define:

Definition A.3 (§ISS - CT). The system (67) is incrementally input-to-
state stable (0ISS) if there exists a function 8 € KL and v € K such that for
any t > 0, any &1, & € R™ and any couple of input signals uq, ug the following
is true

[t &1, u1) = 2t €2, u2) || < BIE = &2l 1) +(flur = uz)-

Remark A.3.1. Again, in the previous definition, the summation on the RHS
may be replaced by max{3(|[¢1 — & 1), v([lur — uall)}- <

Remark A.3.2. Since f(0,0) = 0 it is easy to check that 6ISS implies ISS just
comparing an arbitrary trajectory with z(¢t) = 0 (if one chooses us = 0 and
& =0 then ¢ = f(0,0) = 0 and z(t) = 0). <

A necessary condition for ISS is the following: Vu € U J!'z, sucht that
f(xy,u) = 0. This follows from the following proposition.
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Proposition A.4 (Necessary condition for §ISS - CT). Suppose the system
(67) 0ISS. Then, for all constant input signals there exists a unique, globally
asymptotically stable, equilibrium point.

Remark A.4.1. Trajectories of ISS systems all converge to one another. <

Definition A.4 (4ISS Lyapunov function - CT ). A smooth function V: R® x R — R,
is called a 0ISS Lyapunov function if for any uq, us € U and any x1, x5 € R™

a1 (flzr — 22f]) < V(1 22) < aa(llzr — 2]) (70a)
ur = uall < K(llzr — 22[) = 02,V f(@1,w1) + 00, V f 22, u2) < —p([lz1 — 22]))
(70D)

where a1, ag, k € K and p is positive definite.

Theorem A.5 (4ISS and 4ISS Lyapunov function - CT ). If the system (67)
admits a 61SS Lyapunov function, then it is §ISS. Moreover, if the set U is
compact the two conditions are equivalent.

Example A.7. Consider the nonlinear system
rT=—-x+u

with two different solution x1, s corresponding to inputs wui,us respectively.
Take the Lyapunov function V (z1, z2) = 4 (21 —22)? for [|u; — us|| < 3 [|z1 — x| =
k(|Jx1 — x2||). Then

Op, Vf(x1,u1) + 05,V f(z2,u2) = (1 — z2)(—21 + u1) + (x2 — 1) (—22 + u2)

2 2
—x] — T3 + 22122 + T1UL — TaU] — T1U2 + TaUg

—(z1 — 1’2)2 + (x1 — 22)(u1 — ug)
< —3 @ = 22 = —pllles — o)

So the system is §ISS thanks to (Theorem A.5). <

Now we can link the continuous and discrete time cases. Consider system

&= f(z,u) (67)

and suppose it §ISS with 0ISS Lyapunov function V(z,y). Using Taylor’s ex-
pansion on V:

V(e +hy+k) = V(e,y) + 0.V (e,y)h+0,V(e.y)k+O(lh+k|*)
in a neighborhood of (z,y). Consider now the discretization of the system:

Tk4+1 — Tk

5t = f(ag,up) = Tp41 = xp + 0tf (g, ug).
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As in (SUBSECTION 2.6), abbreviate x(k, &, u;) in o' for the sake of simplicity.
The condition (70b) gives, for [Juy — ua|| < (||z' — 2?||)

V(f(xt ur), f(22,u9)) — V(zh, 2?) < 0,V 6t f(21,u1) + Ou, V 5t f(2,uz)
< —stalla’ ) = " - 2]}

which guarantees the 6ISS property for the discrete time system thanks to (The-
orem 2.21).

Example A.8. Apply the preceding reasoning to (Example A.7), one obtains:
Tp1 = Tk + 6(—2x +ug) = (1 — 0)xy, + dug

and taking two different solutions z = z(k,&1,u) and y = x(k, &, v), for the Lyapunov
1

function V(z,y) = 3(z — y)? and |lu —v|| < 3§ |lz — yl|, yields
1
Vi(@kt1, Yev1) = V(@ks yi) = 5 ((1 —0)%aj + 0%y, + 2(1 — )0 pup+
(1 —6)2y2 + 6% + 2(1 — 8)dyrun
—2(1 - 5)233kyk —26(1 — d)xgvr — 20(1 — §)ypuk

— 26%upvp — aci — y,% + 2$kyk)

= %((1 —6)2 = 1)(zp — y)? + 0% (ux — vy)?
+26(1 — 0) (@ — yi) (up — vk))
< %((1—5)2 - 1+§+5(1—5))($k —)”

1./6
_ L ( - 1) (2 — )2 = —p(llz — y1)
with p(s) =6 (1 — 3) s? for § < 2. q

A.6 Results from numerical simulations on BFGS

Remind the updating formula for By:

T T T

GS Prq GS qkP, PkP

B —<I—T’“>B,?F <I— T’“)Jr . (50)
dy Pk dj. Pk qi Pk

And its vectorization:

T T

Pra;} Prdj, 1

vec(Bgy1) = (I - ) ® (I - ) vec(Br) + —=p®p
Dk PEqr pTq

1 1 1
= (I — 2 + K™ ))(pg" @ I,,) + pa” @ pg” ) vec(By) + ——p®p
( qu( ) ) (rTq)? ( ) (Br) pTq

=: My vec(By) + Ng. (59)
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The idea is to prove that {vec(Bj)} is convergent, so we try to prove that
it is a Cauchy sequence

Ve>03K >0st. YVk>KVm >0 |vec(Brim)— vec(By)| <e¢

for some small constant ¢ < 1. Now, since

m—1

[vec(Bym) — vee(By)|| < D [lvec(Biyit1) — vee(Biyi)|
1=0

and
[[vec(Brt1) — vec(By)|| < || Ne|l 4+ | Mk — Lz || [[vec(By) ||

we would study the behaviour of | Ny||, My — I,2 and |vec(By)|| by numerical

simulations.

Test functions I used the following test functions:
1 6 -2
1 T
f()(x)zix (_2 6)x+(10 5)

fA () = %xT <_53 _53) z+ (10 5)x

1 101 —99
3) () — £..T
() = 5% (_99 101) x4 (10 5)z
FD (@,y) = 100(y — 2°)* + (x — 1)°
FO(a,y) = 13z + 2y — 2° + 10(|2| + [y])

Remark that f®) and f®) are quadratic functions with less nicely conditioned
Hessian than f(); f®4) is Rosenbrock’s valley-shaped function; f(®) is a non-
differentiable lasso function. A plot of these functions can be found in (Ap-
PENDIX A.6).

After 1000 steps we have the parameters as in (Table 3).19

fo M =L ] lvee(Boo)l | Ivee(Boeit) = veeBuo)| | [INscll | [1Boc = Bl
f@ 1.8671 0.0027 1.7618e-07 0.0020 0.2768
f@ 2.3534 0.0051 2.9116e-05 0.0031 0.5102
f® 4.2152 0.0022 6.3568¢-06 0.0021 0.4979
f@ 12.2826 0.0227 1.0166e-05 0.0226 2.4813
fO) | 3.7745e+68 | 3.2324e+16 5.3924e+15 2.6962¢+16 | 3.2324c¢+16

Table 3: Numerical values at the 1000th step of a BFGS simulation for the test functions.

10For the function f(3) the values are taken after 900 iterations, they tend to blow up after
k = 470 and everything will be NaN.
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From (Table 3), we remark that the term ||vec(Bj41) — vec(Bg)|| » seems to
converge to 0. The norm of Ny seems always to converge to a constant, which
seems to be 0 as well. The norm of vec(By) appears to be always bounded. The
only problem is that the matrix M}, is not as close to the identity matrix as we
were expecting. The last column shows that we have convergence of the matrices
By, to the actual inverse of the Hessian at the minimum point 3 for the three
quadratic functions. We do not expect this to be small as we keep on iterate after
convergence of the algorithm to the stationary point, re-scaling the gradient to
make him always bigger than 10~® (the machine epsilon is 10716). The last test
function f) shows a different behaviour.'' It needs more investigations.

In (ApPPENDIX A.6) there are some plots that shows the behaviour of the
parameters in the table as a function of the iteration k.

In the first four cases, the algorithm converges exactly to the minimum,
while in the last one, due to non-differentiability there’s an error. I estimated
the theoretical minimum by hand and find a smaller value of ) in (1/9,0).
The results are summarized in (Table 4).

f | minimum found Z | theoretical point of minimum z* f(z) |f(z*) — f(z)]
f@ | (-2.1875, -1.5625) (-2.1875, -1.5625) -14.8438 0
f® | (-4.0625, -3.4375) (-4.0625, -3.4375) -28.9062 0
@) | (-3.7625, -3.7375) (-3.7625, -3.7375) -28.1562 0
f@ (1,1) (1,1) 0 0
4| (0.0433,-0.0001) F(@)]ozq1/9,0) = 3.8 3.9328 < 3.9328

Table 4: Points of minimum for the test functions: computed values and theoretical

values.

11See note (10).
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A.6.1 Plot of the test functions

Test function f) = 3(x2 + y?) — 22y + 10z + 5y Test function f?) = 3(2? + y?) — 3zy + 10z + 5y

7 7
200 LT 77
LM ony 4

= 100 |

-10%
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I i

/e

4,000

2,000 |
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Test function fO)(x,y) = |3z + 2y — 2|2 + 10(|z| + [y])

600
400

200

A.6.2 Plot of the parameters

The following (Figure 31) shows the variations of the parameters during the
time the algorithm runs. For each test function we can see the variation on
|lvec(Br41) — vee(By)l|, |lvec(Bg)|| and || Ng||. The behaviour of the last pa-
rameter, ||By, — 8| is shown in (Figure 32).
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Variation of norms for t(z)(x)
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Figure 31: Variation of the parameters as function of the step k.
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Variation of ||B{)-3|| _ for the five test functions f)(x)
T T

1020 I T T T T T T
18- 1l
10| I8l 1
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10°F .
100 iy =
\
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Figure 32: Variation of HBS) - B H as function of the step k for the five test

functions.
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Figure 33: Behaviour of the parameter |[vec(Bjy1) — vec(By)|| for the test function f©&)(z,y) = |3z 4 2y — 2> +
10()z| + |y|) and its smooth version f©)(x,y) = |3z + 2y — 2> + 10(z + ).
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