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Introduction

The aim of this work is to provide an exposition of the Local Tate Duality theorem. The main
motivation comes from class field theory, which aims to describe the abelian extensions of a field
in terms of the arithmetic of the field itself. Historically, this duality theorem was actually proved
using class field theory by John Tate, while in this thesis we will go the other way around as is
done by J. P. Serre in [Ser97], by proving the existence of a dualizing module to prove the duality
theorem and using it to establish local class field theory for p-adic fields.

First we will need to develop some machinery, such as the cohomology of (pro)finite groups
and the notion of cohomological dimension, in order to sistematically study the absolute Galois
group of a field, which is profinite. Using this machinery and the topological structure of local
fields, we will be able to compute the Brauer group and cohomological dimension of a local field,
and prove the finiteness of all cohomology groups with finite coefficients in the case of a p-adic
field.

Finally, after introducing an appropriate product in cohomology, we will be able to state and
prove the Local Duality theorem, which gives a Poincaré-like duality for finite modules over the
absolute Galois group of a p-adic field. As an application, we will show that the Galois group of
the maximal abelian extension of a p-adic field is isomorphic to the profinite completion of the
multiplicative group of the field. The exposition will mainly follow the book [Har20].



CHAPTER 1

Cohomology of Finite Groups

1.1 The category of G-Modules

In this chapter, G will always denote a finite multiplicative group. We begin by introducing the
notion of a G-module:

Definition 1.1.1 A G-module is an abelian group A (whose operation we denote additively)
endowed with a left action of G such that

A— A
T—g-x

is a homomorphism of groups for all g € G.

Remark 1.1.2 Let Z|G] be the group ring of G over Z, that is the set of formal sums

Z"g'g

geG

with ny € Z. The action of G on itself by left multiplication induces a G-module structure on
Z|G] by extending linearly.

More generally, a G-module is the same as a (left) module over the ring Z[G]: the action
of G extends linearly to multiplication by elements of Z[G]. This does not hold for discrete
modules on profinite groups, as we will see later on, however many of the results that we prove
in this chapter will hold in that context as well, provided we make some additional topological
assumptions.

As with any category, we need specify the morphisms between objects:

Definition 1.1.3 A morphism of G-modules is a group homomorphism A J B which commutes
with the action of GG, that is

flg-z)=g- f(x)

for all g € G and x € A. Again, this is the same as a morphism of Z[G]-modules.

We denote by Homg (A4, B) the abelian group of morphisms of G-modules between A and B,
which is a subgroup of Hom (A, B).

Finally, we define the category of G-modules Modg, whose objects are G-modules and whose
arrows are morphisms of G-modules. By the above discussion, Modg is equivalent to the category

3
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Z|G)-Mod of left Z[G]-modules, and it is thus an abelian category which has enough projectives
and injectives.

Example 1.1.4 (G-modules)

e Any abelian group A is a G-module with the trivial action g -z = x for all ¢ € G and
x € A.

e If A and B are G-modules, then the group homomorphisms Hom (A, B) form a G-module
with the action

(g-f)x)=g-flg~" )
for all g € G, f € Hom (A, B) and = € A.

e Let L/K be a finite Galois extension of fields with Galois group G = Gal (L/K). Then, the
additive group L and the multiplicative group L* have a natural G-module structure for
the action of G on L by field automorphisms. In this situation, an interesting arithmetic
submodule is the group of invariants under the Galois action; this is a key motivation for
the definition of group cohomology.

Given a subgroup H < G and an H-module A, there are two ways to produce a G-module
from A:
Ind% (A) == Z[G] @z A

is the induced module of A from H to G, while

Colnd%(A) :=={f: G — A| f(hg) = h- f(g) Vh e H,g € G}

is the coinduced module of A from H to G, with the action (g- f)(x) = f(zg). If we identify the
latter with the G-module
Hompy (Z[G], A)

on which G acts by right multiplication on the first factor, we see that the two constructions
coincide for finite groups: an isomorphism is of G-modules is given by the map

Homy (Z[G], A) = Z[G] @z A
fe D> geflg™). (1.1)

geG/H

We will be particularly interested in the case H where is the trivial subgroup {1}, in which
case we write Ig(A) for the G-module CoInd?l} (A), called the induced module of A. This is
because of the following result:

Proposition 1.1.5 Any G-module A embeds into its induced module I(A).

Proof. The map A <y I (A) sending a to the function g — ¢ - a is an injective morphism of
G-modules, as if g - a = 0 for all g € G, then taking g = 1 gives a = 0. O

Finally, we observe that the functors Ind% (—) and CoInd$ (=) are respectively left and right
adjoints to the forgetful functor
MOdG — MOdH,

which simply restricts the action of G to H. More precisely:
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Proposition 1.1.6 For every G-module A and every H-module B we have isomorphisms of
abelian groups
Homg (A, Colnd$; (B)) ~ Hompy (4, B) (1.2)
¢ = (a— p(a)(1))
Homg (Ind$ (B), A) ~ Homy (B, A) (1.3)
= (b= p(1®0D))

For a proof, see Prop. 1.12 and 1.15 of [[ar20].
Remark 1.1.7

(a) As the forgetful functor is exact, by the adjunction (1.2) we deduce that the functor
CoInd$, (=) : Mody — Modg

preserves injective objects, as in an abelian category an object I is injective if and only if
Hom (—, I) is exact).

(b) Under the identification (1.1), the isomorphism (1.3) becomes

Homy (B, A) — Homg (Colnd$ (B), A)

v | e Y geu(flgh)

geG/H

(¢) Since CoInd% (=) is a right adjoint it preserves all limits, in particular it is left-exact.
Analogously, the functor Ind$ (=) is right-exact. By the isomorphism (1.1), we obtain
that CoInd% () is exact.

1.2 Group Cohomology

Recall that in an abelian category A which has enough injectives, an additive left-exact functor
F : A — B with B abelian admits right derived functors (R*F);>0, which measure the “failure”
of F to be right-exact.

Here are some general properties of derived functors:

e in degree 0 we have RVF(A) = F(A) for all objects A, as follows from the definition via
injective resolutions;

e as derived functors are in particular -functors ([Wei94] Ch. 2), for any short exact sequence
0+A—-B—-C—=0

of objects in A there are coboundary morphisms §° : R'F(C) — RiT'F(A) fitting in a long
exact sequence

... = RIF(A) = R'F(B) = RIF(C) % RFVF(A) - ...

which are functorial with respect to morphisms of short exact sequences;
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e the (R'F);>o form a universal d-functor, in the sense that given another J-functor S
equipped with a natural transformation o : F = R°F — SO there exists a unique natural
transformation (a');>¢ of -functors extending o, that is a family of natural transforma-
tions commuting with the coboundary morphisms.

We will sometimes encounter § functors which are not necessarily derived functors:

Definition 1.2.1 Let T : A — B be a d-functor. An object A is T-acyclic if T(A) = 0 for all
1> 0.

Definition 1.2.2 A §-functor T is effaceable if for every object A there exists a monomorphism
A % T such that T'(u) = 0.

The following general result ([Gro57], Ex. 2.4.5) will be useful when taking cohomology after
applying certain functors:

Proposition 1.2.3 Let T be a §-functor. If T is effaceable, then it is universal.

We now use this generalities to define the cohomology of a group G with coefficients in a
G-module A, by considering a very natural sub-G-module of A:

Definition 1.2.4 The G-invariants of A are the elements a € A fixed by the action of G:
A% ={zxecA|lg-z=xVYgeG}.
This yields an additive functor onto the category of abelian groups
F : Modg — Ab
which is left-exact as it coincides with the functor

Homg (Z,—) :— Ab

where Z is the trivial G-module: indeed, a morphism of G-modules Z 2 G is determined by the
image of 1, which must be thus fixed by the action of G, and any choice of f(1) € A“ gives such
a morphism.

We thus define the cohomology groups of G with coefficients in A as the derived functors of
F:
Definition 1.2.5 The i-th cohomology group of G with coefficients in A is
H'(G, A) :== R'F(A).

From the above general properties of derived functors, we deduce H°(G, A) = A®, and
the fact that we can compute H'(G, A) as the cohomology of the complex obtained by taking
invariants from an injective resolution I°® of A, that is

HY(G, A) =ker [(I")% — (I"™)C] fim [(1"=1)G — (11)C].

Moreover, if G is trivial then A® = A for all A implies that F is exact, and thus H*(G, A) = 0
for all ¢ > 0.

Remark 1.2.6 Since F = Homg (Z,—), we get H' (G, A) = Extl (Z,A). By the balancing
property of Ext (Theorem 2.7.6 of [Wei94]), we can interpret H'(G, A) as the left derived functors
of the (contravariant) right-exact functor Homg (—, A) evaluated at Z, and can be therefore
computed using projective resolutions of Z.
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Explicit cochain complexes

It is sometimes more practical to have an explicit description of the groups H!(G, A). By above
the remark, we can compute them using projective resolutions of Z; we now construct such a
resolution of Z by free (and therefore projective) Z[G]-modules.

For any i > 0, let F; be the set of (i + 1)-tuples of elements of G, and define L; to be the free
Z-module with basis F;. Then, the diagonal action of G on F;

h-(g0,--.,9:i) = (hgo, ..., hg:)

induces a G-module structure on L;, making it a free Z[G]-module with basis a set of representa-
tives of the orbits of E; under the action of G, such as the set of tuples of the form (1,¢1,...,9;)
(as G acts without fixed points on E;). The boundary maps of the complex

di : Lz — Li—l

for i > 0 are defined by

(gOa"'7gi) = Z(_l)j(QOamgAjaagl)?

=0

and dy : Ly — Z sending (g) to 1. By a straightforward computation, this is a complex (i.e.
di—10d; =0 for all ¢ > 0). It is also exact: the map

ki L, — Li+1
(1,90,...,gi) if71>0
sy Gi) > .
(90 9) {1 otherwise

satisfies
diz10k;+k;_1od; =1idg,,

so that if x € kerd; then d;y1(k;(x)) = x. We have thus constructed a projective resolution
oo > Lo —> Ly > Lo —>7Z—0

of Z as a Z[G]-module.
By applying the functor Homg (—, A) to this resolution, we get

Theorem 1.2.7 The groups H (G, A) can be computed as the i-th cohomology of the complex
K* = Homg (Le, A) of homogeneous cochains. These are the same as functions Gt — A
commuting with the diagonal action of G, on which the boundary is given by

1+1
(dlf)(g(% e 7gi+1) = Z(*l)]f(go, e agjv e 7gi+1)'

Jj=0

For low-degree computations, it’s convenient to use inhomogeneous cochains instead. These
arise from the fact that a function G**! — A commuting with the diagonal action of G is
determined by its values on elements of the form

(17917"'7gi)7
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and define the inhomogeneous i-th cochains as all functions f : G* — A with a slightly denser
formula for the boundary maps:

(d' f)(g1s--- 2 9iv1) = 91 f(g2, - Gis1)

! ) . 14
+Z(il)Jf(gla'''7gjgj+17"'7gi+1)<i>(71)Z+1f(gla"'agi)' ( )
j=1

If we denote the resulting complex by C*®, there is an isomorphism of complexes
K*®* = C*
sending f : Gt — A to
O(f): G' — A,
(915---,9) = f(1,91,9192,- -, 91 9i),
whose inverse sends f : G* — A to the function

(90:---,91) = 90 F(90 91, -+ 90 " 90)-

As a consequence, we can also compute H*(G, A) as the i-th cohomology of the complex (C*, d)
of inhomogeneous cochains.

Corollary 1.2.8 Let G be a finite group. If A is a finite G-module, then H (G, A) is a finite
abelian group for all i.

Example 1.2.9 (using inhomogeneous cochains)
e The l-cocycles Z!(G, A) = ker d' are functions f : G — A satisfying
flgh) =g- f(h)+ f(g)
for all g, h € G, while the 1-coboundaries B! (G, A) = im d° are functions of the form
g—g-a—a
for some a € A.

e If Ais a trivial G-module, then B!(G, A) is trivial, and Z!(G, A) consists of functions
satisfying f(gh) = f(g) + f(h), which are exactly the group homomorphisms G — A. In
conclusion, for a trivial G-module we have

HY(G, A) = Hom (G, A).

1.3 Functoriality

Given a G-module A and a group homomorphism G/ % G, we can define a G’-module structure
on A by “restriction of scalars”
h-a=p(h)-a.

If we denote by ¢* A the resulting G’-module, this defines a functor

(p* : Modg — Modg:
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induced by ¢, and since AS C (p*A)C", we get a natural transformation
i - HY(G, =) = HY(G', ¢*(-))

which extends by universality to a morphism of §-functors
i HY(G, —) = H(G', ¢*(-)).

From now on, we will just write A instead of ¢*A when there is no ambiguity.
We also have functoriality with respect to A, provided that we only consider morphisms which
are compatible with the action under consideration:

Definition 1.3.1 Let A and ¢ be as above, and let B be a G’-module. We say that a group
homomorphism A 5 Bis compatible with ¢ if

f(e(g)-a) =g f(a)

for all g € G’ and a € A. This means exactly that f is a morphism of G’-modules p*A — B. In
particular, for each ¢ > 0 we get a homomorphism

fet H(G, *A) — H'(G', B),
and by precomposing with ¢} we get a homomorphism
HY(G, A) —» H(G', B).

associated with the pair (¢, f) which commutes with the coboundaries. On the level of cochains,
it sends o : G* — A to ‘ _
foaop®: (G"' — B,

where @) == (p,...,¢) : (G')" = G'.
Here are some important examples of the above construction:
Definition 1.3.2

(a) Let A be a G-module, and H a subgroup of G. The inclusion homomorphism H — G
induces a homomorphism known as the restriction map

Res: H'(G, A) — H'(H, A)

for all i > 0. Using (1.3.1) we see that Res sends a cocycle a : G* — A to the restriction
of o to H?, from which the name.

(b) Let A be a G-module, and N a normal subgroup of G. Then, the quotient G/N acts
naturally on AV, and the inclusion of A" in A is compatible with the projection 7 : G —
G/N. This induces the inflation map

Inf : HY(G/N, AN) — HY(G, A),

On cochains, this amounts to precomposing a function (G/N)* — AN with the homomor-
phism () : G* — (G/N)".
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(¢) Functoriality is useful even when there is no “change of group™ if A is G-module, given
any element s in G consider the associated automorphism of A

fiASA

ar—s-a.
Then, f is compatible with the inner automorphism ¢ of G associated with s~!:
flolg)-a) = f(s'gs-a) =g f(a),
and for all 4 > 0 we get a map
o.: H(G, A) — H(G, A).

The above homomorphism is actually the identity, as we will see in Proposition 1.3.6.

We will use the following lemma in the construction of the Hochschild-Serre spectral sequence:

Lemma 1.3.3 Let G be a finite group, and H a subgroup. Then, the forgetful functor
Modg — Mody

preserves injective objects.

Proof. Let A be a G-module. As in the proof of the fact that the category of modules over a
ring has enough injectives, we can embed A in a huge injective G-module

A-T= ][] @

Homg (A,Q)
where @ is the injective G-module Homy(Z[G], Q/Z) (recall that direct products preserve injec-
tives).
Now, suppose that A is an injective G-module. Then, A is a direct factor of I: to find a
retraction, use the injectivity of A applied to the diagram

A——o 1T
H 14’/ E|
A.
Therefore, it’s enough to show that I is injective as an H-module. As direct products preserve

injectives, it’s enough to show that @ is injective as an H-module, and since Z[G] is a free
Z[H]-module generated by a finite set of right coset representatives of H in G, we have

Q=1:(Q/2)~2[Gl®Q/Z= | P ZH] | ®Q/Z= D ZIH ®Q/Z= P 1n(Q/Z),

G/H G/H G/H

and the result follows from the fact that Iz (—) preserves injectives (Remark 1.1.7 (a)). O
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Shapiro’s Lemma

We now prove an important result which relates the cohomology of a subgroup to that of the
whole group:

Theorem 1.3.4 Let H be a subgroup of G and B an H-module. Then, for every i > 0 there is
a canonical isomorphism

Sh: H'(G, Colnd$, (B)) ~ H'(H, B).
Proof. We claim that the functors
H'(G, CoInd%, (-)) : Mody — Ab

form a universal § functor: it’s a & functor since CoInd$ (—) is exact by Remark 1.1.7 (c), and
it’s effaceable because we can embed B in an injective H-module I, and CoIndg (I) is injective
by Remark 1.1.7 (a). The claim then follows from Proposition 1.2.3.

Moreover, we can construct a homomorphism

Sh: H(G, ColndY, (B)) — H'(H, B)
by functoriality, using the map

CoInd$, (B) — B
[ )
which is compatible with the inclusion H — G.

By universality, it’s enough to show that this is an isomorphism for ¢ = 0. However, an
element f : G — B of (CoInd% (B))¢ must be constant as

f(@) =(g-Nx) = flzg)
for all g,z € G. Finally, by definition of coinduced module it must also satisfy
f(h) =h-f(1)
for all h € H, which means that f(1) € BX. O

As a special case of Shapiro’s Lemma, we deduce that I (A) is cohomologically trivial: this
allows us to prove statements about group cohomology by a technique know as dimension shifting
(as in Proposition 1.3.6 below), which is a concrete incarnation of the universality of derived
functors.

Corollary 1.3.5 Let A be a G-module. Then, the cohomology groups of G with coefficients in
the induced module 1(A) are all zero except for HO(G, 1g(A)) ~ A.

Proposition 1.3.6 The homomorphism o, defined in 1.3.2 (c) is the identity in each degree.

Proof. We prove this by dimension shifting: for i = 0, by construction o, sends a € A% to
s-a=a.
For ¢ > 0, we proceed by induction on i: embed A into Ig(A), and let B := Coker(A —
Ig(A)). The exact sequence
0—+A—1g(A) - B—0
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gives rise to a long exact sequence in cohomology, and by the compatibility of o, with the
coboundaries and Corollary 1.3.5 we get a commutative diagram with exact rows

Hi(G, I) —— H(G, B) —— H™(G, A) >0

las los los
HY(G, I) —— HY(G, B) —— H"(G, A) — 0.

By induction, the middle vertical map is the identity, and it follows that the last one is the
identity as well. O

Corollary 1.3.7 Let A be a G-module, and assume that N is a normal subgroup of G. Then,
there is an action of G/N on H'(G, A) for all i.

Proof. Since N is normal, G acts by conjugation on H(N, A) as described in the above example,
and by the previous proposition any n € N acts trivially, so that the action of G/N is well-
defined. O

Corestriction

Let H be a subgroup of G, and A a G-module. We want to define a corestriction map which goes
in the opposite direction of the restriction: in degree 0, it’s given by the “norm” homomorphism

NG/H : AH — AG
a+—> Z g-a.
geG/H

Remark 1.3.8 This comes from field theory, as we can reinterpret the norm map relative to a tower
of finite field extensions K C F' C L: in this case A = L*, G = Gal (L/K) and H = Gal (L/F),
and

NG/H :NF/KZFX — K~

T H o(x).

ceG/H

is given by

In general, we can extend this to a map
Cor: H'(H, f*(A)) — H'(G, A)

where f : H — G is the inclusion homomorphism, because the H(H, f*(—)) form a universal
d-functor: indeed, it’s effaceable since we can embed A in an injective G-module I, and f*(I) is
injective by Lemma 1.3.3.

Remark 1.3.9 We can also define the corestriction using Shapiro’s Lemma: the surjection
7 : ColndZ (A) —» A
f= > g-flgh)
geG/H

induces a map _ _
7 : HY(G, ColndZ (A)) — HY(G, A),

and if we precompose with Sh™' : Hi(H, A) — H'(G, ColndZ (A)) the resulting map is the
corestriction, as is easily checked in degree 0 (and the general case follows by universality).
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The composite (Cor o Res) is as simple as it gets:
Theorem 1.3.10 Let H be a subgroup of G, and A a G-module. Then, the composite

H(G, A) B3 qi(H, A) <3 H(G, A)

is multiplication by the index (G : H).

Proof. In degree 0, we have
AG — AT 5 AC,
which sends a € A% to

Z g-a=(G:H)-a.

geG/H

The result then follows from universality, as the homomorphism in question is an endomor-
phism of the universal d-functor H*(G, —). O

This has a number of useful consequences:

Corollary 1.3.11 Let G be a finite group of order m, and A a G-module. Then, the groups
HY(G, A) are m-torsion for all i > 0. In particular, if m is invertible in A, then H' (G, A) =0
for alli > 0.

Proof. Chossing H to be the trivial subgroup in Theorem 1.3.10, we get that multiplication by m
on HY (G, A) for i > 0 factors through H¢({1}, A) = 0. For the second statement, the additivity
of the functor H*(G, —) implies that H*(G, -n) is multiplication by n on H*(G, A). O

Corollary 1.3.12 If A is a uniquely divisible G-module, then H'(G, A) = 0 for all i > 0.

Proof. By the previous corollary all the groups in question are m-torsion with m = |G|, and by

assumption A 3 A is an isomorphism for any n > 0, so in particular multiplication by m is an
isomorphism in cohomology. O

1.4 The Hochschild-Serre Spectral Sequence

Let G be a group, and N a normal subgroup. The Hochschild-Serre spectral sequence is a useful
gadget which relates the cohomology of G with coefficients in a G-module A in terms of the
cohomology of N with coefficients in A, and of G//N with coefficients in AN.

We will construct this spectral sequence using the following general result by Grothendieck
([Weid4], Th. 5.8.3):

Theorem 1.4.1 (Spectral Sequence of Composed Functors) Let A, B and C be abelian categories,
and assume that A, B have enough injectives. If F : A — B and G : B — C are left-exact additive
functors and F takes injectives to G-acyclic objects, then for any object A in A there exists a
spectral sequence

EY? = RPG(RYF(A)) = RPYI(G o F)(A).
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We want to apply this theorem to the composition

a/
Modg 2245 Modg, n" 25" Ab,
which is a factorization of the functor
Modg 2245 Ab

(since A® = (AN)EG/N). If we denote by F the functor A — AN, and by G the functor B —
BE/N _then by Remark 1.1.7 (a) F preserves injectives, and injective objects are acyclic. This
is almost enough to prove the main result:

Theorem 1.4.2 (Hoschild-Serre) Let G be a group, and N a normal subgroup. Then, for any
G-module A there exists a spectral sequence

EPY = HP(G/N, HY(N, A)) = HP*(G, A).

Proof. We only need to check that H?(N, —), which by Corollary 1.3.7 we can view as a functor
Modg — Modg/n, is the right derived functor of F. This is true because R7F'(A) is computed
using an injective resolution of A as a G-module, and Lemma 1.3.3 shows that this is also an
injective resolution of A as an N-module. O

Remark 1.4.3 With some work, one can show that the edge maps of the spectral sequence
By = H"(G/N, AN) — H"(G, A)

and
H™(G, A) — EQ™ = H"(N, A)¢/N

are the inflation and restriction maps, respectively.

The convergence of above spectral sequence amounts to the existence, for every n > 0, of a
finite filtration

H" (G, A)=F°D>F'D>..DF"DF"" =0

such that
FPJFPHl ~ ppn—p, (1.5)

where E2"~P is a subquotient (i.e. quotient of a subobject) of E5'" ™" = HP(G/N, H" P(N, A)).
A careful analysis of these filtrations in low degrees yields a 5-term exact sequence relating
some of the functorial maps which we have defined:

Corollary 1.4.4 Let G be a group, N a normal subgroup, and A a G-module. Then, there is a

5-term exact sequence

0— HY(G/N, ANY ™ gV (G, A) 5 HY(N, A)9/N 5 H*(G/N, AN) 2 H2(G, A)

Moreover, if the cohomology of N with coefficients in A is trivial up to degree n — 1 we also
get a short exact sequence in degree n:

Corollary 1.4.5 With the notations of the previous corollary, let n > 2 and suppose that
HY(N, A) =0 for all 0 < i < n. Then, there is a short exact sequence

0 — H™(G/N, ANY™ gn(G, A) %S H"(N, A)°/N.
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Proof. The triviality assumption implies that E5? = 0 for 0 < ¢ < n. Thus, for p+¢q = n
the only non-trivial terms are E%™ and E°. In this case, we have E%0 = E}* and E%" is a
subobject of ES™ (as in figure 1.4 for n = 2) Moreover, there exists a filtration

0C F* C H"(G, A),

and by taking cokernels and composing with an inclusion we get the desired short exact sequence:
indeed, by (1.5) we have the identifications

F" = EL’ = H"(G/N, A"),
H™(G, A)JF™ = E%" ¢ E9™ = H"(N, A)%/N,

2| Ey? 2| E? 2| E92
oo 0 0 1 o \6\\\0 o 1l 0o 0 0
0 \\*‘Egvo 0 Egoo EXY 0 E20
0 1 2 0 1 2 3 0 1 2
O
1.5 Cohomology of Finite Cyclic Groups
Let G = {1,s,...,s" 1} be a finite cyclic group of order n generated by an element s, and let

A be a G-module. To compute the cohomology groups H'(G, A), we consider the following free
resolution of Z as a G-module:

N, 7i6] 224 z[6] 2 z[G) 22 Z[6) — Z 0. (1.6)
Here, N denotes the norm map
n—1
N(z) = Z s,
i=0

¢ is the augmentation map
n—1 n—1
Z aisi — Z a;,
i=0 i=0
and (s —id) is the map
T—Ss-r—T.

As Homg(Z[G], A) is isomorphic to A through the map f — f(1), applying the functor
Homg(—, A) to the above resolution gives a complex

s—id

A s—id A N A

A
0 1 2 3
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where the maps on A are defined by the same formulas as above. This computes the cohomology
of G with coefficients in A:

HO(G, A) = A%,
H?*(G, A) = A9/N(A) fori >0, (1.7)
H?*t1(G, A) =ker(N)/(s —id)A.
In particular, if A is a trivial G-module, we get
HY(G, A) = A,

H?(G, A) = A/nA fori>0, (1.8)
H*Y(G, A) = ker(A 3 A).



CHAPTER 2

Cohomology of Profinite Groups

In this chapter we extend the notion of group cohomology to profinite groups, which are projective
limits of finite groups, and as such have a natural topology. We will see that the cohomology of
a profinite group can be reduced to the cohomology of its finite quotients, and how this relates
to infinite Galois theory.

2.1 Profinite Groups

Definition 2.1.1 A profinite group is a topological group which is isomorphic to the projective
limit of a projective system of finite groups.

Here, the topology on the projective limit of a projective system (G, ¢;;) is the one induced
by the product topology on [] G;, where we endow each finite group with the discrete topology.
This makes lim G; into a compact, Hausdorff, and totally disconnected topological group (it’s
a closed subspace of the product). Recall that an explicit description of the projective limit is
given by

@Gi = {(gz) € HGZ | Wji(gj) = Gi for all ¢ S]}

Remark 2.1.2 This actually gives an equivalent characterization: a topological group G is profi-
nite if and only if it is compact, Hausdorff, and totally disconnected ([NSWO00], Th. 1.1.3).

In any topological group, the open subgroups are also closed, being the complement of the
union of the other cosets. In a profinite group, open subgroups are exactly the closed subgroups
of finite index: indeed, if H is a open, then the cosets of H form a finite open cover of G, and
by compactness there is a finite subcover which shows the finiteness of G/H; conversely a closed
subgroup of finite index is the complement of a finite union of closed sets, hence open.

Note that we can always assume the transition maps ¢;; are surjective by restricting them
to the image of the natural projections G — G; (Cor. 1.1.8 (a) of [RZ10]), and the limit of the
corresponding system is isomorphic to G. By compactness, the resulting projections G — G; are
surjective as well (loc. cit. Prop. 1.1.10). An example of such a surjective projective system is
given by the finite quotients of the open normal subgroups of G.

Finally, the profinite topology is uniquely determined by the fact that the identity 1 € G
admits a basis of open neighborhoods (I';) which are normal in G, and

Wm G/ ~ G
(we can take the (T';) to be the kernel of G — G;).

17
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The morphisms under consideration between two profinite groups G, H are the continuous
group homomorphisms, which we denote by Hom (G, H).

Example 2.1.3 (Profinite Groups)

e By the characterization of Remark 2.1.2, any finite group is profinite with the discrete
topology.

e Let K be a field, and fix a separable closure K of K. Then, the absolute Galois group

Gal (F/K) is profinite: indeed, by writing K is the inductive limit of the finite Galois
extensions (K;) of K contained in K and setting G; := Gal (K;/K), we get a surjective
projective system of finite groups whose projective limit is Gal (F/ K )
More generally, given a (possibly infinite) Galois extension L/K, there is a one-to-one
correspondence between the closed subgroups H < Gal (L/K) and the intermediate field
extensions K C F C L, which is given by H +— L and F ~ Aut(L/F). In this cor-
respondence, normal subgroups correspond to Galois extensions, and open subgroups to
finite extensions (as they the closed subgroups of finite index). The idea of introducing a
topology on the Galois group in order to restore the correspondence in the infinite case is
originally due to Wolfgang Krull.

e Any closed subgroup H of a profinite group G is profinite. By using a surjective system
(G, pij), one shows that the closed subgroups of G are exactly those of the form lim H;
for subgroups H; < G; such that ¢;; restricts to a surjection H; — H; for all 7 < j.

We now introduce a notion of index for closed subgroups of a profinite group:
Definition 2.1.4 (Supernatural Number) A supernatural number is a formal product of

(possibly infinite) prime powers
n= [ »™,

p prime

where n, € NU {oo}. There are well-defined notions of multiplication, divisibility and greatest
common divisor/lower common multiple which extend the usual ones (e.g. the lem of a set of
supernatural numbers is just the supremum).

Example 2.1.5

e If L/K is an algebraic extension, then the degree [L : K] is a supernatural number, equal
to the supremum of the degrees of its finite subextensions.

e If F, is an algebraic closure of F, then

[Fy : Fp = H p~.

p prime

Definition 2.1.6 Let G be a profinite group with G — G;. Then, the index of a closed subgroup
H = @Hi of GG is the supernatural number

[G : H] :=sup|G; : H;],

which coincides with lem [G/U : H/g ny] for U ranging over all open normal subgroups of G.
The order of G is the index [G : {1}], or equivalently

|G| := sup |G;| = lem [G : U].
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For finite groups, this notion of index coincides with the usual one, and it’s “multiplicative”
in the sense that [G : H| = [G : K]|[K : H] for closed subgroups H < K < G.

Example 2.1.7
o |Zy| =p>.
o [Z| =TI, p>.
One of the properties shared with finite groups is the existence of p-Sylow subgroups:

Definition 2.1.8 A pro-p-group is a profinite group G such that |G| is a power of p. Given a
profinite group G, a p-Sylow subgroup is a closed subgroup H < G which is a pro-p group
with [G : H] prime to p.

Proposition 2.1.9 Let G be a profinite group. Then, for any prime p there exists a p-Sylow
subgroup of G, and any two p-Sylows are conjugate. Moreover, any pro-p-subgroup of G is
contained in a p-Sylow.

This follows from the analogous statement for finite groups, by a careful passage to the limit.

Example 2.1.10 For any prime p, the ring of p-adic integers Z, is a pro-p-group, and it’s the
unique p-Sylow of Z.

Example 2.1.11 The profinite completion of a discrete group G is a profinite group G together
with a homomorphism G — G which is universal with respect to homomorphisms into profinite
groups: for any H profinite and for any homomorphism f : G — H, there exists a unique
continuous homomorphism f : G — H making the diagram

— G

G
l k'//ﬂ!f
H

commute. The profinite completion can be constructed as the projective limit of the quotients
G/N for N normal of finite index.

2.2 Discrete G-Modules

We now adapt the definition of a G-module to the case of a profinite group:

Definition 2.2.1 (Discrete G-module) A discrete G-module is an abelian group A equipped
with a continuous action of G. In other words, for any a € A the map

G— A
g—=g-a

is continuous, and a — ¢ - a is a homomorphism for all g € G.
Remark 2.2.2 This is equivalent to
(a) asking that the stabilizer St (x) of any element x € A is open in G.

(b) requiring that A is the union of the AV, where U ranges over the set of all open subgroups
of G.



CHAPTER 2. COHOMOLOGY OF PROFINITE GROUPS 20

The category of discrete G-modules Mod¢ is a full abelian subcategory of the category of all Z[G]
modules Modg, and it has enough injectives ([Wei94], Prop. 6.11.10).

Remark 2.2.3 If A is a discrete G-module, then A is finitely generated as a Z[G]-module if and
only if it is finitely generated as a Z-module. This is because the stabilizer St (z) of any element
x € A is open, and thus of finite index in G.

Example 2.2.4 (Galois Theory) Later, in the case of G = Gal (K/K) we will consider as
discrete G-modules the additive and multiplicative groups K and K" respectively, as well as the
group of roots of unity u, C K™ and the trivial module Z /nZ.

2.3 Passage to the Limit

We now want to define the cohomology of a profinite group G with coefficients in a discrete
G-module. As category of discrete G-modules has enough injectives, we are tempted to use
the derived functors of A +— A® again. However, there’s a caveat: the abelian category Modg
does not have enough projectives: the main issue is that Z[G] is not a discrete G-module, as
its stabilizers are trivial. Therefore, keeping in mind our application to field theory, we define
cohomology through (continuous) cochains directly to reduce to the cohomology of a profinite
group to that of its finite quotients.

Definition 2.3.1 Let A be a discrete G-module. We define C*(G, A) to be the set of all
continuous functions G* — A. The coboundary maps d* : C*(G, A) — C*1(G, A) are defined
exactly as in (1.4), and we denote by H'(G, A) the cohomology of the complex (C*(G, A), d*).

Theorem 2.3.2 Suppose that (G;) is a projective system of profinite groups and (A;) is an
inductive system of discrete G;-modules such that the transition maps of the two systems are
compatible. Then, for any n € N the natural map

lim C"(Gy, 4;) — C™(G, A)
induces an isomorphism in cohomology:

H"(G, A) = lim H"(Gy, Ai),
where G := @Gi and A := @Ai.

The proof of the theorem is tricky but elementary, and relies on topological arguments using
the compactness of each G; and the fact that continuous functions into a discrete space are
locally constant (see [Har20], Th. 4.1.8).

In view of Remark 2.2.2; this implies that we can compute the cohomology of a profinite
group by passing to the limit over the cohomology of its finite quotients:

Corollary 2.3.3 Let A be a discrete G-module. Then,
H'(G, A) = lim H'(G/U, AY),
where U ranges over all open normal subgroups of G.

As a consequence we find that the cohomology of a profinite group with coefficients in a
discrete G-module is always a torsion group, as in the above limit each term is |G/U|-torsion by
the finite case.
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Corollary 2.3.4 Let A be a discrete G-module. Then, H (G, A) is a torsion group for all i > 0.

Keeping in mind Remark 2.2.3, writing A as the inductive limit of its finitely generated
sub-G-module yields the following corollary:

Corollary 2.3.5 Let A be a discrete G-module, and write A = |J B where B ranges over the
finite type sub-G-modules of A. Then,

HY (G, A) = ngHi(G, B).

Example 2.3.6 If (G;) is a filtered family of open subgroups of G profinite where we take the
transition maps to be inclusions, then

G:=1mG,; =G
is closed in G and thus profinite. By Theorem 2.3.2 we get
HY(G, A) ~lim H'(G;, A).
for any discrete G-module A.

Remark 2.3.7 The functor H(G, —) we just defined is a é-functor, as the functor C*(G,—) is
exact. As in degree zero it coincides with A — AC . if we show that it is universal then it will be
the right derived functor of A — AC.

Indeed, H(G, —) is effaceable: if we embed A — I for an injective object I in Modg, we see
that IY is injective as a Z[U]-module for any open normal subgroup U of G, and thus

HY(G, I) =lim H'(G/U, 1) = 0.

Lemma 2.3.8 Let G be a profinite group and H a closed subgroup. If I is injective object in
Modg, then I is an injective object in Mody;.

The proof ultimately relies on the analogous result for finite groups 1.3.3, and it passes
through Baer’s criterion for injectivity (see [Har20], Prop. 4.25).

We now state the properties of the cohomology of profinite groups which are carried over by
passage to the limit from those developed in the first chapter. The general philosophy is that
we have to require subgroups to be closed (open when finiteness of cosets is needed), and maps
defined on G to be continuous.

Remark 2.3.9 Let G be a profinite group.

e For any closed subgroup H < G and any discrete G-module A, we can define the coinduced
module Colndg A as in the finite case, provided we only take continuous functions G — A,
and I (A) is still acyclic. However, there is no notion of induced module from H to G,
because Z[G] is not a discrete G-module.

e For any closed subgroup H < G, Shapiro’s Lemma holds with the same proof: although
by the above observation we don’t have the isomorphism (1.1), COIndg is still right exact.
Indeed, we can reduce to the case of finite groups because continuous functions G — A
have finite image and thus factor through a finite quotient G/U for some open normal
subgroup U of G, as these form a basis of neighborhoods of the identity; more precisely,
we have an isomorphism

Colndf A ~ lim Colnd(,7),, (AV"H).

Moreover, the functorial homomorphisms inflation, restriction and “conjugation” are defined
as for finite groups.
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e If H is closed and normal, the Hochschild-Serre spectral sequence and its consequences are
still valid (we can use Lemma 2.3.8 to adapt the previous proof).

e If U < GG is open, we can define the corestriction homomorphism
Cor : H'(U, A) — H'(G, A),
and Theorem (1.3.10) continues to hold together with its corollaries.

e Finally, if U is open and A, B are discrete G-modules the isomorphism 1.1.7 (b) is well-
defined.

2.4 Cohomological Dimension

In the following, we denote by A{p} the p-primary component of an abelian group A, that is
the subgroup of elements whose order is a power of p; we instead write A[n| for the n-torsion
subgroup of A, i.e. the subgroup of elements killed by n. Finally, we say a non-zero discrete
G-module is simple if it has no proper non-trivial submodules.

Definition 2.4.1 Let G be a profinite group. For p a prime number, the cohomological p-
dimension cd, (G) of G is the smallest n such that

H'(G, A){p} =0

for all 4 > n and all discrete torsion G-modules A. If there is no such n, we set c¢d, (G) = oc.
Note that the above condition is equivalent to the vanishing of the p-torsion of the corresponding
cohomology groups.

The cohomological dimension of G is then defined as the supremum of the cohomological
p-dimensions over all prime numbers:

cd (G) = sup,, cd,, (G).

Remark 2.4.2 If the order of G is not divisible by some prime p, then the cohomological p-
dimension of G is 0, as by Corollary 2.3.3 the cohomology groups in question are inductive limits
of torsion groups whose order is not divisible by p.

We now develop a few helpful criterions for computing cohomological dimension:
Theorem 2.4.3 Let G be a profinite group. For p prime and n € N, the following are equivalent:
(a) cdp, (G) < n.
(b) HY(G, A) =0 for all i > n and all p-primary discrete G-modules A.

(¢c) H"WY(G, A) = 0 for all discrete G-modules which are p-torsion and simple as Z[G]-
modules.

Proof. The implications (a)=-(b) and (b)=(c) are clear. Moreover, (b)=-(a) as for any 7 > 0 we
have

H'(G, A){p} = H'(G, A{p})

and cohomology commutes with direct sums (this follows from Theorem 2.3.2).
For the implication (c)=>(b), we first show that H""}(G, A) = 0 for all finite p-primary G-
modules by induction on n := |A|. Without loss of generality, assume A is non-zero. If A is
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simple, then by assumption H"*1(G, A) = 0. Otherwise, it has a proper non-trivial submodule
B, and there is an exact sequence

0—-B—-A—>A/B—0

with |A/B|,|B| < |A|, and we conclude by induction using the long exact sequence in cohomology.
To remove the finiteness assumption, we can write any p-primary A as the inductive limit of its
finitely generated sub-G-modules B;, and since each B; is a finitely generated torsion group, it
must be finite. Therefore, H"*!(G, A) = 0 for any p-primary discrete G-module A.

To get the result for every ¢ > n, we argue by dimension shifting using the short exact
sequence

0= A—=1g(A) =1c(A)/a—0

and the fact that I (A) is p-primary, since continuous functions G — A are locally constant and
thus have finite image by compactness. O

Lemma 2.4.4 Let G be a finite p-group, and A a finite p-primary G-module. Then, AS # 0.

Proof. If Ay,..., Ay, are the orbits of A\ A%, then p divides |A4;| and the formula

4] = A%+ 1Al
%

shows that p divides |A%|. O
This implies a practical characterization for the cohomological dimension of a pro-p-group:

Theorem 2.4.5 Let G be a pro-p-group, and n a natural number. Then,
cd, (G) <n < H"™YG, Z/pZ) = 0.

Proof. For the non-trivial implication, by Theorem 2.4.3 we need to show that H"T(G, A) =0
for any simple p-torsion G-module A. We claim that any such module is isomorphic to Z/pZ: the
G-module generated by any non-zero a € A is finitely generated and torsion, and by simplicity
it must be all of A, so A must be finite. Therefore, the union of its stabilizers V' is open in G,

and its core
U = m sVs
seG/V

is a normal open subgroup which acts trivially on A, so we can view A as a simple G/U-module.
By Corollary 2.3.3 we are down to the case of a finite p-group, where A # 0 by Lemma 2.4.4
and as A is simple we find A = A%, so the action is trivial. Finally, any non-zero element a € A
generates A by simplicity and it has order p, so A ~ Z/pZ as an abelian group. O

Example 2.4.6 If G is the group of p-adic integers Z,, by Theorem 2.3.2 we can compute

H*(G, Z/pZ) = lim H*(Z/p"Z, Z/pZ)

where each term is isomorphic to Z/pZ by 1.8, and the transition maps are given by inflation:

HX(Z/p"Z, Z/pZ) ™S H*(Z/p" T 2, Z/pZ). (2.1)
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Since the inflation has an explicit expression in terms of the resolution of Z by inhomogeneous
cochains, we can compute it by extending idz to a map between the resolutions of Z as a Z /p" ' Z-
module and a Z/p"Z-module respectively constructed in 1.6 by Theorem 2.2.6 of [Wei94] (which
says that such a lifting is unique up to chain homotopy), as Z[Z/p"Z] is also a Z/p™*'Z-module
and they are thus both projective resolutions in the category of Z/p"+'Z-modules. Carrying out
this computation up to degree 2 of the aforementioned resolutions and denoting by s? and s the
generators of Z/p"Z and Z/p" 17, we get the following diagram:

Z(Z/p" 7] N Z(Z/p 7)) 22 7z )ptiT) —— 7

J,SHPSP J{sr—mp J,S’_)SP H

sP—id

ZZ)p"7) —N— Z]7/p" 7] == Z|Z)p 7] —— Z

Applying Hom(—,Z/pZ) to the above diagram, we deduce that the transition maps (2.1) are
induced by multiplication by p on Z/pZ, and are thus all zero. As a consequence, H*(G, Z/pZ) =
0 and thus cd, (Z,) < 1 by Theorem 2.4.5. For the other inequality, note that

HY(Zy, Z/pZ) = Hom,(Zy, Z/pZ) = L/pZ # 0,
as any homomorphism Z, — Z/pZ factors through Z,/pZ,. Therefore, cd, (Z,) = 1.

Lemma 2.4.7 Let G be a profinite group, A a discrete G-module and p a prime number. If H is
a closed subgroup of G of index prime to p, then the restriction map is injective on the p-primary

component:

HI(G, A){p) S Hi(H, A)

for alli > 0.

Proof. By definition of index, can reduce to the case where (G : H) is finite via Corollary 2.3.3.
Then, the claim follows from the formula CoroRes = -(G : H) of Theorem 1.3.10. O

Lemma 2.4.8 Let G be a pro-p group of finite cohomological dimension n. Then, if A is a
non-zero finite p-primary G-module, we have

H™(G, A) # 0.

Proof. Let A’ C A be a proper maximal sub-G-module of A. Then, A/ 4’ is a non-zero finite
p-primary module, so by Lemma 2.4.4 the order of (4/4/)¢ is divisible by p, and in particular
Z/pZ C AJA’, which implies A’ C 7~ 1(Z/pZ) C A. By maximality of A’, we obtain A/A’" =
Z/pZ, and the exact sequence

0—-A"—-A—Z/pZ—0

induces a long exact sequence in cohomology which concludes the proof:
H"(G, A) = H"(G, Z/pZ) — 0 = H" (G, A).
O
Proposition 2.4.9 Let G be a profinite group. Then, for any closed subgroup H of G we have
cd, (H) <cdp (G).

Furthermore, we have equality in the following cases:
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e ifpt(G: H);
e if H is open and cd, (G) < co.

Proof. The inequality follows from Shapiro’s Lemma (1.3.4), which reduces the cohomology of
any p-primary H-module A to that of the p-primary G-module CoIndg A.

If p does not divide (G : H), then we can use Lemma 2.4.7 to reduce the cohomology of any
p-primary G-module to its cohomology as an H-module, which implies the equality.

If H is open, we can reduce to the case of a pro-p-group: take a p-Sylow H, of H and a
p-Sylow G, of G containing H,; then, H,, is open in G, because G, N H = H,,. Now assume G
is a pro-p-group, and set n := cd, (G). Applying Shapiro’s Lemma, we get

H"(H, Z/pZ) ~ H"(G, Colnd$, (Z/pZ)) # 0

by Lemma 2.4.8 as CoInd$ (Z/pZ)) is finite of order p(%H), so cd, (H) > n by Theorem 2.4.5
and we are done. O

Corollary 2.4.10 If G, is a p-Sylow of G, then
cdp (G) = cdp (Gp) = cd (Gp).

~

Example 2.4.11 By the above corollary and Example 2.4.6, we get cd,, (Z) = cd,, (Z,) = 1 for

~

any prime p, which implies cd (Z) = 1.

Proposition 2.4.12 Let G be a profinite group, and H <G a normal and closed subgroup. Then,
for any prime number p
cdy, (G) <cd, (H) +cd, (G/H).

Proof. Let m := cd, (H) and n := cd, (G/H), and assume that m,n < oco. The claim then
follows from the Hochschild-Serre spectral sequence: if A is a p-primary discrete G-module, we
want to show that the cohomology of G with coefficients in A vanishes in degree greater than
cd, (H) + cdp (G/H). The spectral sequence reads

Ey’ = H'(G/H, H'(H, A)) = H"™(G, A),

and E7 vanishes for i > c¢d, (G/H) or j > cd, (H) by assumption. Thus, if i 4 j is greater than
ed, (H) + cd,, (G/H), we have H'™ (G, A) = 0 as it admits a filtration by successive quotients
of subquotients of the terms on the left hand side. O

2.5 Galois Cohomology

In this chapter, we denote by K the separable closure of a field K, and by I'x the absolute
Galois group Gal (K/K). If M is a discrete I'x-module and L/K is a Galois extension, fixing

an inclusion K <» L which extends K < L produces a continuous homomorphism
p: 'y = I'y
and by functoriality a homomorphism
©* H'(Tx, M) — H(I'r,, M).

If we change the inclusion ¢, this changes ¢ by an inner automorphism of I'x, which by Proposition
1.3.6 induces the identity in cohomology, and therefore ¢* is independent of the choice of . This
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shows that different separable closures of K yield canonically isomorphic cohomology groups.
For this reason, we are led to adopt the following notation:

HY (K, M) := H'Tg, M).
The additive group is cohomologically trivial:

Proposition 2.5.1 Let L/K be a finite Galois extension of fields with group G = Gal (L/K).
Then, .
H'(G,L)=0

and '
H'(K,K)=0

for alli > 0.

Proof. By the Normal Basis Theorem, we know that L is isomorphic to K[G] ~ K ®; Z[G] as
a G-module, and since G is finite we can use the isomorphism (1.1) to conclude that L is the
induced module I (K), which is cohomologically trivial by Corollary 1.3.5.

The second claim then follows by Corollary 2.3.3:

H'(K, K) =lim H'(Gal (L/K), L) = 0.
L/K
fin. Galois

O

Proposition 2.5.2 (Artin-Schreier) Let K be a field of characteristic p > 0, and consider the
map ®(x) := 2P — x from K to itself. Then,

H\(K, /97) ~ K Jo(K)
and H'(K, Z/pZ) = 0 fori > 1.

Proof. Note that ® is additive because we are in characteristic p, and it is surjective because K
is separably closed and the polynomial X? — X — a is separable for any a € K. The kernel of ®
is the prime subfield of K, which is isomorphic to Z/pZ as a T x-module. The result then follows
from the short exact sequence of I'g-modules

0-7Z/pZ - K 3K —0,
from which we get a long exact sequence in cohomology

0—Z/pZ — K 2 K »HY(K, Z/pZ) — 0 = H'(K, K)
—0— H*(K, Z/pZ) =0 — ...
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Hilbert 90
We now consider the multiplicative group of a field as a discrete module with the Galois action:

Theorem 2.5.3 (Hilbert 90) Let L be a finite Galois extension of K with Galois group G. Then,
HY G, L*) =0 and H'(K, K ") = 0.

Proof. The second claim follows from the first, as by Corollary 2.3.3
HY(K, K) = lim H'(Gal (L/K), L*)

where the limit is taken over all finite Galois extensions L/K.
Now let (s +— as) € Z1(G, LX) be a cocycle. The cocycle condition translates to

ast = as - s(a;) <= s(as) = a; ‘as.

By Dedekind’s Theorem on independence of characters, there is some ¢ € L™ such that

b::Zat-t(c) eL”

teG

is non-zero. Then, for any s € G the computation

s(0) =) slar) - (st)(€) = ) aitas - (st)(e) = a;'b

teG teG

shows that (s — a,) is a coboundary: as = s(b™")/p-1. O

Kummer Theory

Let K be a field which contains a primitive n-th root of unity. Then, Kummer theory classifies
the abelian extensions of K whose exponent divides n: it states that any such an extension is
obtained by adjoining n-roots, that is roots of polynomials of the form X™ — a for some a € K*.
For instance, if @ has order m in K* modulo the n-th powers K*", then K({/a) is a cyclic
extension of degree m.

We can reinterpret this result using group cohomology:

Proposition 2.5.4 Let K be a field and assume that n is invertible in K. If py 1s the group of
all n-th roots of unity in K, then we have an isomorphism

HY(E, pn) = K7 [Foxn.
Proof. As the map z +— z™ is surjective on fx, we have a short exact sequence
1o, =K B3K 1
which gives rise to a long exact sequence in cohomology:
0= pn(K) = KX 3 K* - HY(K, p1,) = 0

Here p,(K) is the group of n-th roots of unity contained in K, and the last term vanishes by
Hilbert 90. By exactness, we conclude that H' (K, u,) ~ K* /g xn. O
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Remark 2.5.5 When K contains a primitive n-th root of unity, the action of I'c on p,, is trivial,
so we can identify H'(K, u,) with

HY(K, Z/nZ) = Hom.(T'k, Z/nZ).
For any such homomorphism T' Ny /nZ, the kernel of f is a closed normal subgroup, to which
we can associate (by Galois theory) an abelian extension L of K:
Gal (L/K) ~ FK/kerf — Z/nZ

We thus recover the Kummer correspondence for cyclic extensions of degree diving n.

Brauer Group of a Field
Definition 2.5.6 Let K be a field. The Brauer group of K is
Br(K):= H*(K, K").

Given an extension L/K, by functoriality we have a map Br (K) — Br (L), which is well-defined
by the the discussion at the beginning of the chapter.

Remark 2.5.7 The Brauer group of a field K can also be described as the group of equivalence
classes of finite-dimensional central simple algebras over K. This is a very rich theory which
allows one to do explicit computations, as we will see in the next chapter. However some of the
properties of the Brauer group are more easily derived via the cohomological approach (such as
the fact that it is a torsion group). For the equivalence between the two definitions, see [GS06]
§4.4.

Proposition 2.5.8 Let n be a positive integer which is invertible in K. Then, the n-torsion of
the Brauer group is the cohomology of the group p, of n-th roots of unity:

Br(K)[n] = H*(K, ).
If moreover K contains (i, then the action of ' on py, is trivial, and we deduce
Br (K)[n] ~ H*(K, Z/nZ)
by choosing a generator of .
Proof. This follows from the Kummer exact sequence
1o =K BK" 51,
by inspecting the long exact sequence in cohomology and using Hilbert 90:

HY K, K*)=0— H*(K, j,) — Br(K) - Br (K) — 0.

Example 2.5.9
(a) Let K be a separably closed field. Then, I'x = 0 and thus Br (K) = 0.

e Brauer group of a finite fie is trivial, because Gal (F, = 7 has cohomo ogica
b) The B f a finite field I, is trivial, b Gal(Fq/Fy) =Zh homol 1
dimension 1 by Example 2.4.11.

(c¢) Using the cohomology of cyclic groups, we can compute the Brauer group of R:
Br(R) = H?(Gal (C/R), C*) ¥ R* /R_, ~ Z,/2Z,

where we used the fact that the norm map N(z) = 2% has image R.
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Cohomological Dimension of a Field

Definition 2.5.10 Let K be a field with absolute Galois group 'k and fix a prime number p. If
the characteristic of K is different from p or K is perfect of char K = p, then the cohomological

dimension of K is
cd (K) :=cd (Tk).

The above restriction on the characteristic of K is justified by the following fact:
Proposition 2.5.11 If K is a field of positive characteristic p, then cd, (K) < 1.

Proof. Consider a p-Sylow subgroup G, of I'x. Then, G, is of the form Auty (K) for some
intermediate extension K C L C K. By Corollary 2.4.10, c¢d (K) = ¢d (G}), and thanks to the
criterion 2.4.5 it’s enough to show

H*(L, Z/pZ) = 0,

which follows from Artin-Schreier (2.5.2) as L is a field of characteristic p. O

Proposition 2.5.12 Let K be a field and p a prime different from the characteristic of K.
Then, the following are equivalent:

(a) cdp (K) <1,
(b) Br(L)[p] =0 for any algebraic separable extension L/K.
(¢) Br(L)[p] =0 for any finite separable extension LK.

Proof. Suppose (a), and let L be a separable algebraic extension of K. By Galois theory, L
corresponds to a closed subgroup H of ', and by Proposition 2.4.9 we have

cdy (L) <cedp (K) < 1.

Therefore, by Proposition 2.5.8 we get Br (L)[p| = H*(L, u,) = 0. The implication (b)=-(c) is
immediate.

Finally, if (c) holds, consider a p-Sylow G, of I'x and set K, := e Then, the p-th roots
of unity of K are contained in K,: indeed, the degree [K,(u,) : K,] is a power of p by Galois
correspondence, but it must divide p — 1; therefore, H*(K, Z/pZ) = H*(K,, u,). Now, given a
finite separable extension K C E C K, which contains p,, by hypothesis we have Br (E)[p] = 0.
Since we can write K, as the union of such extensions, we deduce

()Gal(K/E) =Tk,
E fin. sep. over K
upCECK)

and by Example 2.3.6 we can compute

H*(Ky, Z/pL) = H*(Ky, 1) = lig H*(E, pp) = lim Br (E)[p] = 0.
E E

Using the criterion 2.4.5 and Corollary 2.4.10, we conclude that cd, (K) = cd, (K,) < 1. O



CHAPTER 3

Local Fields

In this chapter we are going to recall some notions of algebraic number theory over local fields,
that is fields which are complete with respect to a discrete valuation with finite residue field.
These fields turn out to be isomorphic to a finite extension of either the p-adic numbers Q, or
the Laurent series x((t)) over a finite field «.

We will see how to describe the structure of local fields by looking at certain filtrations of
their units, how the extensions of their residue field is related to unramped extensions of the field
itself, and compute their Brauer group. The exposition of these topics will mainly follow [Ser79].

3.1 Complete Discretely Valued Fields

Let A be a discrete valuation ring (or DVR), that is a local principal ideal domain of Krull
dimension 1. If m is its maximal ideal we denote by k its residue field; a generator 7 of m is said
to be a uniformizer of A. Since A is local, the group of invertible elements A* is just A\ m.

It follows that every non-zero element x of A can be written uniquely as

r=u-7m" (3.1)
for some u € A* and n € N; by setting v(z) := n and v(0) := co we get a valuation on A, that
is a map v : K := Frac (A) — Z U {oco} which satisfies

e v(z) = oo if and only if x = 0,
o v(zy) = v(@) + v(y),
e v(z+y) > min{v(z),v(y)}.

(to extend the valuation to the field of fractions K of A we just set v(x/y) = v(x) — v(y)).

In this situation, A is said to be the ring of integers of K, that is the subring of K consisting
of elements with non-negative valuation. Note that A* consists of the elements of A whose
valuation is zero.

Remark 3.1.1 If K has positive characteristic p, then the residue field x has to be a finite field
of characteristic p. In the same way, if x has characteristic 0 then the characteristic of K is
necessarily 0. These are the equal characteristic cases; however, there are important examples
where char K = 0 but char x = p (the mized characteristic case):

Example 3.1.2 (Discrete Valuation Rings)

30
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e If p is a prime number, then the localization Z,) of Z at the ideal (p) is a discrete valuation
ring, with maximal ideal (p), fraction field Q and residue field Z/pZ. The valuation is
induced by the p-adic valuation on Z, which assigns to a non-zero integer = the largest
integer n such that p™ divides .

e The ring of p-adic integers Z, := @1” Z/p"Z is a discrete valuation ring with maximal
ideal (p) and residue field Z/pZ. It is the completion of Z,, with respect to its maximal
ideal, and its units are the elements v = (u,) with u; # 0. The valuation of a non-zero
element x = (z,,) is 0 if x € Z;, and the largest n such that z,, = 0 otherwise. Its fraction
field Q, is called the field of p-adic numbers.

e The ring of formal power series k[[t] with coefficients in a field k is a discrete valuation
ring, with the valuation of a non-zero power series ) ., a,t" being the smallest n such
that a, # 0. Its residue field is k = k[[t]]/(t), and its fraction field is the field of Laurent
series k((t)).

Let a be a real number between 0 and 1. Given a discrete valuation ring A, the valuation v
on its fraction field K defines an ultrametric absolute value on K by setting |z| = a*(®) for
x € K (and |0] = 0). This absolute value satisfies the following properties, and makes K into a
totally disconnected metric space with the distance d(z,y) = |z — y|:

o |z|=0 << z=0,

o Loyl = ol - Iyl

o lo+y| < max{jal, [y]}.

We can now talk about local fields:

Definition 3.1.3 A local field is a field K which is complete with respect to a discrete valuation
and has a finite residue field.

The following proposition (Prop. 1 of [Ser79], Ch. II) motivates this definition:

Proposition 3.1.4 A discretely valued field K is locally compact with respect to the topology
induced by the above distance if and only if it is complete and its residue field is finite. In this
case, its ring of integers A is compact, and therefore (A, +) is a profinite abelian group by 2.1.2.

Example 3.1.5

o If k is a field, then x((t)) is complete, and it’s locally compact if and only if & is a finite
field.

e The fraction field Q of Z(,) from Example 3.1.2 is not complete with respect to the p-adic
valuation: its completion is the local field Q,.

Extensions

Let now K be a field complete with respect to a discrete valuation v, A its ring of integers and
k = A/m its residue field. Given a finite extension L of K, the integral closure B of A in L is a
discrete valuation ring and free A-module of rank [L : K], whose induced topology on L makes it
complete. Moreover, there exists a unique discrete valuation w on L inducing the same topology
of v on K.

If n is the maximal ideal of B, then mB = n°¢ for some e > 0, called the ramification index
of the extension. The degree of the field extension f := [B/n : k| is the residual degree of the
extension, and we have the following relations:
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e [L:K]=e-f
o w(z)=e-v(z)foral z € K.

Definition 3.1.6 With the above notation, the extension L/K is said to be unramified if e = 1
and B/n is separable over k (for instance when & is perfect), and totally ramified if f = 1.

Example 3.1.7

e Let k be a field. Then, the finite unramified extensions of x((t)) are of the form x'((¢)) for
k' a finite separable extension of .

e The fields x((t'/™)) for some n > 0 give examples of totally ramified extensions of ((t))

Galois Theory

After discussing extensions, we present the Galois theory of a complete discretely valued field,
under the additional assumption that its residue field is perfect. The main result is summarized
by the following Theorem (Thm. 2 of [Ser79], Ch. III):

Theorem 3.1.8 Let K be a field complete for a discrete valuation with perfect residue field k,
and fiz a separable closure K of K. Then,

e for any finite extension k' of k, there exists a unique (up to isomorphism) finite unramified
extension L C K of K with residue field k', which is Galois if and only if k/k' is.

e Let ® be an algebraic closure of x, and define K,, C K to be the inductive limit of the
unramified extensions of K which correspond to finite subextensions of B. Then, K, is a
Galois extension of K with Galois group Gal (K,,/K) ~ Gal (F/k).

The field K, is called the mazimal unramified extension of K. If K is a separable closure of
K, the subgroup o o
I:=Gal(K/Ky) < Gal (K/K)

is called the inertia group I of K.

Example 3.1.9 If K is a local field with residue field k = F,, then for any integer n > 0, there
is a unique extension of x of degree n, which is cyclic with Galois group Z/nZ (namely Fgn). It
follows that R

Gal (K /K) ~ Gal (F/k) ~ Z.
In particular, there is an automorphism of K, which corresponds to the Frobenius automorphism

z — 27 of K.

3.2 Structure of Local Fields

The following theorem gives a classification of local fields based on their characteristic (see Thm.
2 and 4 of [Ser79], Ch. II):

Theorem 3.2.1 Let K be a field complete with respect to a discrete valuation with finite residue
field k of characteristic p > 0. Then,

e if K has characteristic 0, it is isomorphic to a finite extension of Q, (which we call a
p-adic field),
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e if K has characteristic p, it is isomorphic to the field of Laurent series k((t)).

Now, let K be a complete discretely valued field with ring of integers Ok and residue field x;
we are interested in the structure of multiplicative group K *. However, it’s enough to determine
the structure of the group of units Ux := O, since after fixing an uniformizer (3.1) yields an
isomorphism K* ~ 7Z x Uk, or equivalently a splitting for the the following exact sequence:

v,

1=2Uxk K" —>7Z—0. (3.2)

Note that Ok has a basis of closed neighborhoods of 0 given by the subgroups m”™ for n € N,
where m is the maximal ideal of Ok. Analogously, the group of units Ux := Oj; has a basis of
closed neighborhoods of 1 given by the subgroups

Uj :=1+m,

as they define a filtration Ux = Uy D U, D U D ... of Uk with N; U = {1}. Furthermore,
since Uk is closed in K* and thus complete, we have Ux = I'&Hj UK/U};.

Now, the reduction map Ux — k> induces a short exact sequence
1= Up — Uk = 55 =1, (3.3)
so that Uy /U} is isomorphic to the multiplicative group ~ xk*. Analogously, the surjective map
Ug — K
1+ur™ =7
induces a short exact sequence
1= U - U — k=0,

which shows that the successive quotients Up:/ U}?l are isomorphic to the additive group k.

Suppose now that K is a local field with residue field x of characteristic p > 0. Then, the
subgroups (m™) and (U%,) are open in Ok and Uk respectively; in particular, Uk is a profinite
group, and the group of principal units U = @jz L Uk/ Uy, is thus a pro-p group. Moreover,
the exact sequence 3.3 splits thanks to (a version of) Hensel’s lemma:

Proposition 3.2.2 Let K be a field complete for a discrete valuation, with A its ring of integers
and residue field k. Given a polynomial f € Alz], any simple root of its reduction f € k[x] lifts
uniquely to a root of f.

Indeed, as xk* is cyclic of order m prime to p, by Hensel’s lemma the polynomial ™ = 1 has
m distinct roots in Uk, which gives the desired section; we get an isomorphism

Uk ~Ug x K*. (3.4)
In the case of a p-adic field, we can finally explicit the structure of K*:
Theorem 3.2.3 If K is a p-adic field with [K : Q) = n and ramification index e over Q,, then
Uy C KP

_€

for allm > 51 Moreover, we have the following decomposition of the group of principal units:

Uk:ZZxF,
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where F is a finite cyclic group of order a power of p. By (3.2) and (3.4), this determines the
structure of K> :

KXEZXUK

QZXZZXFXIQX.

We omit the proof, which is a direct consequence of [Ser79], Ch. XIV, Prop. 9 and 10.
Using this result, we can show that the n-th powers in K* are open:

Corollary 3.2.4 Let K be a p-adic field. Then, for any n > 0 the subgroup K*" < K* of n-th
POWeETs 1S Open.

Proof. If n is not divisible by p, then we can use Hensel’s lemma to show that K *™ contains the
principal units U}, which are open in K*: for any a € Uy, the polynomial 2 — a reduces to
2™ — 1 in k[z]. Since 1 is a root of the latter and n is invertible in &, we can lift it to a root of
" —ain K*.

As for the case n = p*

, since U is open in K* for any m, it’s enough to show that (U}?)pk
pil
is an isomorphism of U} onto U}(”Jrke, which concludes. O

is open in Up}. Then, using Prop. 9 of loc. cit. again we find that for m > the map x — 2P

Remark 3.2.5 If K is a local field of characteristic p > 0, then K*P cannot be not open in K*,
otherwise it would contain U} for m large enough and then 2P = 7" +1 would give (z—1)? = 7™,
which yields a contradiction whenever (m,p) = 1. However, if n is prime to p then K*" is still
open in K* by Hensel’s lemma, as in the previous corollary.

3.3 The Brauer Group of a Local Field

We now explain how to compute the Brauer group of a local field, following §6.3 of [GS06]. Recall
from Remark 2.5.7 the interpretation of the Brauer group as equivalence classes of central simple
algebras, which is crucial in the following. We first reduce to the relative Brauer group of the
maximal unramified extension K, of K, for which we only need x to be perfect:

Proposition 3.3.1 Let K be a complete discretely valued field with perfect residue field k, and
K, its maximal unramified extension with Galois group G = Gal (K,,,,/K). Then, the inflation
map

H*(G, KX) — H*(K,K") = Br(K)

is an isomorphism.

Proof. (Sketch) Since G is the quotient of the absolute Galois group I'x of K by the inertia
group Gal (K/K,,), the Hochschild-Serre spectral sequence yields the inflation-restriction exact
sequence

0— H(G, KX) —» H} (K, K") = H*(Kp, 7).

It’s enough to show that the last term is trivial, but H?(K,,, FX) = Br(K,,) is zero by
Corollary 2.9.4 of [GS06], which shows the existence of an unramified splitting field for any
central simple algebra over K, using the reduced norm to extend the valuation of K to a central
division algebra D equivalent to A, and showing that D has a maximal (and thus splitting)
unramified subfield. O
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As the valuation of K extends uniquely to a valuation on K, we have a exact sequence of
G-modules which splits as in (3.2):

12U —> KX —7Z—1,

with Uy, the group of units of K,,. This induces a split exact sequence in cohomology, which in
degree 2 reads
1 — H*G, Uy) = H*(G, K) — H*(G,Z) — 1. (3.5)
Let’s compute each term: using the long exact sequence in cohomology associated with the
short exact sequence
0-Z2—-Q—->Q/Z—0

and by Corollary 1.3.12, we have an isomorphism of H?(G, Z) with H'(G, Q/Z), which are
just the continuous homomorphisms from G to Q/Z. Recall from Example 3.1.9 of the previous

section that G = Gal (§/k) ~ Z, and so
H?(G, Z) = Hom (Z,Q/Z) ~ Q/Z.

Morever, using the profinite structure of the group of principal units U}, one shows (as in
Proposition 6.3.1 of [GS06]) that H?(G, Uy,) is isomorphic to the Brauer group of the residue
field Br (k) = H?(k, BX).

Finally, the content of the previous proposition is that the middle term is isomorphic to
Br (K), so that (3.5) becomes

1—Br(k) = Br(K) - Q/Z — 1.
The first term is trivial by Example 2.5.9 (b), and we get a canonical isomorphism
Br(K) ~Q/Z. (3.6)
We also need the following compatibility of the Brauer group isomorphism:

Proposition 3.3.2 Let K be a local field and L/K a finite separable extension. Then, the
restriction map

Res : Br (K) — Br (L)

corresponds to multiplication by [L : K| on Q/Z, and the corestriction map
Cor : Br (L) — Br (K)
corresponds to the identity of Q/7Z.

Proof. (Sketch)

The second statament follows from the first, thanks the formula Cor o Res = [L : K] (Theorem
1.3.10).

The first statement can be shown by considering an unramified extension of K contained in
L, as the procyclic structure absolute Galois group of its residue field makes the computation of
the corestriction straightforward (see Proposition 6.3.7 of [GS06]). O

Corollary 3.3.3 In the situation of the previous proposition, if n = [L : K] then an element
a € Br(K) has trivial image in Br (L) if and only if n-a = 0.
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3.4 Cohomological Dimension

We now use these results to compute the cohomological dimension of I'k:

Proposition 3.4.1 Let K be a local field, and L an algebraic separable extension of K. If
1°° | [L : K] for some prime l, then c¢d; (T) <1 and Br (L){l} = 0.

Proof. If | = char K, then we have seen that c¢d; (I',) < 1 automatically (Proposition 2.5.11).
Otherwise, by Proposition 2.5.12 it’s enough to show that Br (L){l} = 0 (we should check it for
any algebraic separable extension of L, but the degree of any such extension is again divisible by
). Now, as in Example 2.3.6 we can write the Brauer group of L as the inductive limit of the
Brauer groups of its finite subextensions

where the transition maps are given by restriction. Given such an intermediate field £ and an
element o € F killed by I™ for some m > 0, we can find a finite extension F' of E such that
I™ | [F : E] (since I°° | [L : E]). In other words, « is killed by the degree of F over E, so by
Corollary 3.3.3 it has trivial image in Br (F'), and a fortiori in Br (L).

O

Corollary 3.4.2 The cohomological dimension of the inertia group I := Gal (K/K,,) of K is
at most 1.

Proof. We just apply the previous proposition to the maximal unramified extension K, of K:
as Gal (Ky,/K) ~ Z, we have that [*° | [Ky, : K] for any prime . O

Theorem 3.4.3 If [ is a prime different from the characteristic of K, then the cohomological
I-dimension of K equals 2. In particular, cd (K) = 2.

Proof. This is a consequence of the inequality 2.4.12: we have

cd; (K) < cd; (I) + cd; (FK/]) <2

as c¢d; (I) < 1 by the previous corollary, and cd; (' /I) = 1 by Example 2.4.11 because ' /I is
the absolute Galois group of the residue field k.

Moreover, if [ # char K, then Proposition 2.5.8 implies H?(K, ;) = Br (K)[l], which is non-
trivial by (3.6). Therefore, cd; (K) = 2 by the usual criterion for cohomological dimension. [

3.5 Cohomological Finiteness

We now specialize to the case of a p-adic field K, by first showing that the cohomology groups
of u, are all finite:

Theorem 3.5.1 Let K be a p-adic field and n a positive integer. Then,
o HY (K, p,) ~ K*/K*n is a finite group,
e H?(K, u,) ~7Z/nZ, and
o HY(K, ) ~0 fori> 3.

In particular, H' (K, u,) is finite for all i (for i =0 it’s just the invariants of i, ).
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Proof. The first isomorphism follows from Kummer Theory (Proposition 2.5.4). We can show
that K™ /g =n is finite using the structure theorem for local fields 3.2.3:

K*JK*" ~ Z/nZ x xZ0) inzF0) x F/E™ x £ [ jxn
~ Z/nZ x ZInZ x F/F" x X [gxn.

Since both k* and F' are finite groups, we are done.
For second isomorphism, H?(K, j,) is equal to the n-torsion of Br (K) by Proposition 2.5.8,
which is isomorphic to Q/Z, so that

H*(K, ) = Br (K)[n] ~ +Z/7, = 7./nZ.

Finally, we have shown in the previous section that the absolute Galois group of a p-adic field
has cohomological dimension 2, and since p, is torsion we are done. O

Remark 3.5.2 If K is a local field of characteristic p > 0, the groups H'(K, Z/pZ) = K/®(K)
and K*/K*P are both infinite. However, for all n prime to p the group H'(K, u,) is finite,
asthe n-th powers are open in K* ~ Z x Uk by Remark 3.2.5 and Uk is profinite. For such
n, we can apply proposition 2.5.8 and thus Theorem 3.5.1 continues to hold; analogously, the
following corollary also holds in positive characteristic if the order of M is prime to p:

Corollary 3.5.3 If K is a p-adic field and M is a finite Ui -module, then H'(K, M) is finite
for all 1.

Proof. Let M = {m,...,my,}. Then, the union of the stabilizers of the m, is an open subgroup
U of I'x which acts trivially on M, as does its core V = ﬂseFK/U s71Us. By Galois theory,
V' corresponds to a finite extension L', so that the absolute Galois group of L = L'(u,) acts
trivially on both M and pu,. By the structure theorem for finite abelian groups, M is isomorphic
(as a T',-module) to the direct sum of finitely many py, with & | n.

However, by the previous theorem H®(L, py) is finite for all i, so H*(L, M) is finite as well
by additivity. Now, using the Hochschild-Serre spectral sequence (1.4.2):

EP = H?(Gal(L/K), HY(L, M)) = HPTY(K, M)

we see that H*(K, M) is finite, as it has a finite filtration whose successive quotients are subquo-
tients of the finite groups EY? (which are finite as cohomology groups of a finite module, since
Gal(L/K) is finite). O



CHAPTER 4

Local Duality

In this chapter we are going to define a product on cohomology, the cup product, and work
through its properties and compatibility with various pairings.

Using the cup product and the previous results on the structure of local fields, we’ll prove
Tate’s local duality theorem for finite modules over the absolute Galois group I' of a p-adic field,
for which we’ll need to show the existence of a dualizing module for G, which represents the
Pontryagin dual of a specific cohomology functor.

We will then apply all of this machinery by computing the abelianization of the absolute
Galois group of a p-adic field, which describes the finite abelian extensions of K.

4.1 Cup Product

Let G be a profinite group. Given two G-modules A and B, we consider their tensor product
A ® B (over Z) with the natural G-module structure

g-(a®b)=g-a®g-b,
which extends to a bi-additive map on homogeneous cochains
K*(G, A) x K%(G, B) — K""(G, A® B)
(a,b) — aUb,

by setting
(@aUb)(go,---Gptrq) = algo,---,9p) @b(gp, -, Gptq)-

This extends to a map on cohomology groups:
Theorem 4.1.1 The cup product induces a bi-additive map
U: HP(G, A) x H1(G, B) — HP*1(G, A® B)
(o, B) — a U B.

Proof. We only need to prove that the cup product is well-defined, i.e. that it sends pairs of
cocycles of ZP(G, A) x Z4(G, B) in cocycles of ZPT4(G, A ® B), and that changing one of such
representatives by a coboundary doesn’t change the cohomology class of the image. It’s enough
to prove the following formula:

d(aUb) =daUb+ (—1)Pa U db, (4.1)

38
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whose computation follows readily from the definition of the coboundary morphisms, by can-
celling out terms with opposite signs in the right hand side. O

Remark 4.1.2 Note that for p = 0, the cup product with a fixed element a € H°(G, A) = A% is
a map
HY(G, B) - HY(G, A® B)
induced by
B— A®B
b—a®b,

as is readily checked on cocycles.
In the case p = ¢ = 0, we get that the cup product on invariants is just the tensor product

A% ®BY - (A® B)°.
Definition 4.1.3 A pairing of G-modules is a bi-additive map ¢ : A x B — C which is G-
equivariant, i.e. such that

p(g-a,g-b)=g-p(a,b)
forallae€ A, be B, and g € G.

Since any such pairing induces a map @ : A® B — C, we can use the cup product to define a
pairing on cohomology, which we will denote by the same symbol by a slight abuse of notation:

HP?(G, A) x H1(G, B) = HPH(G, O)
\ /a*'
HPH(G, A® B)

In order to prove the duality theorem, we will need the following compatibility of the cup
product with exact sequences:

Proposition 4.1.4 Suppose we have exact sequences of G-modules
0—A—B—C—0, 0—A —B —C' —0
and a pairing ¢ : B x B’ — D that sends A x A’ to 0, so that it induces pairings
o AxC =D
and
o' A xC— D.
Then, the cup products associated with @', @ are compatible (up to sign) with the coboundaries
of the long exact sequences in cohomology:

YUy + (=1)P(yudy) =0
for ally € HP(G, C) and v € HI7YG, C").
Proof. We need explicit the connecting homomorphisms: lift v and v’ to cocycles ¢ and ¢/, and
lift those respectively to b € KP(B) and b’ € K971(B’). Their images db and db’ then come from

some a € KPT1(A) and o’ € K9(A’) respectively, which are representatives for v and §+'.
Now, by (4.1) the coboundary d(bU¥’) is equal to

dbUb + (=1)PbUdb =aUd + (-1)Pcud,

which is thus zero in cohomology. O
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4.2 Dualizing Modules

In this section we introduce the dualizing module, a type of object which is central in the study
of any duality. While it can be defined explicitly (as done in e.g. [NSWO00]), we are going to
prove its existence by homological methods and only compute it for the absolute Galois group
of a p-adic field, which suffices to prove the duality theorem. We start by introducing the type
of duality we are interested in:

Pontryagin Duality
If A is an abelian group, we define the Pontryagin dual of A as

A* :=Hom.(A,Q/Z).
If A is torsion, A* = Hom(A, Q/Z) is profinite with the compact-open topology.

Remark 4.2.1 The functor A — A* induces an equivalence of categories

{Torsion abelian groups}°? = {Profinite abelian groups, }

as a special case of Pontryagin duality for locally compact abelian groups. For a finite
abelian group A, the structure theorem yields a (non-canonical) isomorphism A = A*, and by
cardinality considerations we have the canonical isomorphism

A= A
b (f = f(b)).
Generalizing to torsion abelian groups, we can write such an A as the inductive limit of its
finite subgroups A; to get
A" = Hom(lim A;, Q/Z) = lim A7,
i i

which is a profinite group. Viceversa, if G is an abelian profinite group, we can write it as
the projective limit of its finite quotients G;, and then

G* = Homc(@lGi,(@/Z) = hgle

is a torsion group. Omne checks that this actually induces an equivalence of categories, for
which we refer to [RZ10], §2.9.

Existence

Now, given a profinite group G of finite cohomological dimension cd (G) = n, denote by Modé
the category of finite discrete G-modules. Then, by the previous remark we have a contravariant
left-exact functor

Mod{ — Ab (4.2)
A~ H"(G, A)*: (4.3)
indeed, * is an exact functor because it induces an equivalence, and using the long exact sequence

we see that the n-th cohomology functor is right-exact, so their composition is left-exact by
contravariance of *.
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The dualizing module is defined through the following theorem, which gives sufficient condi-
tions to the representability of this functor:

Theorem 4.2.2 Let G be a profinite group of finite cohomological dimension cd (G) = n such
that H™(G, A) is finite for all A € Mod{.

Then, the functor (4.2) on Modé 1s representable by an object of the category ligll\/lodé of
torsion modules: there exists a discrete torsion G-module I together with a natural isomorphism

Homg (—,I) ~ H*(G, —)* (4.4)
of functors I\/Iodéc — Ab.
Definition 4.2.3 In the situation of Theorem 4.2.2, I is called the dualizing module of G.
The proof uses a lemma from homological algebra, for which we give a basic definition:
Definition 4.2.4 A category C is Noetherian if:
e it is essentially small (i.e. it’s equivalent to a category whose objects form a set), and
e every object C of C is Noetherian (i.e. every ascending chain of subobjects of C' stabilizes).

Lemma 4.2.5 Let C be a Noetherian Abelian category, and F : C — Ab a contravariant left-exact
functor. Then, F is Ind-representable: there exists a filtered inductive system (I;) of objects in
C such that F is naturally isomorphic to the functor

A ligHom(A,Ij).
J

We first show how this implies the existence of the dualizing module:

Proof of Theorem 4.2.2. We apply Lemma 4.2.5 to the functor H"(G, —)*, which we have al-
ready shown to be left-exact; the category l\/Iod'é is Noetherian as it is small and its objects are
finite. Thus, we obtain an inductive system (I;) and a natural isomorphism

Hn(Ga 7)* = @Hom(—, Ij)
J
Now, set I := hﬂj I;. This is a discrete torsion G-module, and since A is finite we conclude:
Homg (A, I) ~ ligHom(A, I;)
J

= H™(G, A)".
O

Remark 4.2.6 We can generalize Theorem 4.2.2 to discrete torsion G-modules, just by writing
such an A as the inductive limit of its finite submodules A = hg B:

BCA
B finite

H™"(G, A)* = ]'ng”(G, B)*
~ @Homg(B,I)
= Homg (A4, I).
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Remark 4.2.7 If we only consider profinite groups of finite p-cohomological dimension n, the
analogue of Theorem 4.2.2 holds with the same proof, provided we further restrict ourselves to
p-primary torsion modules (as the n-th cohomology functor is right-exact on the corresponding
subcategory)

Let us now embark on the proof of Lemma 4.2.5, which is due to Grothendieck (in the case
of an Artinian category, see [Gro61] §3):

Proof. A pair (A, x), for Ain C and = in F(A), is called minimal if x ¢ F'(B) for each surjection
B — A with a non-trivial kernel. This makes sense as for F' left-exact we can view F(B) as a
subobject of F(A); we shall use this repeatedly in the following.

Given two pairs (4, z) and (B, y), we say that (A4, ) dominates (B, y) if there is a morphism
p: A — B such that F(p)(y) = «.

Using the Noetherian hypothesis, we can show that every pair (A,z) is dominated by a
minimal pair: to construct it, consider the poset ¥ of all subjobects Ay C A such that (A/Ag,y)
dominates (A, z) for some y € F(A/Ap) through the projection morphism p : A — A/Ag. Taking
Ao = 0 and y = z shows that ¥ is non-empty: indeed, p = ida and F(p)(y) = idpa)(y) = z.
Then, by the Noetherian condition ¥ admits a maximal element Ay, and we show that (A/Ag, y)
is a minimal pair: given p’ : B — Ay with ker(p’) # 0, if y is in F/(B) we can consider the pair
(B,y) and the morphism ¢ :=p’ op: A — B. Then, (B,y) dominates (A, x) since

F(q)(y) = F(p)(F(')(y)) = F(p)(v),

but then B = (A/Ap)/ker(p’) is a quotient of A which contradicts the maximality of Ap.
Furthermore, if (A, z) is dominated by a minimal pair (B, y), we claim that there is a unique
morphism p : A — B such that F(p)(y) = x. Indeed, let ¢ : A — B be a morphism with
F(q)(y) = z, then
F(p—q)(y) =0.
Moreover, the surjection A — im(p — ¢) induces an injective morphism F(im(p — q)) < F(A4),
and composing it with the inclusion i : im(p — ¢) < A we get a morphism

FB) "™ Flm(p - q) = F(A)

which sends y to 0, and conclude that x € ker(F'(7)).
Finally, taking C to be the cokernel of (p — ¢) yields an exact sequence

0—im(p—q) > B—C—0 (4.5)
which in turn induces an exact sequence
0— F(C)— F(B) — F(im(p — q)),

which shows that ker(F(i)) = F(C), so « is contained in F(C). However, by minimality of (B, y)
the second map in (4.5) is an isomorphism, which means that p = q.

The set of minimal pairs can be ordered by setting (A, z) < (B, y) if (A, x) dominates (B, y).
This defines an inductive system (I;,z;), as any two minimal pairs (I;,z;) and (Ij,zs) are
dominated by their direct sum (I; @ I, (x, 2)), which is itself dominated by a minimal pair.

We thus get a canonical element x = (x;) of F(I) = @j F(I;), which we use to define a

functorial homomorphism

o ligHom(A, I;) — F(A),
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by sending f := (f;) to F(f)(x). This is well defined because Hom preserves limits, and so

F(f) € lim Hom(F(1;), F(A)) = Hom(F(I), F(A)).

Finally, we show that ¢ is an isomorphism: if (f;) is sent to 0, then for any j the two
morphisms
F(f5),F(0) : F(I;) = F(A)

both send z; to 0. Since (I;,x;) is a minimal a pair which dominates (4, 0), we deduce that f;
must be the zero morphism, and by arbitrariness of j we get injectivity.

For surjectivity, given any y € F(A) we know that (A4,y) is dominated by a minimal pair
(Ij,x;), so there is a unique f; : A — I; satisfying F'(f;)(z;) = y. Then, the limit of the f; is
sent by ¢ to y, and we are done. O

Remark 4.2.8 In light of Remark 4.2.6, for any discrete torsion G-module A we can view the
functorial isomorphism (4.4) as a perfect pairing

(—,=)a: Homg(A,I) x H*(G, A) — Q/Z

between the discrete torsion group H"(G, A) and the profinite group Homg (A, I) endowed with
the compact-open topology. This in particular applies to A = I itself.

For any G-module A, consider the abelian group
A" :=Homg(A,I),
which we make into a G-module by setting
(0 f)a)=a(f(oe™" - a)). (4.6)
This action induces a pairing of G-modules

A xA—>T
(f.a) = f(a),

and thus a cup product
H(G, A') x H"(G, A) - H™(G, I)

which is related to the dual of cohomology by
HY(G, A") = Homg(A,I).
Indeed, the group H°(G, A’) consists of the G-invariants of A’ = Homgz(A, I), and so
H°(G, A") = (Homg(A, I))¢ = Homg (A, I),
where for the last equality note that on Homg (A, I) the action was defined as
(9-Nla)=g-(flg™" - a)).

We will need the following compatibility of the cup product with the duality pairing:
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Lemma 4.2.9 In the situation of the previous definition, the pairing (—, —) o factors through the
cup product and the homomorphism i == (idy, —)r : H*(G, I) = Q/Z, i.e. the following diagram
commutes:

H°(G, A") x H™(G, A) *>H" G, I)

——

Q/Z.
Proof. Any morphism f € Homg (A, I) induces a homomorphism in cohomology
f*: H'(G, A) - H"(G, I),
and by composition on the left a homomorphism
f*: Homg(I,I) — Homg (A, I).

Now, writing out the functorality of the dualizing module gives the following commutative dia-
gram:

Homg(A,I) x H*(G, A)

NA

I £ Q/z
%1
Homg(I,I) x H™(G, I)

As remarked in 4.1.2, here the cup product of f € H%(G, A’) with some o € H"(G, A) is
given by f*(«). Since f* clearly sends id; to f, the above diagram implies that

(fiaya = (idy, f*(a))r =i(fUa).

Corollary 4.2.10 It follows that the pair (1,4) is unique up to unique isomorphism.

Before moving on to the computation of the dualizing module of the absolute Galois group
of a p-adic field, we need a lemma about dualizing modules of open subgroups:

Lemma 4.2.11 Let G be a profinite group of finite cohomological dimensionn such that H™(G, A)
is finite for all A € I\/Iodé. If U C G is an open subgroup and I is the dualizing module of G,
then I (viewed as an U-module) is the dualizing module of U, and the homomorphism

H™(U, A) — H"(G, A)
defined by dualizing the inclusion i : Homg (A, I) — Homy (A, I) is simply the corestriction.

Proof. As U is open and ¢d (G) < oo, Proposition 2.4.9 implies ed (U) = ¢d (G). By uniqueness
of the dualizing module, it’s enough to show that H™ (U, —)* ~ Homy (—, I), and then the first
claim follows from the functorial isomorphisms
H™(U, A)* ~ H"(G, CoInd%(A)) (Shapiro)
~ Homg (CoInd¥(A), I) (I is the dualizing module of G)
~ Homy (4, 1) (by Remark (1.1.7) (b)).
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For the second claim, recall from remark 1.3.9 that the corestriction homomorphism is induced
by the surjective morphism of G-modules

CoIndZ(A) = A
f— > g-flg7h),

geG/U

On the other hand, 7 induces a morphism of modules Homg (A, ) — Home(CoIndY(A), I).
Using the functoriality of the dualizing module and the Shapiro isomorphism Sh (1.3.4), we get
the following commutative diagram:

Homy (A, 1) % Homg(Colnd%(A), I) — H™(G, Colnd%(A))* = H™(G, Colnd%(A)) & H™(U, A)

] | g

Homg(A,I) — H™G, A — 5 5@, 4)

Here, @ is the isomorphism of Remark 1.1.7 (b), which makes the leftmost triangle commute as

7)) = (5o 9 167) =3, 9007 = @0 0)0))

for any ¢ € Homg(A,I) and f € CoInd%(A). O

Computation for p-adic Fields

Finally, we apply the theory of dualizing modules to the absolute Galois group I of a p-adic field
K: by 3.4.3 we know that cd (T') = 2, and by 3.5.3 the groups H2(K, A) are finite for any finite
I'k-module A. Thus, I' has a dualizing module I by Theorem 4.2.2, which we now compute
explicitly.

Proposition 4.2.12 The dualizing module of T is canonically isomorphic to the I'-module of
roots of unity p C K-

Proof. Let I, := I[n] be the kernel of multiplication by n on I, and take an open subgroup
U CT. By Lemma 4.2.11, the dualizing module of U is the same as that of I'.

The computation of the cohomology of p,, (Theorem 3.5.1) shows that H2(U, u,) ~ Z/nZ,
and by Proposition 3.3.2 the corestriction Br (KY) — Br (K) is the identity of Q/Z.

Thus, if U C V are open subgroups of I, the second part of Lemma 4.2.11 yields the following
commutative diagram:

*

Homvy (pin, 1) —— H2(V, pp)* —— Z/nZ

J{ lCor*: id H

Homy (pin, In) —— H2(U, pn)* —— Z/nZ.
This shows that Homy (n, I,) doesn’t depend on U, and by Remark 2.2.2 (b) we get

Homgz(pin, I,) = UHomU(umIn) ~Z/nZ

vcr
U open
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In particular, taking U to be T tells us that I" acts trivially on Homg(pp, I,), or equivalently
that any homomorphism u,, — I,, is I'-equivariant.

Let f, be the canonical generator of Homgy(u,, I,,) associated with 1 € Z/nZ. Then f, is
injective because it has order n, and surjective because otherwise any element outside its image
wouldn’t be reached by any element of (f,,) = Homgy(un, I,), but since I,, has exponent n there
exist homomorphisms p,, — I,, sending a generator of u, to any element of I,,.

By writing u = J,, tn and I =J,, I[n], we get an isomorphism of I'-modules

f::hgfn://f%ja

which is well defined thanks to the functoriality of the dualizing module, and canonical since
the map H?(T, ) — H*(T, u,) induces the canonical injection Z/mZ < Z/nZ if m divides
n. O

4.3 Tate Duality

We now define yet another kind of duality, this time for modules:

Definition 4.3.1 Given a field K, let " be its absolute Galois group and p the group of all the

roots of unity in K. For any finite I' -module M whose torsion is prime to the characteristic of
K, we define the Cartier dual of M as

M’ = Homz(M, K ) = Homz(M, 1),

with the action of ' given by
(0 f)(m) =o(fle™"-m)),
just as we did in (4.6). This yields an obvious pairing
M xM—pu
(f,m) = f(m),

and thus a cup product. Notice that, with the above action, the dual of M’ = Homgy(n, tr) of
M = p,, is isomorphic to Z/nZ as a T'-module.

Theorem 4.3.2 Let K be a p-adic field, and M a finite I'-module. Then, for i =0,1,2 the cup
product induces a perfect pairing of finite groups

HY (K,M)x H*(K,M') = H*(K, ;) ~ Q/Z.

Proof. We have already proved the finiteness of the groups involved in 3.5.3, so we only need to
show that the pairing is perfect. We start from ¢ = 2, where our computation of the dualizing
module pays off: indeed, the content of Lemma 4.2.9 in this situtation consists of the following
commutative diagram

HY(K, M') x H*(K, M) —2— H*(K, )

where
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is the Brauer group isomorphism by the computation 4.2.12 of the dualizing module together
with the uniqueness of the pair (I,4). Since (—,—)s is a perfect pairing, we are done.

The case ¢ = 0 then follows by symmetry, as any finite M can be identified with its double
dual M”. We are now left with ¢ = 1: here it’s enough to show that the map

HY(K, M) = H'(K, M')*

induced by the cup product is injective, as then applying the same argument to M’ gets us
surjectivity, since we are working with finite groups. To prove injectivity, we first find a finite
I'-module B fitting in an exact sequence

0-+M—-B—=-C—=0 (4.7

such that the induced map
HY (K, M) - H' (K, B)

is zero: as usual, we start by injecting M in the induced module Ir(M) which is torsion, and by
the fundamental property 2.3.2 we have

0= H'(K, Ir(M)) = lim H' (K, B),
BCIp(M)
B finite

which implies the existence of a finite submodule B on which H'(K, M) — H*(K, B) is 0. As
M is finite, we can find such a B which also contains M. Then, the quotient C = B/M is
finite and we can relate the long exact cohomology sequences associated with the short exact
sequence (4.7) and its dual using the cup product. Note that the dual sequence is also exact, as
Pontryagin duality is exact for finite groups (it’s clearly left exact, and right-exactness follows
from the injectivity of Q/Z).

This gets us the following commutative diagram (up to a sign, by 4.1.4) with exact rows:

HY(K, B) — HY(K, C) —— HY(K, M) — 0
[ 2 [
H%(K, B')* —— H%*(K, C')* — HY(K, M")*.

As B and C are finite, the first two vertical maps are isomorphisms by the previous cases, and

the third one is injective by diagram chasing.
O

Remark 4.3.3 If we only consider p-torsion-free modules, then the theorem also true for local
fields of positive characteristic by Remark 4.2.7.

4.4 Local Class Field Theory

Let K be a p-adic field with absolute Galois group I'. As an immediate application of the local
duality theorem, since for any n > 0 the Cartier dual of the I'-module u,, is Z/nZ, the cup
product induces an isomorphism

HY (K, pn) = HY (K, Z./nZ)*. (4.8)

Recall that the groups K*™ are open in K* (Proposition 3.2.4), and note that they are cofinal
in the open subgroups of finite index: an index n subgroup contains K*", and the intersection
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of any two finite index subgroups has finite index. Thus, we get the following description of the
abelianization of the absolute Galois group of a p-adic field:

I'** = Hom(T',Q/Z)* (by Pontryagin duality)
= Hom(T, lim Z/nZ)* (viewing Q/Z as a colimit)
= lim Hom(T',Z/nZ)* (by contravariance)
=lim H' (K, Z/nL)* (by 1.2.9)
=lim HY K, u,) (by Tate Duality)
= lim K/ (by 3.5.1)
_ K~ (by 3.2.4).

Remark 4.4.1 Here by G*® we mean the quotient of G by the closure of its derived subgroup. If
K?®b is the maximal abelian extension of K, then we have an isomorphism

3~ Gal(K*"/K).
In particular, passing through Galois theory we deduce a correspondence
{finite abelian extensions of K} +— {finite index subgroups of KX =7x Uk} (4.9)

The main result of local class field theory, the existence theorem, makes this correspondence
explicit using the reciprocity map, which is usually constructed in an explicit manner (as in
[Har20] Ch. 9). However, we can define it using the above isomorphism:

Definition 4.4.2 The reciprocity map
w: KX -T2
is the composition of the inclusion K* < K* with the isomorphism KX = Tob,

Remark 4.4.3 One can show that this has the same properties as the usual reciprocity map that
are developed in loc. cit., Ch. 9, and which we will use in the following. In particular, the
reciprocity map is surjective, with dense image (by definition of the profinite completion) and if
n > 0 it induces a map

Wyt KX /KX 5T /n ~ HY(K, Z/n7Z)*, (4.10)
which is given by the isomorphism (4.8) of local duality. Above, we used the fact that
H'(K, Z/nZ) = Hom(I**, Z/nZ) = (T*" /p)".
Moreover, for any finite abelian Galois extension L/K there is a diagram

x _wL ab
JARN

N, /Kl l (4.11)

KX 9K WK Fab



CHAPTER 4. LOCAL DUALITY 49

whose commutativity we can prove at the level of finite quotients:

L*pxn —2 5 HY(L, pp) —— HY(L, Z/nZ)* —— T3> /n

v Jeor [ |

KX [ —2 s HY(K, ) —— HY(K, Z/nZ)* — T3 /n

Indeed, the left square commutes by compability of the corestriction with the coboundary map
(which induces the Kummer isomorphism from Proposition 2.5.4); the right one commutes be-
cause by definition the restriction is compatible with the inclusion I'xc < I'1,. As for the middle
square, the horizontal maps are given by local duality, which factors through the cup product:

HY(L, pn) x H'(L, Z/nZ) ——=— H?(L, pi,)
Cor Res Cor Z/nZ
/
HY(K, pin) x HY(K, Z/nZ) ———— H*(K, pn)

As the corestriction induces the identity on Q/Z (Proposition 3.3.2), the above diagram commutes
by the projection formula (which is proven e.g. in [GS06] Prop. 3.4.10):

Cor(a URes(b)) = Cor(a) Ub

for any a € HY(L, p,) and b € HY(K, Z/nZ).
Finally, the reciprocity map wg induces a surjection

wr/k K = Gal(L/K),
which translates to an isomorphism
K™ [Ny k(L) = Gal(L/K)
by density of the image of wx and diagram chasing through (4.11). This recovers the reciprocity

isomorphism associated with the extension L/K from loc. cit., Th. 9.2.

Therefore, the correspondence (4.9) in one direction is given by L +— Ny, (L*). To conclude
our exploration of local class field theory, we use the above properties to prove the existence
theorem, which gives the correspondence in the other direction:

Theorem 4.4.4 (Existence Theorem) Let K be a p-adic field and fiz an algebraic closure K.

Then, for any finite index subgroup U C K* there exists a unique finite abelian extension L/K
such that L C K and U = N i (L*).

Proof. Recall that any finite index subgroup U contains a subgroup of the form K*™. Then, it’s
enough to prove the claim for U = K*™ because then we can complete the diagram

WL/K

KNy i (L*) —— Gal(L/K)

l

KXy —*— Gal(M/K) ~ KX/NM/K(MX)
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for some finite abelian extension M/K by Galois theory, and this implies that U = Ny, (L*).

Now, since nI'*" is compact in T'*", the reciprocity isomorphism (4.10) implies that T'*" /n is
a finite group, and so nI'®" is closed of finite index in I'*. By Galois theory, we can find a finite
abelian extension L/K such that Gal (L/K) =T*"/n, and thus K*" = Ny /x(L*) because it is
the kernel of the surjection wp k.

As for uniqueness, given L, M are finite abelian extensions of K with N /g (L*) = Nyg/(M™)
the preimages of the open subgroups Gal (K*"/L) and Gal (K?"/M) by wx are the same. By
density of the image of wg, we get Gal (K®?/L) = Gal (K*/M) and thus L = M again by
Galois theory. O
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