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Weighted inequalities

Consider a (sub)linear operator T : LP (w) — LP(w)
ITflLr () < (T, W[ fllLe ()

where
ITflLr (w

c(T,w) == sup W = [|Tllawr (w))

fGLp

How does T act on the support of f?
e Replace dx with w(x)dx, for w € LL_, w(x) >0 a.e.

@ For which weight w is ¢(T, w) finite?
@ Can we characterise them, given T and p?
© How does ¢(T,w) depend on w?



Definition (Calderén—Zygmund kernel)

A function K(x,y) on R x R\ {x =y} such that |[K(x,y)| < Clx —y| !
and

Clh|*

_ _ < "
Kxtuy) =Ko )|+ KOy + ) =Koyl < = e

for some « € (0, 1] and all [x —y| > 2|h|.

Definition (Singular Integral Operator)

A map T: €° — (62°) associated with a Calderén—Zygmund kernel K
such that

(Tf g) = //R  Kxy)fly)glx) dy dx

for f, g € €2° with disjoint supports.
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Definition (Littlewood—Paley kernels)

A family of functions {W¢(x,y)}t~o0 such that

toc

ki <C——m——
We(x, y)l C(t—|—|x—y|)°‘+1

Clh|

W x o y) =Yyl + by 1) =YWl € = oeie

for some o € (0, 1] and all t > |h|.

Consider the Square function
00 ,dt) 2
Sf(x) = 10T (x)] <) 0:f(x) = [ Yil(x,y)f(y)dy
0

Example (Littlewood—Paley square function)

Let Y € Z(R), [V =0 and consider 0:f = fx P, P () =t 1P(-/t).
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Theorem (Hunt, Muckenhoupt, Wheeden et al. ~ 1973)

Let T € {Singular Integral Operator, Square function, Maximal function}
bounded on LP for p > 1, then

c(Tp.w) = [[Tllrw) <00 == WE A

Definition

A weight w is a A, Muckenhoupt weight if

1 1 p-l
buba, = sop (i ) ( fi0) <0

where 0 :== WP’ is the dual weight.
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© How does || T|[rr(w) depends on [w]a,?

Theorem (Hyténen 2012)

If T is Singular Integral Operator bounded on 12, then

Singular Integral

ITller wy < cw]

Square function

1SIlLe (wy < clwl

Maximal function

1
+ max{p,p’}

Lomax( p')
A

[Tlr2(w) < clwla,

10

.p’ 1/p
P

Figure: Dependence on [w]
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Sparse domination

Definition (Sparse family)

Let n € (0,1). A collection . C P is n-sparse if for every I € . there
exists Ey C I such that {E1}; are disjoint and [E{| > n|]].

Equivalently: if there exists A > 1 such that for any ] € &

> <Al

le”
ICJ

then . is 1/A-sparse.

Example

o Finite families are sparse (A = #.7) . —

o Finite overlapping: ) ;.. 11 € L® o

o % ={[0,2")}nen is 1/2-sparse 'T'
Epo—m) =771, 27™) =
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Sparse domination

Given f and g find .¥ C 9 such that
Tf, g)l <c Z (J[Ifl) <][|g|> I (1)
les
Remark. If T satisfies (1) then || T||r2(w) < cW]a,

1 <y (][m) (][|g|) 1 )

les

Remark. If S satisfies (2) then ||S||L3(W) < cwla

3-

ISF11T2 00y = IISH(32() = sup ((ST)?, g)
geLs
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Let w(I) == [; w and consider

M2 f(x) = sup (w%l) /I|fw) 11 (x)

Lemma

Forl<p<oo
IMSFllLr (w) < epllfliLe ()

Let 0 = w1, then

1 1[0 oy oo
Wi, —§gﬂg(|1| /IW) <|1| /I") T ek 1M
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Sparse T1 theorems

Can we derive sparse bounds from minimal conditions?

Theorem (David & Journé 1984)

Let T be a Singular Integral Operator (SI0) with Calderén—Zygmund
kernel. If there exists C > 0 such that

(ITLyf, 1) + (IT* 1), 1) < Cl| (3)
holds for all intervals I C R, then ||T|| 2 < oco.

Theorem (Lacey & Mena 2016)

Let T be a SIO with Calderén—Zygmund kernel that satisfies (3). Then
for any f, g € €2° there exists a sparse collection .# such that

rgi<e ¥ (fi) (f)m

les
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Sparse T1 theorems

Can we derive sparse bounds from minimal conditions?

Theorem (Christ & Journé 1987, Auscher, Hofmann, Lacey, et al. 2002)

Let S be a square function associated to {0}t~q. If there exists C > 0

such that o
/ / |et11|2—dx cl (a)

holds for all intervals T C R, then ||S||;2 < co.

Theorem (B. 2020)

Let S be a square function associated to {01}t~ satisfying (4). Then for
any f, g € €° there exists a sparse collection ./ such that

i <c Y (fm) (f|g|) i

les”
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Remark

If f and g are constant and supported on I, then

tﬁﬁﬂgdx=<ﬂxwdTh,h><CUWMMDMI

L1 dt L1 dt
/' wguﬁmw—wx=uﬁ@n/ 01,22 dx
1Jo t 1Jo t
< C{fE(lglyll
take .7 = {I}.

Decompose f, g on Haar functions {hi}icg
hy = (15, — 1,12 R

Let Aif = <f, h1>h1, then

f=3 Af=) > (A, — (Ml

1€® 1€ ic{r 1}
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In [Lacey-Mena 2016]:

(Tf.g) = > Y (TApf, Aqg)

QD PED

Decompose R? using Wg =R x [&,(R)

// 8¢ f|2g—dx— Z// 6.1 g—dx

ReD

and decompose f and ¢

// Ithlzg—dx—Z// 0. Y Apf|? ZAQg—dx

ReD PeD Qe
QCR
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o dt // 2 dt
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ReED PeD

Different cases given R:

P far from R | P closeto R | PO Ror PCR

Figure: Hilbert transform of 1_; 1)
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Decomposition

o dt 2 dt
//M|etf| g dx=)_ //WR 60 ) Apf[Tg—dx

ReD PeD

Different cases given R:

P far from R ‘ P close to R ‘ PDRorPCR

Definition
Fix r € N. An interval R € @ is good if d(R, dP) > (R for any P € D
with ¢P > 2"{R otherwise R is bad.

- iR
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Shifted dyadic grids &

Let x € (0,1). Then [x], = 01001001000101 . .. = {wWn }nen

| e— o0
B — Di+x=Dj+ Y 02 =D+ Y wp2 "
— n=1 2—M<2—j

if 2=™ > 27 then D +27" =Dy
Given W = {Wn nez define

Riw:=R+ ) wu2™"
2 M <(R
Let @, == {R+-w,R € ;} and
2 =25

JEZ
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Independence

Let P be a probability measure on Q :={0, 1}* and D¢ = Dgood Y Dpag-
If R = Rp+w then
Ipyiw: Q — L7(R)
]].gbégodi Q- Loo(g)bw)

are independent random variables. For R € @< it holds

Eo[1g] - Eo [Tag,(R)] =Eo [1r - ag, (R)] = Eo LRy

good

If P({R € Dg@oq}) > 0, then
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New decomposition

> // 0. > Apf|29$ dx
We t

Repw Peapw

Different cases given good R € &%

P far from R P close to R P DR PCR

(P > 27{R (R <P <2(R (P > 27{R

d(R,dP) > (R | d(R,dP) <R | d(R,dP) > (R
v’ v’ ? v’

Consider
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F={Qd, Fn= {J 4Q)., =%

Qesn neN



Stopping cubes

Definition (Stopping cubes)

Given Qg € D let A(Qo) be the collection of maximal S € D in Qo :

either  (Ifl)s > c(Ifl)g, or (Igl)s > c{lglq,

for some c > 1. Define . iteratively:

F={Qd, Fn= {J 4Q)., =%

Qesn neN

Definition (Stopping tree)

Given R C Qo, let

R = min{S € ., S D R}



Stopping cubes

Definition (Stopping cubes)

Given Qg € D let A(Qo) be the collection of maximal S € D in Qo :

either  (Ifl)s > c(Ifl)g, or (Igl)s > c{lglq,

for some c > 1. Define . iteratively:

F={Qd, Fn= {J 4Q)., =%

Qesn neN

Definition (Stopping tree)

Given R C Qo, let
R = min{S € ., S D R}

Let Tree(S) ={Re€ D : R= S}



Stopping cubes

Definition (Stopping cubes)

Given Qg € D let A(Qo) be the collection of maximal S € D in Qo :

either  (Ifl)s > c(Ifl)g, or (Igl)s > c{lglq,

for some c > 1. Define . iteratively:
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Telescoping trick

dt
) Apfl’lgl == d
S [ toe X el ex
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POR(M)
Let P D Pr DR, then Apf = ]lpRAPf+ ]lP\PR Apf.

——
d(R,0Pg)>(R

8 Y ((fre — (Fp)Lp,| 9o dx

PDOR(M) t

> .

ReD

For any S D Py, ]IPR =1s—1s+ ]lpR =1s— ]IS\PR-

Z ((f)p, — (f)p)Lp, — “far terms” = (f)p» Ls
PDOR(M)

—

Let S = R("), then we reduce to

Z //WR 8¢ (f)rn 15’2g(x)% dx

ReD
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What if g is not constant on R?

Then g is concentrated on small cubes Q C R. Let xq be the center of Q.
Idea: If fQ g = 0 use regularity of ;.

/ 10.fg dx = / (1077 — 18:F2(xq)) g dx
Q Q

= / (0¢F — B¢F(xq)) (0¢f + 0¢f(xq))gdx
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What if g is not constant on R?

Then g is concentrated on small cubes Q C R. Let xq be the center of Q.
Idea: If fQ g = 0 use regularity of ;.

/ 10, f%g dx = / (10472 — [0, 1P(x)) g dx
Q Q

Q
For (x,t) € Wg

/(wt(x,y)—wt(xQ,y))f(y) /(wt(x,y)wt(xQ,y))f(y)

(tQ)~ o
S/Wlf(y)ldy /WH(dey

20 - t)%/2 )
:(/(tigct)y”m'f(y”dy) = (%th)z
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Can we write

Irg < c(lgl)rlr + Z bo
QCR

where 2(Q < (R, bq supported on Q, [bg =07

Proposition (Calder6n—Zygmund decomposition on r-grandchildren)

Let r € N and g € L!(R). For any A > 0 there exists a maximal
collection £ C 9 and functions a and b such that g = a + b, with
llallts < 27+1A and

b= ) by, where eri=<9—<9>Qr>1Qr-
QEZ Q. ch, (Q)

Proof. Let {Q}gew be the maximal cubes from the Calderén—Zygmund
decomposition g at A > 0. Let Q, be a r-grandchild of Q. Then

aljte <sup 1 [gl < sup I gl < 2"IA
g g
Q. Ja. Q. 1Qd /o



Apply the decomposition:
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Apply the decomposition:
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