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@ Weighted inequalities and sparse domination
@ T'1 theorems and their sparse version

© lIdeas from the proof



Weighted inequalities

Consider a (sub)linear operator T': LP(w) — LP(w),

1/p
ITlr = sup ( / T f P dx>

fec>
I fll P (wy=1

Replace dz with w(z)dz, for w € LL_, w(z) > 0 a.e.
@ When is [|T|| 1 (w) finite?
@ How does || T||»(w) depend on w?



Definition (Calderén—Zygmund kernel)
A function K(z,y) on R x R\ {z = y} such that

|K (z,y)| < Clz —y| ™

Clh|*

|K(z + h,y) — K(z,y)| + |K(z,y + h) — K(z,y)| < o= yite

for some a € (0,1] and all |h| < 3|z — y].

Definition (Singular Integral Operator)

A map T': C° — (C2°) associated with a Calderén—Zygmund kernel K
such that

(Tf,9) /ny () dy dz

for f,g € C2° with disjoint supports.



Definition (Littlewood—Paley kernels)

A family of functions {U;(x,y)}s+~0 such that
C (a+41)
el < (14 224)

C|h|*
Wy + hry) — o, )| + [Te(e,y + B) — i, y)] < L

(t+ [z —yl)i+e
for some « € (0,1] and all |h| < ¢.

Consider the Square function

S (w) = (/Om\/wx,y ()| dt)

Example (Littlewood—PaIey square function)

Let ¢ € S (R), [+ =0 and consider f %, Py (-) =t~ 1p(-/t).




@ For which w is || 1| r () finite?
Let M be the maximal function

SUP][ |f(y)| dy
B>z

Definition (A, weight)

A weight w is a A, Muckenhoupt weight if

p—1
_1
= () (o <t e

is finite.

Theorem (Hunt, Muckenhoupt, Wheeden et al. ~ 1973)
Letp>1 and T € {S. I. O., Square function, Maximal function}, then

||T||Lp(w) <0 < W E Ap



@ How does ||T'|| ;» () depends on [w],?

Theorem (Hyténen 2012)

If T is Singular Integral Operator bounded on L?, then
[Tl £2(w) < clw]a,

Singular Integral 10

‘max{p,p'}
P

1
1T Lo (w) < clw]}

Square function

Maximal function

1, .
| M| Lp(w) < c[w];’lp Figure: Dependence on [w]z/pp



Sparse domination

For f,g e C*

/RTf~gdrc < Z/l<|f|>1<lg|>zdrc < /RMﬁMgd:v

Ies

Remark: T'f(z) &£ M f(z).
Flexibility: exists Ey C I : |I| < 2|E;| and {E;} are disjoint. (. is
1-sparse)

Z<|f|>z<\g|>z|IIS2Z/E AFD (gl dz < /RMf-Mgdx

Ies les

@ Disjoint families
o Finite overlapping: >, ., 1; € L™
—

o . ={[0,27")}en is sparse.
Take Ejg2-n) = [2—71—1’2—71) -



Sparse domination

Given f and ¢ in C2° find . such that
(Tfg)l < e (fDilghil] (1)
Ies
Remark 1. If T satisfies (1) then ||T||z2(w) < clw]a,.

(S 9y < e Y (N ghlT] (2)

Ies
Remark 2. If S satisfies (2) then [|S]|Z5,,) < c[w]a

3"

ISFI1Zs wy = NS F Pl 372y = Sélg((sf)z,gw
g9



Ay theorem via sparse domination

Aim: show that if T': L* — L? and w € Ay, then ||T||12(y) < c[w]a,.

Tl = s [ T5ogde 5 sup 3 [Us0)i(lals o

,9eECE 9ECS
J]:equ(w) f.9€C0 e
geL*(w™1)

Let 0 = w™! and M, f(x) == sup ( /|f|w>

3 / Ui dz =3 / HIfwl)? (gol)?

lew lew
/M (fw) My (go)dx
[w] 4, [| Mo (fw)|l £2(0) [|Mw(90) [ L2 ()

<
/S [w]Az ||f||L2(w) ||g||L2(O')'
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Sparse T'1 theorem

“Conditions on T' = ||T'|| 2 finite.”

Theorem (David & Journé 1984)

Let T be a S.1.0O. If there exists C > 0 such that
(IT1;], 1) + (|7 1], 1) < C|1| (T1)
holds for all intervals I C R, then ||T||z2 < oo.

Can we derive sparse bounds from minimal conditions?

Theorem (Lacey & Mena 2016)
Let T be a S.1.0. satisfying (T1). Then for any f,g € C°

(Tfa) < e (IfDilghali|

Ies




The domination

[7r9a0 < 30 [1ritahias

Ies

implies

strong LP bounds for all p > 1: ||T||zr—rr < 00
weighted L estimates for all p > 1 and w € A,

max{p’,p}+
[U]] {p p}p

||THLF(w)—>LP(w) S, A,

e weak (1,1) estimate [Benea—Bernicot 2018]
@ weak weighted estimate for w € A; [Frey—Nieraeth 2019]

1T L1 () 1100 () S [w]a, log(e + [w]a, )
upper bound on the asymptotic behaviour at the endpoints
pl_iggHTHLMLP ==, lm Tlzeore = p™
sufficient conditions on (w, v) for || T 1 (w)—Lr(v) < 00

[Lacey—Spancer 2015, K. Li 2017, Lerner 2020]
vector value estimates [Lorist-Nieraeth 2020]



Sparse T'1 theorem for square functions

“Conditions on S = ||| .2 finite.”

Theorem (Christ & Journé 1987, Auscher, Hofmann, Lacey, et al. 2002)

Let S be a square function. If there exists C' > 0 such that
(5(11)%,11) < C|1| (1)
holds for all intervals I C R, then ||S||z2 < oco.
Can we derive sparse bounds from minimal conditions?
Theorem (B. 2020)

Let S be a square function satisfying (S1). Then for any f,g € C°

((S1)29) <> (fNFlghrIT|

Ies

Difficulties: non-linear form, extra scale parameter



|deas in the proof



Remark

If f and g are constant and supported on I, then . = {I}

.ljv-gdx=<fh@ﬁMT1blﬁfECﬂfUMwDHU

Dyadic intervals. For j € Z, consider @; := {279([0,1) + m), m € Z}

71
gj,1
P = U g’bj J—
JEZL TT 9)]‘_1,_1

Haar functions. The set {h;}7cg is a basis of L?(R)

hp = (1, —1)1|7%

Let Arf == {f,hr)hs, then

F=Y 0= ((fH. = (H)ly,

Iew 1€D ic{r,l}



In [Lacey-Mena 2016]:
(Tf,9)= > > (TApf,Aqg)

In [B. 2020]:

Decompose R using Wr := R x [££,(R)

e S [ prte®
[Losroar= 3 [ 1t ar

Re9

where 0, f(z) = [ Wy (z,y) f(y) dy. -

NN EEESEEEEEEEEEEEEEEEEEEEEEEE:

Then decompose f and g

S 103 an S daras

RED PeD Qe
QCR

16



Interactions

(Tf,9)=">_> (fiha)lg,hs)(Thy, hs)

JED €D
Different cases given J:
I farfromJ | IclosetoJ | IDJorICJ

When INJ =

whihn) £ [ PR g



Stopping intervals

Definition (Stopping intervals)

Given Iy € D let 4(Ip) be the collection of maximal S € D in Ij :

either  ([f[)s > 2(|f)1, o (lghs > 2(lg])1,-

Define .¥ iteratively:

Fo={lL}, = ] 4, =%

S5y neN
Definition (Stopping tree)
Given J C I, let | S |
J:=min{S €., S D J} sA(S) — ,—H

Let Tree(S) ={J €D : J = S}.



Let J C I and | {

J:=min{S €., S D J} A(S) —

I
1
|
|
|

Let Tree(S) :={J C S : R =S}. =

DD ATAfLs, Ayg) =Y > Y (TA1fls, Ayg)

I JcI Se JeTree(S) IDJ

> (H1, = (HDls = (f)sls

IDJ
< ¥ s [ s psig)as
cs

where

Ps(g) =Y (g h)hy.

JETree(S)
/ T1s Psgda — / T1s(Psg — (Psg)) + / T1(Psg)

:/(T]ls—Tﬂs(xs))./Pngq+/T]lS<PSg>



Enough to control Ps(g) = 3 jctree(s)(9: ts) g so that

/ T1s (Psg)s < (lgls / T1s|de < (gl)s CIS)
S S

Fact 1: ||[Ps(g)llz2 < ||gllz2
Proof.

IPs@)7: = > {9.h0)* <> {g.hs)* = llglsll7

JETree(S) JCS

Fact 2 : Pg is “astigmatic”.
Proof.
Recall gd(S) = {5’ C S maximal such that (g)s > 2(g)s}. Define

glx) ifxeS\d(S)

slste) = {<9>S’ if z € S’ for some S’ € d(S).

Then
Ps(g —g]ls) =0
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Proof of (Ps(9))s < (lg])s

Recall i S 4
lg]s(x) = g(z) ifzeS\d(S) sd(S) _,__‘___
e (9)gr faxe S, S edd(S). i ?bi

Then ||[g]sllz=(s) S (lg])s. We have

/S |Psg| = /S Ps(gls| < I Lsll2]Pslgls|lz2

< | 1sllz=llglsllL2(s)
< SIS |[g)s |l ==
SEEIRDES
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Thank you for listening



