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by constructing an analytic function with good decay.

» By Paley—Wiener:

g € L?(K°), f(z) :/ g(w)e*”Z’W)dw is analytic.

» By Plancherel:

IfTgnllz2 = 2™ [IglI7
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Wanted function

Analytic on C™, fast decaying on R™. Not vanishing or too small at 0.

we just got
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Let g € CX be cut-off on QO bounded domain in C™.

= = 1/0 0
=0 C® 0==(—+1—
W=09E e z(axﬂay)
Suppose that exists h such that h = —w in Q, then
dh+w=0h+g)=0

f=h+g
v~ analytic on C"
[J decaying on R™ 7?7
(1 small f(0) =h(0)+17?



Figure: Lars Hormander (1931-2012)

“leading figure in the theory of linear partial differential
equations, his L2 estimates for the d equation became a
revolutionary tool in complex analysis of several variables.”
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Harmonic Af =0
Subharmonic  Af >0

% \ "
Plurisubharmonic H >0 where H = —
aZiaZj i,j=1

Definition
A @: Q C C™ — R is strictly plurisubharmonic if 3T > 0 such that
H(z)w,w) > 1w|]?, YweC™,Vze Q

or, equivalently
minA; > 1> 0
1



Hormander’s Existence Theorem

Theorem (Hormander)
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Hormander’s Existence Theorem

Theorem (Hormander)

Let O C C™ be an open, pseudoconvex domain,

@: Q — R strictly plurisubharmonic, for T > 0.

For any (0, 1)-form w on Q with dw = 0, there exists h such that
o0h = w in Q satisfying

1
/ e < 1 / w2e—®
Q TJo

Remark B

w =0gdz = 0w =0. Take f:=h+g
v~ analytic on C™
v~ decaying on R™
(1 small f(0) =h(0)+ 17



The set Q

By John's ellipsoid theorem,

B(0,r) C K C B(0,R), R/T < v



The set Q)
By John's ellipsoid theorem,
B(0,r) C K C B(0,R), R/T<vn

Let Tx ={x+1iy: x € R,y € K}.



The set Q

By John's ellipsoid theorem,
B(0,r) C K C B(0,R), R/T<vn
Let Tx ={x+1iy: x € R™,y € K}. For any t € K°

z (z,t) = (= &(Q)
T« — S = D(0,4/n)

where S={C e C: |3(0)| < 1},



The set Q

By John's ellipsoid theorem,
B(0,r) C K C B(0,R), R/T<vn
Let Tx ={x+1iy: x € R™,y € K}. For any t € K°

z (z,t) = (= &(Q)
T« — S = D(0,4/n)

where S ={C € C: |J3({)| < 1}, ¢ is the conformal map

_4e§‘:—1
ezl 41

$(0)



The set Q

By John's ellipsoid theorem,
B(0,r) C K C B(0,R), R/T<vn
Let Tx ={x+1iy: x € R™,y € K}. For any t € K°

z (z,t) = (= &(Q)
T« — S = D(0,4/n)

where S ={C € C: |J3({)| < 1}, ¢ is the conformal map

_4e§‘:—1
ezl 41

$(0)

Remark

(0)l < 7 and $(0) =0, $’(0) =1, d(C) ~ ¢].
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Example

K=[-2,2, K =[5, 3], Tk =(x +iy: x e RYy € K)
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The weight

13(z)?
25 4 sup togl (z, 1)) 2"
teke

o(z) =

» ¢ holomorphic = log|d ()| subharmonic
> strict plurisubharmonicity with T = 82/R? on Bs, 6 <R
» forces h to vanish at 0, when fIE_)glze*‘p < 00

Also e~ @ ~ [z 2™ £ 1] (K¢)

loc

/ lh|?e™® < 0o = h(0) =0
Q

Since |$(C)| < =

4 2n
©(z) <1+ log (71> for z € K¢

In particular |[e® |0 < (%)Zn'
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The Bergman space A?
Any f € A?(Tx) = L% N2 (Tk),
f(z) = K(z,w)f(w)dw
Tx

Cauchy—-Schwarz:

1£(0)]? = JC(O w)f dw /|J< (0, w)|? dw/lf )12 dw
= %X(0,0) HfHAZ(T
2 | o
If(0)] < %(0,0) = 1 dv < nlvolK -
| fo\z R fK e—2{(xv)dx (2m)™ 7™ vol K

(x,v)

using convexity of x — e~ and optimising in v.



Fix & small. Let g cut-off on 8K¢. Let f:= h + g Hormander
holomorphic extension of g.

v~ analytic on C™
v L% decay on R™
v f(0)=h(0)+1=1
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Open questions

Is Cr, (or On) a global minimiser of v(K) in every dimension?

Mabhler conjecture for non-symmetric bodies?

Optimal packing with different convex bodies?

| 2
| 2
» Is the simplex a minimiser?
>
» Where is the beef?



i(z—w,v)
K(z,w) = ¢ dv

rn [ e 200vidx (2m)m

Remark
Consider the Minkowski functional of K°:

[yllxe = inf{A > 0: AK® 2y}

By convexity of x +— e (V)

/ e 2V dx > 27 vol K el Ylike
K



