A Nonlinear Plancherel theorem with applications
to global well-posedness for the defocusing

Davey-Stewartson equation and to the Inverse
boundary value problem of Calderén

after A. Nachman, |. Regev, and D. Tataru

Gianmarco Brocchi

Summer School on
Unique Continuation and Inverse Problems
September 2-7, 2018, Kopp




Introduction

We want global well-posedness for the defocusing
Davey-Stewartson equation via Inverse Scattering Method.



Introduction

We want global well-posedness for the defocusing
Davey-Stewartson equation via Inverse Scattering Method.

1

Sq(k) = i

J ei(ijLﬁ)@(mjL(z, k) +m_(z, k)) dz
R2



Introduction

We want global well-posedness for the defocusing
Davey-Stewartson equation via Inverse Scattering Method.

1

Sq(k) = i

J ei(ijLﬁ)@(mjL(z, k) +m_(z, k)) dz
R2

om4(z,k) = j:e_i("‘kjLﬁ)qmijE with m4(z) = 1 as |z] - o

1892 = [lqll2



Introduction

We want global well-posedness for the defocusing
Davey-Stewartson equation via Inverse Scattering Method.

1

Sq(k) = i

JRZ ellzk+2K) 0 (z) <m+(z, k) +m_(z, k)) dz
omy(z, k) = j:e_i("‘kjLﬁ)qmijE with m4(z) = 1 as |z] - o

1892 = [lqll2

Lyw=du+qi=f, |qelL?(C) (0)

Theorem (Main result)

0 1 . o . -1 o
For f € H™ 2, there exists an unique solution uw € H2 to (gp) with

helly < Cllalle) I
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a(x, D)f(x) := JRZ e*Ea(x, £)f(&) dé, ac Li,a

4
la(x, D)f(x)] < (MF(x))Z [0z a(x, - 4||fHL2, if 9.a € LyL}
é

Let a(x, &) be a symbol on R? >< R? such that
i) a € L4 (R? x R?), ii) ||(—A¢) Za (x, & || el

f“wu:
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Theorem (Main theorem)

The operator Lg: H2 — H=2 is invertible and

ILe 'l < Cllalle2)

Plan:
O Injectivity on a larger spaces Lg] L3 — 14

. . 1 Lg] -
@ Restrict H 2 — H2
g,y < Cl@lfl, ;-

© Dependence q — L, is analytic for in B(qo, €)
@ Uniform bound on L? balls
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Estimates for a 9-problem

Lemma
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Estimates for a 9-problem

Lemma

The operator L: L4 — L3 is invertible.

Idea of the proof. Write
Lg=0(1+0 '(q7)) = doB.

If B: 14 — 14 is invertible, then u =B~ 19~ 'f. B is Fredholm.
Take u € ker B, so | du = —qii [().

Split q = qn + gs, with gn € (LPT NLP2)! and | qsll2 < 1.
We can choose v € L™ such that

d(uv) = (0u)v 4+ udv W (Ou+ qnil)v ©) (—qst)v

_ ) 1
hevllia < cllPuw)l 4 = cllasivll ¢ <cllaslzwvlis < 5wl

O

1]<'p1<2<‘p2



The same result holds on Sobolev spaces.

The operator L : H2 — H=2 is invertible and
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Smooth dependence
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The constant C(q) has a local Lipschitz dependence on q. Given
qo € L?, there exists € > 0 such that for every q1,q2 € B(qo, €).

ILy, —Lgy I S Clao)?llar — gzlly2
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Idea of the proof.
(1= Xwi= (1= (g0 — q)7) Ju = L) f
Solve by Neumann series, under the blue assumption

1

Clgo) ="

It (a0 = a)7) 1l < ILg7 i — all2 <IlLg] |
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Step 1 Enlarged spaces

o713

q (C) = L*(C) invertible

Step 2 Restrict

.1 Lyl g - .
s H™2 =% H2 «— L4, still invertible and

g ],y < Clalf]

SV

L
1.
H 2
Step 3 Dependence Given qg € L?
qr I_g] is analytic for q € B(qo, €)
For q1,q2 € B(qo, €)

||LE11 - LE; I < Clqo)?lar — q2llr2
IC(q1) — C(q2)| £ C(q0)?llq1 — q2l|r2-
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Step 4 Uniform bound on L? balls

C(R) :=sup{C(q) : [Iqll2 <R} C: R4y — [0, 00].

Want to show: C(R) finite VR > 0.
By contradiction:

=infflRe R, : C(R) = +oo}.

limr—r, C(R) = +o00, and exists {qn Jnen C Bg,
such that ||qn |2 — Ro, with [|L5] || = +o0.
Extract a convergent subsequence

H k—o0

L2 -1 -
dn, — 4 = Han — HLq H < 400

Problem: {qn}, ¢y is not compact!
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Symmetries: obstruction to compactness

The [|q|r2(c) is preserved by
Translations Thq(x) = q(x —h)
Dilations dxq(x) = Aq(Ax)

SAY)a(x) = Aq(A(- —y))

Definition (compactness up to symmetries)

There exists {(An,Yn)nen such that {S(An,Yyn)gqntnen is
precompact in L2.

Idea: split {qn} in pieces driven by different symmetries
N
dn =) SO, yx)q*+ql, with lim limsup|/q}|2 =0
= N—0c0 n—oo

This is still too much to hope for.
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I|m limsup||qX'|| = 0
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Remark: 1.2 — Boo3’3.



A New Hope

Theorem (Improved estimates on pointwise multiplier)
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Thank you
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Dziekuje Ci  Xeana Bam  Kiitos Cnacmbo  Eskerrik asko
Multumesc  Xiéxié

@ Adrian Nachman, Idan Regev, and Daniel Tataru, A Nonlinear Plancherel
Theorem with Applications to Global Well-Posedness for the Defocusing
Davewy-Stewartson Equation and to the Inverse Boundary Value Problem
of Calderon., arXiv preprint arXiv:1708.04759 (2017).



Consider the case v # 1, otherwise both v and 1/v are clearly in
L. Then v :=ed '(4ni) with gy, € LPT NLP2. Then

6—1 n k

|
k>0 k! -
||5 an (||qn||p1 + ||qn||pz)k
< Z T ~P1>‘Pz Z kl
k>0 k>0

that is finite and it equals ell9nllpr Hllanllp;
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