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Introduction

We want global well-posedness for the defocusing

Davey-Stewartson equation via Inverse Scattering Method.

Sq(k) =
1

2πi

∫
R2
ei(zk+zk)q(z)

(
m+(z, k) +m−(z, k)

)
dz

∂̄m±(z, k) = ±e−i(zk+zk)qm± with m±(z)→ 1 as |z|→∞
‖Sq‖L2 = ‖q‖L2

Lqu := ∂̄u+ qū = f, q ∈ L2(C) (℘)

Theorem (Main result)

For f ∈ Ḣ− 1
2 , there exists an unique solution u ∈ Ḣ 1

2 to (℘) with

‖u‖
Ḣ
1
2
. C(‖q‖L2) ‖f‖

Ḣ− 1
2
.
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2 , there exists an unique solution u ∈ Ḣ 1
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Needed in the next episode

|∂̄−1(e−i(zk+zk)q(z))(x)| . (Mq̂(k))
1
2 (Mq(x))

1
2

Theorem

For any f ∈ L2(R2) we have:

a) |(−∆)−
1
2 f(x)| . λMf̂(0) + λ−1Mf(x) ∀ λ > 0

b) |(−∆)−
1
2 f(x)| .

√
Mf̂(0)Mf(x).

Rewrite b) as

b) |(−∆)−
1
2

(
eiyξf(y)

)
(x)| .

√
Mf̂(ξ)Mf(x).

‖∂̄−1(e−i(zk+zk)q(z))‖L4x . ‖q‖
1
2

L2

(
Mq̂(k)

) 1
2
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Needed in the next episode II

a(x,D)f(x) :=

∫
R2
eixξa(x, ξ)f̂(ξ) dξ, a ∈ L4x,ξ

|a(x,D)f(x)| . (Mf(x))
1
2 ‖∂ξa(x, ·)‖

L
4
3
ξ

‖f‖
1
2

L2
, if ∂ξa ∈ L4xL

4
3

ξ

Theorem

Let a(x, ξ) be a symbol on R2 × R2 such that

i) a ∈ L4(R2 × R2), ii) ‖(−∆ξ)
1
2a(x, ξ)‖

L
4
3
ξ

∈ L4x
then

|a(x,D)f(x)| .
(
Mf(x)

) 1
2 ‖(−∆ξ)

1
2a(x, ·)‖

L
4
3
ξ

‖f‖
1
2

L2
a.e. x

4 / 17
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Proof.

|a(x,D)f(x)| 6
∫ ∣∣∣∂−1ξ (eixξf̂(ξ))∣∣∣ |∂ξa(x, ξ)| dξ

.
(
Mf(x)

) 1
2

∫ (
Mf̂(ξ)

) 1
2
|∂ξa(x, ξ)| dξ

6
(
Mf(x)

) 1
2 ‖(Mf̂)

1
2 ‖L4 ‖∂ξa(x, ·)‖

L
4
3
ξ

6
(
Mf(x)

) 1
2 ‖f‖

1
2

L2
‖∂ξa(x, ·)‖

L
4
3
ξ

|a(x,D)f(x)| .
(
Mf(x)

) 1
2 ‖(−∆ξ)

1
2a(x, ·)‖

L
4
3
ξ

‖f‖
1
2

L2
for a.e. x

Integration gives: ‖a(x,D)f‖L2 . ‖(−∆ξ)
1
2a(x, ξ)‖

L4xL
4
3
ξ

‖f‖L2

5 / 17
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Estimates for a ∂̄-problem

Lqu := ∂̄u+ qū, q ∈ L2(C)

Theorem (Main theorem)

The operator Lq : Ḣ
1
2 → Ḣ− 1

2 is invertible and

‖Lq−1‖ 6 C(‖q‖L2)

Plan:
1 Injectivity on a larger spaces L−1q : L

4
3 → L4

2 Restrict Ḣ− 1
2
L−1q−→ Ḣ

1
2

‖L−1q f‖
Ḣ
1
2
6 C(q)‖f‖

Ḣ− 1
2
.

3 Dependence q 7→ L−1q is analytic for in B(q0, ε)

4 Uniform bound on L2 balls
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Estimates for a ∂̄-problem

Lemma (Cauchy transform)

i) ‖∂̄−1f‖L4 . ‖f‖
L
4
3

ii) Let 1 < p1 < 2 < p2 and f ∈ Lp1 ∩ Lp2 , then

‖∂̄−1f‖∞ .p1,p2 ‖f‖Lp1 + ‖f‖Lp2 .

Ḣr(Rd)→ Ḣ−r(Rd)
u 7→ qu

Ḣs(Rd) ↪→ Lp
∗
(Rd),

L(p
∗) ′(Rd) ↪→ Ḣ−s(Rd)

1

p∗
=
1

2
−
s

d

‖qu‖Ḣ−r . ‖qu‖(p∗) ′ 6 ‖q‖p‖u‖p∗ . ‖u‖Ḣr

p =
d

2r

‖qu‖Ḣ−r(R2) . ‖q‖L 1r ‖u‖Ḣr(R2).

7 / 17
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Ḣr(Rd)→ Ḣ−r(Rd)
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Ḣs(Rd) ↪→ Lp
∗
(Rd),

L(p
∗) ′(Rd) ↪→ Ḣ−s(Rd)
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p =
d

2r
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Ḣr(Rd)→ Ḣ−r(Rd)
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Estimates for a ∂̄-problem

Lemma

The operator Lq : L
4 → L

4
3 is invertible.

Idea of the proof. Write

Lq = ∂̄(I+ ∂̄−1(q ·̄ )) =: ∂̄ ◦B.

If B : L4 → L4 is invertible, then u = B−1∂̄−1f.

B is Fredholm.

Take u ∈ kerB, so ∂̄u = −qū (�).
Split q = qn + qs, with qn ∈ (Lp1 ∩ Lp2)1 and ‖qs‖2 � 1.

We can choose ν ∈ L∞ such that

∂̄(uν) = (∂̄u)ν+ u∂̄ν
(↓)
= (∂̄u+ qnū)ν

(�)
= (−qsū)ν

‖uν‖L4 6 c‖∂̄(uν)‖
L
4
3
= c‖qsūν‖

L
4
3
6 c‖qs‖L2‖uν‖L4 6

1

2
‖uν‖L4

11 < p1 < 2 < p2
8 / 17
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The same result holds on Sobolev spaces.

Lemma

The operator Lq : Ḣ
1
2 → Ḣ− 1

2 is invertible and

‖L−1q f‖
Ḣ
1
2
6 C(q)‖f‖

Ḣ− 1
2
.

Idea of the proof.

L
4
3 ↪→ Ḣ− 1

2
L−1q−→ Ḣ

1
2 ↪→ L4.

Bu = ∂̄−1f ∈ Ḣ
1
2

Claim: B : Ḣ
1
2 → Ḣ

1
2 is invertible.

• injectivity: B : Ḣ
1
2 ↪→ L4 → L4

• surjectivity: ∃!u ∈ L4

Bu = u+ ∂̄−1(qū) = v, ∀ v ∈ Ḣ
1
2 ↪→ L4.

qū ∈ L
4
3 ↪→ Ḣ− 1

2
∂̄−1→ Ḣ

1
2

9 / 17
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Smooth dependence

Lemma

The constant C(q) has a local Lipschitz dependence on q. Given

q0 ∈ L2, there exists ε > 0 such that for every q1, q2 ∈ B(q0, ε).

‖L−1q1 − L−1q2 ‖ . C(q0)
2‖q1 − q2‖L2

|C(q1) − C(q2)| . C(q0)
2‖q1 − q2‖L2 .

Idea of the proof.

Lq0u = (q0 − q)ū+ f

(I− X)u :=
(
I− L−1q0 ((q0 − q)̄·)

)
u = L−1q0 f

Solve by Neumann series, under the blue assumption

‖L−1q0
(
(q0 − q)̄·

)
‖ 6 ‖L−1q0 ‖ ‖q0 − q‖2 �‖L

−1
q0
‖ 1

C(q0)
< 1

10 / 17



Smooth dependence

Lemma

The constant C(q) has a local Lipschitz dependence on q. Given

q0 ∈ L2, there exists ε > 0 such that for every q1, q2 ∈ B(q0, ε).

‖L−1q1 − L−1q2 ‖ . C(q0)
2‖q1 − q2‖L2

|C(q1) − C(q2)| . C(q0)
2‖q1 − q2‖L2 .

Idea of the proof.

Lq0u = (q0 − q)ū+ f
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Recap

Step 1 Enlarged spaces

L−1q : L
4
3 (C)→ L4(C) invertible

Step 2 Restrict

L
4
3 ↪→ Ḣ− 1

2
L−1q−→ Ḣ

1
2 ↪→ L4, still invertible and

‖L−1q f‖
Ḣ
1
2
6 C(q)‖f‖

Ḣ− 1
2
.

Step 3 Dependence Given q0 ∈ L2

q 7→ L−1q is analytic for q ∈ B(q0, ε)

For q1, q2 ∈ B(q0, ε)

‖L−1q1 − L−1q2 ‖ . C(q0)
2‖q1 − q2‖L2

|C(q1) − C(q2)| . C(q0)
2‖q1 − q2‖L2 .
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Step 4 Uniform bound on L2 balls

C(R) := sup{C(q) : ‖q‖2 6 R}, C : R+ → [0,∞].

Want to show: C(R) �nite ∀R > 0.

By contradiction:

R0 := inf{R ∈ R+ : C(R) = +∞}.

limR→R0 C(R) = +∞, and exists {qn}n∈N ⊂ BR0
such that ‖qn‖2 → R0, with ‖L−1qn ‖

n→∞−→ +∞.

Extract a convergent subsequence:

qnk
L2−→ q ⇒ ‖L−1qnk‖

k→∞−→ ‖L−1q ‖ < +∞
Problem: {qn}n∈N is not compact!
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Symmetries: obstruction to compactness

The ‖q‖L2(C) is preserved by

Translations τhq(x) = q(x− h)

Dilations δλq(x) = λq(λx)

S(λ, y)q(x) := λq(λ( · − y))

De�nition (compactness up to symmetries)

There exists {(λn, yn)}n∈N such that {S(λn, yn)qn}n∈N is

precompact in L2.

Idea: split {qn} in pieces driven by di�erent symmetries

qn =

N∑
k=1

S(λkn, y
k
n)q

k + qNn , with lim
N→∞ lim sup

n→∞ ‖qNn ‖2 = 0
This is still too much to hope for.
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A New Hope

We only need convergence in a weaker topology!

lim
N→∞ lim sup

n→∞ ‖qNn ‖ = 0
in the Besov space Ḃ

− 1
3 ,3∞ , where ‖f‖Ḃs,pq =

∥∥2sk‖Pkf‖Lp∥∥`q , and
Pk is the Littlewood-Paley projector.

‖qu‖
Ḣ− 1

2
. ‖q‖L2 ‖u‖

Ḣ
1
2

Theorem (Improved estimates on pointwise multiplier)

‖qu‖
Ḣ− 1

2
. ‖q‖

Ḃ
− 1
3
,3∞ ‖u‖

Ḣ
1
2

Remark: L2 ↪→ Ḃ
− 1
3 ,3∞ .
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Ḃ
− 1
3
,3∞ ‖u‖

Ḣ
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A New Hope

Theorem (Improved estimates on pointwise multiplier)

‖qu‖
Ḣ− 1

2
. ‖q‖

Ḃ
− 1
3
,3∞ ‖u‖

Ḣ
1
2

1
p

s

sc
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e {

s = d
p − 1

}
0 •

L2

• Ḃ
− 1
3 ,3

q
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Thank you
Dankesch�on Gracias Obrigado Grazie

Dzie�kuje� Ci Õâàëà âàì Kiitos Ñïàñèáî Eskerrik asko

Mult,umesc Xi�exi�e

Adrian Nachman, Idan Regev, and Daniel Tataru, A Nonlinear Plancherel

Theorem with Applications to Global Well-Posedness for the Defocusing

Davewy-Stewartson Equation and to the Inverse Boundary Value Problem

of Calderon., arXiv preprint arXiv:1708.04759 (2017).
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Why is ν ∈ L∞?

Consider the case ν 6= 1, otherwise both ν and 1/ν are clearly in

L∞. Then ν := e∂̄
−1(qn

ū
u ), with qn ∈ Lp1 ∩ Lp2 . Then

‖e∂̄−1(qn
ū
u )‖∞ ∼=

∥∥∥∥∥∥
∑
k>0

(∂̄−1(qn))
k

k!

∥∥∥∥∥∥∞
6
∑
k>0

‖∂̄−1qn‖k∞
k!

.p1,p2
∑
k>0

(‖qn‖p1 + ‖qn‖p2)k

k!

that is �nite and it equals e‖qn‖p1+‖qn‖p2 .
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