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1  Controlling rough paths (part II)

after M. Gubinelli [1]

A summary written by Gianmarco Brocchi

Abstract

We study the problem of existence, uniqueness and continuity of
solutions of differential equations driven by irregular paths with Holder
exponent greater than % (e.g. samples of Brownian motion). We will
also show how this setting relates to known stochastic integrals.

1.1 Introduction

Consider an interval J C R and a y-Hélder path X in C?(J, V') taking values
in a finite dimensional vector space V. Let ¢ be a function in C(V,V @ V*).
We are interested in studying the controlled differential equation

aY/ = (Y)pdXy | Yi, =y, to€J (1)

where p, v are vector indices’. A solution to (1) is, formally, a continuous
path Y € C7(J,V) such that

t
xﬂ—y+/3mnwdxz )

to

for every t € J. When v > % appropriate conditions on ¢ allow one to
consider the integral in (2) as a Young integral. When £ > v > 3 the
integral must be understood as integral of a weakly-controlled path, as in
part I of [1].

In the latter case, given a rough path (X, X?), the solution of the differential
equation (1) is a weakly-controlled path in D} (J, V).

To prove these results we show that the solution map

Ywmm=m+fwmwﬁ 3)

to

is locally a strict contraction on a subset of the Banach space C7(J,V)
of Holder continuous functions on J with values in a finite vector space

"'We will use Einstein notation omitting summation over repeated indices.



V. Therefore (3) has an unique fixed-point. Moreover, the 1t6 map YV =
F(y,, X) which sends the data of the differential equation to the solution
is Lipschitz continuous (on compact intervals J) in each argument.

The following table summarizes the sufficient hypotheses and our main
results in the two cases. The parameter § is assumed to be in (0, 1).

v>1/2 1/2>~v>1/3
Integral in (2) Young integral Integral based on (X, X?)
Solution Y e Y € DY
Conditions for | ¢ € C°(V,V ® V™), peC(V.V),
Existence (1+68)y>1 (240)y > 1

Stronger condition for
Uniqueness

e CY(V, V@ V) 0 e C(V,V)

1.2 Preliminaries

We indicate with QC the set of bounded functions on R?. For this set of
functions we can introduce the norm:

|Ast|

All, := sup .
Al = S —op

The space €2C7 is the subspace of 2C such that ||Al|, < oo.
For a path X on I C R, the map (§X) := X; — X maps C”? to QC7.

Lemma 1. Let I = [a,b] and v,n € R. If v <n then
- Mlyr < 1o = al ™[] - [l.s
i.e. the inclusion QC"(I) — QCY(I) is continuous.

Lemma 2. Let I,J be two adjacent intervals on R and let X be a path in
C'(1,V) and in C?(J,V). If NX € C2 (I U J, V), with y1 + 2 =7, then

HXH%IUJ < Q(HX”%I + HXH%J) + HNX”%,WJUJ
and X € CY(1U J, V).



1.3 Existence and uniqueness when v > %

Proposition 3 (Existence). If v > 1/2 and ¢ € C°(V,V @ V*), § € (0,1)
with (14 6)y > 1, there exists a path Y € CV(J,V) that is a solution of the
differential equation (1). (The integral in (2) must be understood as Young
integral.)

Sketch of the proof. Start with an interval I = [tg,to + T] C J for T' > 0. Under
the condition (146)y > 1, G maps C? (I, V) to itself. Using decomposition of path
in C7 we can fix a compact, convex subset (); which is invariant under G. It can
be shown that the map G is continuous on Q5 so, by the Leray-Schauder-Tychnoff
theorem, there exists a fixed-point for G in ;. We conclude by covering J with a
collection of intervals I of small length and patching together local solutions using
Lemma 2. 0

Proposition 4 (Uniqueness). Ify > 1/2, p € C**(V,V&V*), § € (0,1) with
(14 0)y > 1, there exists a unique solution Y in CV(J, V') of the differential
equation (1). The Ité map F(y, p, X) is Lipschitz continuous in the following
sense:

||F(y>907X) - F(ﬁ? QZ’X>H%J S M(HX - X”’Y,J + HSD - 6”1,6 + |y - m)

with a constant M depending only on || X||,.s, HX'H%J, lollis, [|@lls and J.

Idea of the proof. For T < 1 we can fix an invariant compact set (J; as in the
previous Proposition. For T small enough G can be shown to be locally a strict
contraction on @, this means we can take a = a(7T") < 1 such that

IGY) = G )l < allY =Yl

when Y, Y € Qr and X = X . As a strict contraction G has a unique fixed-point
on Q7. Uniqueness for the whole J follows by a covering argument. O

1.4 Existence and uniqueness when % > > %

Proposition 5 (Existence). If v > 1/3, p € C*(V,V), § € (0,1) with
(2+ 6)y > 1, there exists a weakly-controlled path' Y in D> (J, V) solution
of the differential equation (1). (The integral in (2) must be understood as
based on the pair (X,X?).)



Sketch of the proof. The path ¢(Y") belongs to D}’(Hé)’y(.], V),. Integration against
X makes sense for (244)y > 1. We claim, similarly to Proposition 3, that G maps
D}(’}Y(I , V) to itself. Using the following decomposition for Z = G(Y);

OZF = lel(sXV + Rlé — @(Y)ﬁ(SXV + 8n(p(Y);VLYPmX2,up + Q%

we can bound the norm || Z||«; = [|Z|py(y,2y,r)- One can fix a time T, < 1 such
that for all T' < T, the set Q’I is invariant under G.
Then there exists a solution in D}*7(I, V) for any I C .J small enough. Consider

a covering of J with suitable intervals Iy, ..., I,; patching together local solutions
we get a global one Y defined on U;I; = J. Again, one can use Lemma 2 iteratively
to prove that Y belongs to D}(’27(J, V). O

Proposition 6 (Uniqueness). If v > 1/3, ¢ € C**(V,V), § € (0,1) with
(2 +6)y > 1, there exists a unique solution Y € DY (J,V) of the differ-
ential equation (1), where the integral in (2) is based on the couple (X, X?).
Moreover, the Ito map F(y, ¢, X,X?) is Lipschitz continuous.

Idea of the proof. As in Proposition 4 we decompose J in smaller intervals in order
to bound

ez = oY) = 3(Y) oot + oY) = 3(Y)

For I small enough we can find an invariant domain for G. Choosing 7' < 1 small
enough there exists an o < 1 such that

vt HRZ - R’Z“H%J-

IGY) = GY)|lss < a||Y = Y]ur.

Thus G is a strict contraction in D}(’%(I , V) and has a unique fixed-point. Patch-
ing together local solutions we get a global one defined on J, that belongs to

DL (J, V). O

1.5 Some probability

Let (€2, F,P) be a probability space and let X be a standard Brownian motion
defined on it taking values in V' = R". For a fixed v < % and a bounded
interval I, the process X is almost surely locally v-Holder continuous, thus
we can choose a version of X in C7(I,V).

Via stochastic integration we can define
t A
Wi = [ 00X dx;
S
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in the sense of the It6 integral (indicated by the hat in JXZ ) with respect to
the filtration F; = o(Xs; s <t). For any s,u,t € R we have:
Wiio st = Wie,su = Wi, = (X = XJ)(XY = XJ) (4)

1t6,su

and thus we can consider a continuous version X2, of the process (s,t) —
Wits, st such that (4) holds almost surely for all s, u,t € R.
Using a variation of an argument introduced in [2],[3] to control Holder-like
seminorms of continuous stochastic processes with a corresponding integral
norm, it is possible to show that X2, belongs to QC*'(I,V @ V).

On the other hand, the Stratonovich integral is given by

Strat.,st u

t
XZH = / (X# — X" o dX”.

From stochastic integration we know that

v "z g v ]. lf =V
Xélcl;at.,st = X%t’é),st + g_(t - S) ) where gli - g .
2 0 otherwise.

Also in this case we can choose a continuous version of Xg.., , in QC** such
that (4) holds.
We have introduced the following integrals so far:

[to integral Integral based on (X, X%,)

t t
51, = / p(X)EdXY | 6, = / o(X,)dX”

Stratonovich integral Integral based on (X, X2, )

t t
STty = / P(XhodXy | o= / P(X,) XY

The connection between them is pointed out by following theorem:

Theorem 7. Let ¢ € CY9(V,V @ V*) with (14 6)y > 1 and v < 1. Then
each stochastic integral in the left column of the table has a continuous version
which almost surely coincides with the integral on the right. Moreover, by the
relationship between Ito and Stratonovich integration:

KV t
51l + / Do (Xt du = 51,
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we have that

RV

t
g+ Uy [ 0o}t du = 5
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