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ABSTRACT

This thesis studies extremizers for the Strichartz inequality for a family of
fourth order Schrodinger equations on IR:

Qu—pAu+A2u=0, p=>0. (1)

We solve an open problem that was posed in the literature about seven years
ago by Jiang, Pausader and Shao in [JPS10] about the existence of maximizers
for the corresponding Strichartz inequality when pu = 0:

1 LTy
161915l o) < SlIfliz) - (2)

We prove that extremizers for (2) exist and are smooth.

To show this result we will use an orthogonal basis of polynomials in
[2[—1,1]. Connections between other Strichartz estimates and orthogonal
polynomials have been recently discussed in [Gon17].

For proving smoothness of maximizers, we exploit the bootstrapping
argument from [EHL11] and adapted in [HS12] for showing regularity for
extremizers of the Airy-Strichartz inequality.

The study of extremizers is closely related to the research of optimal con-
stants in the corresponding inequalities. For the Schrédinger equation:

iu—Au=0 (3)

Strichartz inequalities for the solution have been intensely studied in the
last decade by Kunze [Kuno3], Foschi [Foso7], Shao [Shaog], Oliveira e Silva
and Quilodran [OeSQ16]. For a more complete list, the reader can refer to
[FOeS17]. In low dimensions the sharp constants have been calculated and
extremizers characterised using different tools from PDEs and Harmonic
Analysis, in particular from the theory of restriction for the Fourier trans-
form.

The restriction problem was first posed by Stein: he wondered when it is
possible to meaningfully restrict the Fourier transform on a subset E of the
Euclidean space. Surprisingly, the answer is closely related to the curvature
of the set E. In fact, curvature is one of the main factors to cause decay of
oscillatory integrals.



Structure of this thesis

In the first chapter we introduce the Schrodinger equations together with some back-
ground: Oscillatory integrals, Restriction theory and Strichartz estimates.

In Chapter 2 we present the family of fourth order Schrédinger equation in (1). We
focus on the case p = 0 and the corresponding Strichartz estimate (2).
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PRELIMINARIES AND BACKGROUND

THE SCHRODINGER EQUATION

The Schrodinger equation is a differential equation that describes the evolution of a
quantum system. It was introduced by Erwin Schrédinger in the 1925, who won the
Nobel Prize for Physics eight years later. The simplified form the of equation we use
in this thesis is

i%‘l’(x,t) = [A+V(x,t)]¥(x, 1)

where 1 is the imaginary unit, ¥ is the so-called wave function and V is a potential.

When the potential V vanishes identically, we have the initial value problem for the
homogeneous Schrodinger equation in R with initial datum .

{iatu —Au=0 SE)

u(0,x) = up(x)

Solution via Fourier analysis

When the initial datum 1 is taken in the Schwartz space .7 (IRY) it is possible to give
an explicit formula for the solution of the initial value problem (SE), by using the
Fourier transform on R¢.

Fourier transform Inverse Fourier transform

1
(2m)d

fle) = LRd e £(x) dx, Fly) = LRd eVE£(£) dE,

We will use the notation d¢ to indicate the normalised measure (z?éd' With this nor-

malisation the Fourier transform is an isometry between L?(R¢, dx) and L? (RY, d§).

More results about the Fourier transform are recalled in the Appendix A.

We denote with J the Fourier transform with respect to the space variable x, while

J or Jx will stand for the space-time Fourier transform, in both time and space.
Applying the Fourier transform to (SE), we get

0+ Efa=0
u(0,x) =u(x), U € Z(RY).



The first line is now an algebraic equation. Divide it by the imaginary unit: since
1

i~ = —1 we obtain
Ol — &[4 = 0.
Multiplying by e E? we can rewrite the equation as
du(e e, £)) = 0.

Now integrate from 0 to t. Since lim;_, e_iﬂ‘i‘zﬁ(t, &) =1/(0,&), we have
t . .
J dc(e i (T, £)) dr = e (1, £) — T (2) =0,
0
then

Git, &) = e (0, 8).

The right hand side is still a Schwartz function, so we are allowed to take the Inverse
Fourier transform in the space variable on both sides:

wlt) =5, (€4 () (0 = | e et () de
R4
Thus, our solution to (SE) is given by
u(t, x) = e Ay, (1.1.1)
where we indicated with e~ "4 the evolution operator

(e 14F) (6,) 1= 5, (M H(E)) = J () e
R

The solution (1.1.1) enjoys the following symmetries.
space-time translations: u(t,x) ~» u(t +to, x +x¢), with tp € R, xo € R™;
parabolic dilations: u(t,x) ~» w(A2t, Ax), with A > 0;
change of scale: u(t, x) ~» pu(t, x), with p > 0;
space rotations: u(t, x) ~» u(t, Rx), with R € SO(n);
phase shifts: u(t,x) ~» elu(t, x), with 0 € R;
Galilean transformations:
u(t,x) ~ exp (% <|v|2t +2v- x)) u(t, x +tv),

with v € R™

Let G be the group generated by the above symmetries, and let g an element of G.
If u solves (SE) with initial data up, then v = g - u is still a solution to (SE), where -
denotes the multiplication on the group G.

Since we expressed the solution u(t,x) to the Schrodinger equation (1.1.1) via the
(space-time) Fourier transform, we can use results from the realm of oscillatory inte-
grals theory in order to study regularity of the solution.



OSCILLATORY INTEGRALS

Oscillatory integrals are one of the main tools in harmonic analysis since its very
beginning. The Fourier transform is in fact an example of oscillatory integral. We
recall a few important results about them.

Notation 1.2.1. If x,y are real numbers, we write x = O(y) or x < y if there exists a
finite positive constant C such that |x| < Cly|. We write x ~ y if C 'yl < Ix| < Cly| for
some C # 0.

The main contribution in the oscillatory integral comes from critical points of the
phase: those points in which the gradient of phase V¢ vanishes. The following result
is from [SS11b, Prop 2.1, Chapter 8, page 325].

Proposition 1.2.2 (Principle of non-stationary phase). Let ¢ € C*®(RY),P € CX(RY),
with [V(x)| > ¢ > 0 for every x € supp(\p). Then for any N > 0

TN =

J e (x) dx| < epA N YA >0,
Rd

where the constant cy depends also on @ and .

When critical points are present, we cannot hope for such a decay.

Example 1. Consider the 1-dimensional case: let a < 0 < b and let P be a smooth
cut-off function supported in [—5, 5| and focus on the real part:

b b
m(J ey (x )dx) :J cos(A(x))h(x) dx.

a a

As A gets larger, we get more cancellation when no critical points are present. Below
we fix A = 100 and we plot two example: in the first one on the left ¢(x) = x, who
does not have critical points; in the second ¢(x) = x%, and the derivative vanishes at

the origin.

Figure 1.: Plot of the function cos(100x). Figure 2.: Plot of the function cos(100x?).

P

But we can still get some integrability if the critical points are not “too critical”.

Lemma 1.2.3 (van der Corput). Let ¢ € C?[la, bl and |@"(x)| > 1 for all x € [a,b]. Then
b 8
I(A)] = J eMMdx| < S YA>0
a A2




The reader can find a proof in [SS11b, Prop 2.3, Chapter 8, page 328]
It is possible to partially generalize such result in higher dimension. See [CWo02]
for more details on what follows.

Definition 1.2.4. Let ¢ € C®(RY). A point xg € R4 is a critical point of @ if Vo (xp) = 0.
The point xg is non-degenerate if the Hessian is non-degenerate in xy, namely if

%
aXian

d
V2(xo) = < (xo)) has full rank
i,j=1

or, equivalently, if det(VZ@(xg)) # 0.

Theorem 1.2.5 (van der Corput in higher dimension [CWoz]). Let ¢ € C®(R%Y),p €
CX(RY), with det(V2@(x)) # 0 for every x € supp(). Then

These results have important applications in the theory of restriction of the Fourier
transform.

RESTRICTION THEORY

Let f be an integrable function. Then its Fourier transform f is a continuous function.
Thus, for every subset E C RY, the restriction of f to E makes sense as a continuous
function. We can define a restriction operator R¢ which maps into the space C(E) of
continuous functions on E.

Re: L'(RY) — C(E)
f— ‘/f\ fE

The operator R is a linear and bounded since

If Telloo < [If [0 = sup
fcRd

J e*i"'af(x) dx
]Rd

< J I£00)] dx = |1
]Rd

On the other hand, the restriction of an L? function to a null set' makes no sense.
We wonder if it is possible to make sense to this operator on LP (RY), for 1 <p < 2.
In other words, we wonder for which (q,p) and E ¢ R? the operator

Re: LP(RY) — LY(E)

f'—>ffE

1 when E is a set of zero Lebesgue measure in R4



is bounded, even when the subset E has zero Lebesgue measure.

First, we start with defining a class of “nice” subsets on which we would like to
restrict f. We indicate with (x!,...,x9) the coordinates of a vector x € RY, and with
(p%p',...,pY) the coordinates of a point p € R4+,

Definition 1.3.1. We say that M is a local smooth hypersurface in R4+ if it is locally a
graph of a smooth map
¢:RY > R
x = (!, ...,x%).

This means that for every point p € M there exists a neighbourhood M,, of p and a
map @ € C®(IRY) such that

M, = {(XO,X) eRxRY: X0 = (p(x],...,xd)}.

Example 2. The d-dimensional sphere $¢ = {x € R4 : |x|> = 1} and the paraboloid
P={(xy) e R*xR : y =[x} are hypersurfaces in R4*".
Let M be a smooth hypersurface in R%*", and let p € M. Then there exist an open

neighbourhood A of p, a point xy € R¢, an open neighbourhood U of xy and map
¢ € C*®(U) such that

d(xo) =p, ANM=¢((U) = {(x,y) eEUxR:y :(p(x],...,xd)}.

The map ¢(x) = (x, @(x)) (usually called “chart”) maps ¢: U — ¢(U). We can
carry over the Lebesgue measure £¢ on RY to M via ¢. Let f be a smooth function
supported in the compact region V on M, with V = ¢(U). We can define the surface
measure o on the surface M via change of variables:

J f(v)do(v) ::J f(v)do(v)
\%

$(U)
= | (Fo 0 Bactotaldx = | (Fo 01001+ Vo tRdx
Up to translations and rotations, we can assume that p = (xo,x) = 0 e R,

¢(0) = (0,9(0)) = 0and Ve(0) = 0. Once a basis of RY is fixed, the Hessian
of ¢ at the origin can be represented as a matrix V2¢(0). This is a linear map on R4,
Since ¢ is smooth, its Hessian is symmetric, so it has d real eigenvalues ky, ..., kq.

Definition 1.3.2 (Curvature). Let p € M and x € R¢, with ¢(x) = (x, @(x)) = p as
before. The eigenvalues k1, ..., kq of the Hessian V2¢(x) are called principal curvatures
of the M in p. The product of the eigenvalues

k(p) =k - ... - kq = det(VZe(x))

is the Gaussian curvature of M at p.



Let u be a smooth compactly supported measure on the hypersurface M. For ex-
ample, consider p = o, where o is the surface measure and { € C(M), where
C2°(M) is the space of smooth, compactly supported functions on the hypersurface
M. Consider the Fourier transform of such a measure.

When M has non vanishing Gaussian curvature at every point, we can expect the
Fourier transform of the measure p to decay. In fact, we assume that supp(n) = ¢(U)
with U compact, then

A(e) =J e Y du(y) :J T4 Jac((x))] dx = J e 0 (1419 p(0?) " dx.
o(U) u u

Expanding ¢(x) in the origin using Taylor, the first two terms are zero, so we have

d
Z x +0 le3

When the principal curvatures k;j never vanish, we can apply Theorem 1.2.5 to get the
decay

fi(E) = 0(1&2).

We want to see if the same result holds true when we consider functions on M. Let
us introduce an operator to deal with this case.

Definition 1.3.3. Let M € R4 be a d-dimensional manifold and p a smooth measure
supported on it. We define the following operators

Restriction operator Extension operator
R: LP(RY) = 12(M, p) R LA(M, ) = P (R (1.3.1)
f— () Im g|—>?_](gu)

The operator R* is the adjoint of R. When the manifold M is curved and the measure
i is compactly supported (for example, consider the d-dimensional sphere S$¢ with it
surface measure o), in the case q = 2 one can use the following result due to Tomas
and Stein [Tom75].

Theorem 1.3.4 (Tomas-Stein). Let S4 ¢ Rt and f € LP(RY*), then

2(d+2)

IRfl2sa) S [Fllp(rasry  holds for  T<p <=

The dual statement for the extension operator reads:

2 A rigorous definition of Fourier transform of a measure is reported in Appendix A.



Theorem 1.3.5 (Dual Tomas-Stein). Let S ¢ R, and g € 12(S9), then

4
HfR*QHLp/(JRd*‘J < HQHLZ(Sd) holds for p' =2+ 1 (1.3.2)

Remark 1.3.6. The implicit constants in Theorem 1.3.4 and Theorem 1.3.5 do not de-
pend on the function f, nor on g.

BACK TO THE SCHRODINGER EQUATION

Look closer at the solution of (1.1.1):

: 1 : -
u(t, x) = e thuyy = W J}Rd el(X-Htlélz]uO(&) de.

We multiply and divide by 27t and we interpret the above formula as an inverse
space-time Fourier Transform on R4+

ult,x) = J ei(x-£+t\élz)ﬁa(a) 4z = J el (tx)-(T,E) 2n (&) 8(t— ’EJZ)E dg
R4 Rd+1 27
from which:
u=F"(UW(&) 2md(t— &) =F ' (f. (1.4.1)
—_— ———
f(&) (&)

where 5(T—|£/%) is a measure supported on the paraboloid P ={(7,¢&) € R t = |&2).

Thus, the solution of the Schrodinger equation (SE) is given by applying the extension
operator R* to the function 1y when M is the paraboloid P, and p is the measure
27 5(t — &%),

The operator e is, in fact, the composition of R* with the spatial Fourier transform
on R¢. —itA

ug € > u(t, x)

—itA

g — up — Ry = u(t, x)

Remark 1.4.1. The Tomas-Stein inequality (1.3.2) holds on compact hypersurface. In
the case of the paraboloid, we can remove this assumption via rescaling®. Consider
g € L2(RY) such that

supp(tp) € Bff ={& e R : [g < 1),
Rescaling 1y with A > 0, the Fourier transform changes with the dual scaling;:

(oa(x) = wo(Ax) = (U)a(&) = AMi(E/A) = g (£),

3 This is particular of the paraboloid, it is not possible to do it, for example, for the hyperboloid




then 11y is supported on B = {£ € RY : |§] < A}. The rescaled extension inequality

A A2 4 —A
IR Ly ) = A7 IRl Ly st < N 3 Gy = 168 2y
: —§at2 : / 4

holds with constant C, = CA *° »’" . In particular, for the value p’ = 2 + 3 we have
Cy = C for every A > 0. From Theorem 1.3.5, letting A — oo we obtain the bound for
the whole paraboloid P. Since functions with compactly supported Fourier transform
are dense in L%, with a limiting argument we obtain the extension inequality for all
initial data in 2.

Once we interpret the solution of the Schrédinger equation e Ay as a Fourier
extension from a paraboloid, we can apply Theorem 1.3.5, that holds, by the previous
remark, for p(d) =2+ %. Then we have

et ollipi) gogay S TWollizra). (1.4.2)

The exponent p(d) is also called the Strichartz exponent.



STRICHARTZ ESTIMATES

The Strichartz estimates are a family of inequalities for dispersive equations in which
the norm of the solution is taken in the mixed Lebesgue space L{ (R)LE(RY).

They were introduced by Robert Strichartz in his seminal paper [Str77] in which he
pointed out the connection between restriction theory of the Fourier transform and
the decay of the solution of wave and Schrodinger equations.

Strichartz estimates for Schrodinger equation

The estimate we obtained in (1.4.2) using restriction theory is quite remarkable, never-
theless Theorem 1.3.5 gives estimates only on isotropic Lebesgue space (on Lf‘ (R)LE (RY)
when q = p). On the other hand, the paraboloid is invariant under the anisotropic
scaling

(%, 1) ~ (Ax, A?t).

The solution of the Schrédinger equation (1.1.1), as a Fourier extension from a paraboloid,
enjoys this not linear dilation in the time coordinate. So it is reasonable to study re-
striction and extension estimates on anisotropic spaces, i.e. when q # p. In fact, the
solution of the Schrodinger equation (1.1.1) enjoys the following estimates:

—itA

e uo“Lﬁ(IR)LE(le) < CHuOHLZ(IRd)' (1.5.1)

The constant C = C(q, p, d) depends on exponents and
dimension. By scaling (1.5.1), we obtain the condition: !

L4 ] if d=1
a+1—) =5 with pe2oo) if d=2 (1.5.2)
pe(2,25] if d>3

N

o=

For a given dimension d, a pair (q,p) satisfying the -
above relation is called admissible. d=2 %

i\

Remark 1.5.1. In d = 2 the endpoint (q,p) = (2, co) has been proved false by Montgomery-
Smith [MSg8]. For d > 3, the endpoint (q,p) = (2, £%) has been proved by Keel and
Tao [KT98].

Proving this inequality is equivalent to showing either of the following:
o Ti=e A - 2(RY) — LILP(R x RY) is bounded,
o Tri=(e A . ijlL}Z/(]R x RY) — L2(RY) is bounded.



The composition TT* :

o TTH=e (e 84)% LIP (R x RY) = LILP(R x RY)  is a bounded operator.

We prove the last bound for TT* and, by Holder and duality, the previous follow

Theorem 1. 5 2 (Nonendpoint Strichartz estimates). The operator TT* is given by u +—
90 e=t=s)A y ds and the following inequality holds

H HESIAF () ds

LILE(RxRY) ||F”L§'LE'(RxRa) (1.5.3)
for (4, q, p) satisfying the condition (1.5.2).

Remark 1.5.3. The bound (1.5.3) is closely related to the bound for the solution of the
inhomogeneous Schrodinger equation:

idtu—Au=F
u(0,x) = up(x)

which by Duhamel’s formula is

t
u(t, x) = e Ay +iJ e Ut=)AF(5) ds. (1.5.4)
0

We start proving LP-bounds for the kernel in (1.5.3). Details of the proof can be
found in [LP14].

Lemma 1.5.4. The operator eitd defined on .’ (RY) extends to an unitary operator on L2(RY)
Moreover, we have the following estimates:

i i _d
Mz = (vl le™ AVl < (A7t =2 [[V]|L.
Energy estimate Decay estimate

le

Interpolating between them for 2 < p < oo we obtain:

i —d(1-1
le 8y < (dnlth) ) ),

Proof of Theorem 1.5.2. We prove the theorem in all case but the endpoint
From Lemma 1.5.4 applied to (1.5.3) we have:

H tsAF()d

'd\—*

< JOO (amit—sh) ) JRGs
Ly

—00

||L£/ ds

The rlght hand side can be expressed as a convolution. Let A be the left hand side
_a1-1
and let f(t) = ||F(t HLP' and g(t) = (4nt|) d<2 P), then

[AllLar) < 1+ glliar)

10



Using weak Young inequality* for r > 1:

1 1 1
If*gllLa < [[fllsllgllrc0 forall (s,7): g‘f‘; =1 +a-

In our case g € L"*(R) where % =d (% — %) Notice that, by scaling, we have

LAl o1y 2]
qg 2\2 p g
which implies s = q’. Thus

A llsm) S 17 glleam) S Illgrlglvoe = 1Pl aryo o

This proves the estimate away from the endpoint. O

EXTREMIZERS FOR STRICHARTZ ESTIMATES

We are interested in the best value of the constant in the inequality (1.5.1). This will
be defined as

He_imuoH q P(Rd
C:= sup LA RIEXRY) (1.6.1)

oL 2 (REN\(0} HuOHLZ(IRd)

Definition 1.6.1. A nonzero function f that realises equality in an inequality is called
extremizer or maximizer for that inequality.

In particular, we look for a nonzero f € L*(IR%) that realises equality in (1.5.1),
if there exist one. Even if maximizers do not exist, we always have sequences of
functions maximising (1.6.1).

Definition 1.6.2. A sequence {fy}ncN, With |[fn||;2 < 1 is an extremizing sequence for

(1.5.1) if
- —itA
dim [le™ n|pag)rp ra) = €
Remark 1.6.3. Due to the several symmetries of the solution, extremizing sequences

may not converge to an extremizer in the strong topology.

Despite of the difficulties, existence of extremizers for the Strichartz estimate (1.5.1)
has been proved in all dimensions! The first result, in dimension 1, was given by
Kunze [Kuno3]: he proved existence of extremizers exploiting the concentration-
compactness principle of Lions [Lio85]. Then Foschi [Fosoy] managed to characterise
maximizers in dimensions d = 1 and 2, showing that they are> Gaussians. A few

4 or by applying Hardy-Littlewood-Sobolev lemma
5 up to the symmetries of the solution Section 1.1.1.



years later Shao [Shaog] proved the existence of extremizers in every dimension, and
not only in the symmetric case but for any non-endpoint admissible pair (q, p).

The figure shows admissible pairs of exponent
(q,p) for different dimensions.

The blue dots on the diagonal represent the
symmetric exponents (q, q), for which we can
use restriction theory.

Characterise the extremizers in higher dimen-
sion is still an open problem.

12
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2 A FAMILY OF FOURTH ORDER
SCHRODINGER EQUATION

We study a family of fourth order Schrodinger equations in one dimension depending
on the parameter p > 0"

10w — pAu+ Au=0 xteR
5 (2.0.1)
u(0,x) =f(x) € L°(R)
The solution of the equation (2.0.1) is given by
S, (t)f := plt(AZ—pA) e _ (ei(xE,thd)u(&))]?(a))V:J ei(X£+t¢u(E)]A(a) dg, (2.0.2)
R
where ¢ (&) = Y4t A family of Strichartz estimates is available:
)
IDiSu(OfllLamryzmw) < ¢ lfllizw) . (2.03)
where (q,p) = (%, ﬁ), 6 € [0,1], and the operator Df is given by
Df(x) = | eeigf(e) e de. (2.0.4)
R

These estimates have been proven by Kenig, Ponce and Vega [KPV91, Theorem 2.1]
for a broad class of phase function ¢. In their paper the authors deal with global
and local smoothing properties of dispersive equations. These results are obtained
exploiting the decay of the oscillatory integral representing the solution.

In our case, when the parameter 0 ranges in 1
[0, 1], we obtain all the points in line connect- a )
ing (%,O) and (0,3—1) in the diagram. We are }1 % %
mainly interested in the symmetric case, when ¢
q = p = 6, and the inequality (2.0.3) is:

o =

1
IDESW®)fllis mory < Clfli2m) - (2:05)

1
2

This case (in blue in the diagram) is obtained

Y Figure 3.: Riesz diagram for the
when 0 = 3.

Strichartz estimates in
(2.0.3).

The case p < 0 is not considered since Strichartz estimates may not be available in view of the presence
of the critical point for the phase function, see [KPV91, Condition (2.1.c)].

13



Recently, in [OeSQ16] the authors studied the problem of existence of extremizers
for the Strichartz estimates for the same family (2.0.1) but in dimension 2. By using a
dichotomy result about existence of extremizers [JSS14, Section 4] for the correspond-
ing Strichartz inequality they proved that maximizers exist when p = 0, and fail to
exist when u = 1 (and, by scaling, when p > 0).

Aiming to a similar result for the 1-dimensional problem, in this thesis we study
the problem of maximizers for the endpoint pn = 0.

PURE POWER OF LAPLACIAN

From now on we will consider the case u = 0 for which our family (2.0.1) reduces to
the equation:

Du+Au=0 xteR
5 (2.1.1)
u(0,x) = f(x) € L°(R).
The solution is given by
So(t)f := et f = (etxE+HENF(£)) = J elEHENF ) q (2.1.2)
R
As before, for the solution we have the corresponding Strichartz estimate:
1.0
HDS eltA ﬂ|l_gx(lR><R) < S ”fHLZ(]R) , (2.1.3)

1
where the operator Dj is defined as

1

Dg f(x) == LR e™E(6E2|57(E) dE.

1
Remark 2.1.1. Here the operator Dy = 65|V|[3. This operator differs from the one in
(2.0.4) and in [KPV91] by a factor of 2%,
For the convenience of the reader, we indicate with T(t) the propagator given by
1 1.
the composition D So(t) = Dj 2% This is defined as
T(t)f(x) := J X6t /w(E) et E T(E)dE,  w(E) = |&)3. (2.1.4)
R
Sometimes we will omit the time variable t writing Tf in place of T(t)f.
The optimal constant S in (2.1.3) is defined as

1 1 A2
65 VI3 Hllie (rr)
(2.1.5)

S:= sup
feL2(R), ||f||L2(IR)
£2£0
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We write this quantity in a different way. First, we expand the solution T(t)f in
(2.1.4) using the extension operator R* defined in (1.3.1). Let v(&,T) = S(T— 54).
Then

T()f = Dj e%f = 5] (2nF(E)VWEIV(E 7))

Since || - [Ife = [I[-*[l 2, we get

1 1 A2 ~ 3
. 62 [[1V13 53 o) 63 |77 2n (&) yW(EV(E )| Tz me)
= sup : = sup ; .
rer2 11172 ) fer2 11172 )

We focus on the quantity inside the norm in the numerator. By applying Plancherel
(A.0.1) in dimension 2 we have

~ 3 ~ 3
|57 @) vwEv(E, D) e, we) = 20715 |57 2 f(E) vwEVE D) Tz, e

We use the convolution identity for the Fourier transform (A.o.2) twice and the Inver-
sion formula (A.0.4) to obtain

~ 3 _~ 2
21T |77 2ty g ey = @012 7'F (5 2V | vl
= 20) 7| (27) T EVWY « (Fywy  Fyvwy) [I¥:
= (Zﬂ)_zﬂ?\/Wv % (Fy/ Wy * Fy/mwv) HL% .
We apply the Fourier transform to the denominator, and again by Plancherel we have
3 317
Ifll2) = 2021 1}2 -
Finally, since the Fourier transform is a bijection on L2

5 5 ||f\/Wv*f\/Wv*f\/Wv||L%X(Rz) 3 ||f\/v_vv*f\/v_vv*f\/v_vv||L%,X(Rz)

S° =4/ s—sup = =14/ —sup 3
27tf€l_2 ||f||i2(1R) U ter2 HfHLz(]R)

Taking the square to both sides, we have:

u ||f\/W‘V>kf\/W‘V*f\/W‘VH%%X(]RZ)
=S°= sup :

3
fel2(R), 11172 ()
£-£0

(2.1.6)
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EXISTENCE OF MAXIMIZERS

In this section we prove the following theorem.
Theorem 2.2.1. There exist a maximizer for the Strichartz inequality (2.1.3).

Then, the best constant in (2.1.5) is given by

1ol A2 1 el A2
65 [||V[3 et fllts (rxr) 66 ||[V|3etta fllts (rxr)
S= sup . = max -
fe12(R), 1]l L2(w) feL?(R), Ifll2(w)
£40 f#0

In [JPS10, Theorem 1.8] the authors proved a dichotomy result for extremizers of our
Strichartz estimate:

Theorem 2.2.2 (Dichotomy, [JPS10]). Either

(i) S = Ssanr and there exist f € 1*(R) and a sequence {anhen going to infinity as
n — oo, such that {e™*“"f},cN is an extremizing sequence for (2.1.5), or

(ii) S # Sgcnr and extremizers for (2.1.5) exist.

A solution to the extremizing problem (2.1.5) is related to the one for the classical
Schrodinger equation. We recall that the sharp constant for the Strichartz estimate

for the free propagator e 4 g
o . sup le™™ V||Lgx(JRxJR) ( 1 )112 (22.1)
Schr = == ) 2.
T oseemyo Ve 12

This constant was calculated by Foschi, see [Foso7, Theorem 1.1].
To prove the existence of extremizers it is enough to show a lower bound for S
good enough to ensure that
S > Sschr- (2.2.2)

This will rule out the first case in Theorem 2.2.2. The condition (2.2.2) is equivalent

to
T

6v3’

Tge . T
3573

and because of (2.1.6), it is also equivalent to

up Hf\/v_vv*f\/v_vv*f\/v_va%Z(RZ) -

> . (2.2.3)
6
fel2(R), HfHLZ[IR) 6\/§
£0

(SSchr)6 =

We can approximate the left hand side with some explicit function f € 1.2,

16



Lower bound for the sharp constant S

We start proving a result analogous to the [OeSQ16, Lemma 6.1] adapted for the

3-fold convolution where the perturbation is ¥(x) = x4,

Lemma 2.2.3. Consider the measure v(y,t) = 8(t — y4) dy dt. Let E denote the support of
the convolution measure v * v xv. Let w(x) be the non-negative function IX|3 and consider
f(x) = e w(x) € L2(R), then the convolution f\/wv x fy/wv x fy/wv € L2(R?) and
the following lower bound holds:

Hf\/wv*f\/wv*f\/v_\)v‘ﬁZ(RZ) S ||fH€2(]R)

Z [ e drdE’ (2.2.4)

1712
Proof. The following identity holds:
2v 5 f2v s F2v(E,T) = e fy/wv x Fv/wy * fv/wv (&, T). (2.2.5)
Moreover we have
J 2y 5 v 5 2y (&, 1) dEdT = |[F]72 - (2.2.6)
R2

Then using the preceding identities and Cauchy-Schwarz we obtain

(152 = LRZ e T(fFywv * fv/wv * fv/wv) (&, 1) dtdE

1
2
< (J e_ZTdeE,) TN N o
E

that implies the desired inequality (2.2.4). O

We can explicitly calculate the right hand side of (2.2.4). The function f(x) = e w(x)
is even, and we have

1 (> 5 17(3) 17(%)
. :J 2t 2yh g :_J 22, %14, — 1 1\2) g6, — 1)
[ HLZ(]R) ]Re (x7)3 dx 7], e “*z z 255 so || HLZ 351

We compute the denominator. The support of v+ vx*vis E = {(&, TeR* 1> —7},
see Proposition 2.2.4.

Je‘ZTderi:J J e—m“a“dxdazlj (
E R J3 2]

27

00 3 (5
J e 2uy 3] du) ?1?\ _ 3 12(4).
0 Aat] 21

Putting all together, we obtain the lower bound:

6
“fHLZ(]R) _ 1 F(%P
Jee?rdrde 2431 T(3)
Unfortunately, this quantity is not large enough to defeat the sharp constant, in fact:

T (Sea)® = —— ~ 0.302299 > 0.2913141.

3 6v3

~0.2913141. .. (2.2.7)

17



Improved lower bound

The inequality in Lemma 2.2.3 was too crude and we need a new way to approxi-
mate [|fy/Wv * fy/Wv x f\/V_WH%zURz)- For this purpose, we exploit the identities (2.2.9),
(2.2.5), and the following properties of the convolution measure.

Proposition 2.2.4. Let w(&) = 1£]3 and v be the measure defined by
v(E, 1) = 8(T— &) dEdr.
Then the following properties hold for the convolution measure Wv s Wv s wv.
(a) It is absolutely continuous with respect the Lebesgue measure on R?.
(b) Its support is given by

E={(&1) eR*: t>37").

(c) It is radial and homogeneous of degree zero in &, the sense that:
(Wv * wv s« wv) (A&, A1) = (Wv s wv s« wv)(E,T), for every A > 0.

and (wvxwvsxwv)(=E,1) = (Wwvswvxwv)(E, 1) forevery & € R.

Following the work of Oliveira e Silva e Quilodran in [OeSQ16, Proposition 6.4] we
will prove a more general result. The proof of the previous Proposition will follow
from this taking the power p = 4.

Proposition 2.2.5. Given p > 2, let w(§) = |£|p3;z. Let vy, be the measure defined by
vp(&, 1) =8(T— &) dEdt.

The following assertions hold Then the following properties hold for the convolution measure
WYVp * WV % WVp.

(a) It is absolutely continuous with respect the Lebesgue measure on R?.
(b) Its support is given by

Ep ={(§,1) € R? : 7> 3" P|EP).

(c) It is radial in &, and homogeneous of degree zero in &, in the sense that:
(Wvp * Wy x WVp ) (AE, APT) = (Wvp x wvp xwvp) (&, T),  for every A >0,

and  (Wvp * Wvp * Wvp ) (=&, T) = (Wvp s Wvp xwvp)(E,T)  for every & € R.

18



Proof. With the change of variables: 11 — §E+n , ¢ — %— (, we can write the
convolution measure as

(Wvp % W 5 Wvp) (£, 7) = J J Aga(n, Q) dnde,
]er X]RC

where

p—2

3

A, €) i=8(t— 1§ =P — 1§ — P — 1§ +n+P) (15 —nlI§ = s +n+2) .
(a),(c) Itis enough to change variables and use that 8(APF(x)) = A"P8(F(x)) (see [FOeS17,
Appendix]). Note also that

(WY # WY * W) (=, T) = ” A g2, Q) dnde

= JJ A (-, —C)dndl = (Wvp * wvp xWvp) (&, T).

(b) First we show that every point in E;, belongs to the support of wvy x wvy, x wvy,.
In fact, let P(y) = ly|P and consider y1,y2,y3 € R such that

E=yr+yz+ys T=0u1)+¥y2)+d(ys).
From the midpoint convexity of 1\ it follows:

1

1 1 1
o= iy + () + () > (‘%ﬁ‘ﬁ) —0(E/3). (228)

On the other hand, consider (¢, T) € R? such that T > 3P (&/3). We want to find
Y1,Y2,U3 € R as before. It is enough to find yj,y», since y3 = & — (y7 +yz). The
left hand side of Eq. (2.2.8) is convex and continuous, and it goes to infinity as
I(y1,y2)] = oo. Then, for every fixed T > 3\ (&/3), for the Intermediate Values
Theorem, there exists (y7,1y;) € R? such that

T=YPy1) +¥(y2) + (& — (Y1 +yz2)) = 3P(&/3).

We have that

[ fv WY * fy/wv * f\/v_vVH%Z(]Rz) = J e 2T (wv s wv xwv)?(&, 1) dEdT,
R2

because, in the support of the measure, we can write T = AEY for A > 373, and the
following equality holds

(FvWv * fy/wy « fy/wv)(E,1) = e T (Wwvswvxwv)(&,T). (2.2.9)

19



Applying Fubini and the change of variables MY =1, we get

(o] e}

e (1) g

J C_ZT(WV*WV*WV)Z(E,T)dEdT:J (wv*wv*wv)z(l,?\)ZJ
R2

0 A

1
27

3
r@ 201 44
= — J (wv xwvxwv)(1,t77) dt.
27 Jo

Remark 2.2.6. As we saw in Propo-

sition 2.2.4 the value of the convo-

lution measure depends only on \
one parameter. This because v x* \
v * Vv is radial and it is constant | \
along branches of the quartic T = X ‘
ot Let a(t) =t the amplitude W )
of the quartic T = «(t)&*. When t R
ranges in (0,3%], o (t) gives all pos-
sible amplitudes of quartic in the
support of v * v * . Figure 4.: Support of the measure wv * wv xwv. Its

value in a point (&, T) depends only on «(t).

After rescaling, since the integrand is even, we can write

3

34 1

J (wv*wv*wv)2(1,t_4)dt=3% EJ gz(t) dt
0 —1

where the function of the right hand side is g(t) = (wv*xwv x wv)(1,373t74). We
have
2 3
[Evwy s fywy s fVwVllt ey (29331 (3) (1,
= g-(t)dt.
—1

r(#)°
Thus, computing a lower bound for the numerator in the left hand side it reduces to
approximate the norm of g in L%([—1, 1]) equipped with the normalised scalar product
f,g) = JU_] fg. With this purpose in mind, we consider the set of all monomials
{1,t,t%,...}. It is a complete system in L*([—1,1]). Using the Gram-Schmidt process
we obtain a well-known orthogonal basis: the Legendre polynomials.

(2.2.10)
T

Definition 2.2.7 (Legendre polynomials). Let denote with P, = P (t) the solution to
the differential equation:

d% [(1 —xz)d%Pn(x)] +n(n+1)Py(x) =0.

The function Py (t) is the n' Legendre polynomial. The set {Pn}, .y is an orthogonal
basis of L%([—1,1]).
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The first four even Legendre polynomials are plotted below.

- Po(t) =1,
- P(t) = 1 (3t2—1),

- P4 (t) = § (35t —30t2 + 3),

- Pg(t) = 7 (231t° —315t* + 105t2 — 5).

Figure 5.: First four even Legendre polynomials.

Moreover, with the normalised scalar product, we have that

1
C 2n+1

6TTl,Tl/

1
Py, P =]f Pou(t)Pu(t) dt
1

thus ||Py[|?> = (2n+1)~". We indicate with Q. the normalised polynomial ”E—EH. Then

Qn = (V2n+1) Py and {Qn}, ¢ is an orthonormal basis of L2([—1,1], ¢, ).
We are now ready to prove the existence of maximizers.

Proof of Theorem 2.2.1. The norm of g can be written as

lgllf2 = ) @, Quw* =) (g, Q)%

n=>0 n=>0

since the function g is even. We can approximate the norm calculating arbitrarily
many coefficients:

2
1
¢z :=(g,Qn)? = (2n+1) (][ ] g(t)Pn(t) dt) .
These coefficients can be retrieved from the moments of the measure g:

1
Iy = J g(t) tédt,
—1
once we have them, one can obtain the value of c,,.

To compute Ji, we consider the function f(x)/w(x)e®™ = h% (x).
In view of (2.2.5) and (2.2.6) we have

3
JRz(h%v*h%v*h%v)(E,T) dgdt = (thuﬁz(m) = G(b)?

(h2v « hZv *« hZv)(&, 1) dEdT = e TP (v x wv xwv) (&, T) d&, dT =: F(b).
I b b R
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We write F and G as Taylor series. Then we expand the cube and rearrange the terms
in series, we have:

3
(n) (n)
g (5 5] g e

n>0 n=0 n=0

Thus, for every n € IN
F(0) = dn.

Also notice that, because of Proposition 2.2.4, the functions F and G are even. In
particular in the above series only even coefficients appear.

FEY0) 5y 3 don o0
Fib)=)_ For v G _Zmb :
n>0 n=>0
The first five coefficients of the second expansion are
do = G(0)3 (2.2.11)
d; =3G(0)2G"(0) (2.2.12)
ds = 3G(0) (6 G"(0)2 + G(0)GW (0)) (2.2.13)
and dyn+1 = 0 for every n > 0.
We compute the derivatives:
G (0) J e X (x?)3x** dx
R
- J e X x3T dx (=) 1J e YusTIui ! du
0 2 Jo
== ==T({=+=).
ZLe uiz™27 ' du 2 12+2

F(2K) (0) = J e "(wvxwvxwv)(§, T)E,Zk dtdé& (changing variables: T = AEH

= Joo (wv xwvxwv)(1,A) {2 Joo e gA+2k dg} dA
0

5 k & dA
— EF (4_1 + E) J1(wv*wv*wv)(1,7\)—7\i+]§

2

How N

1./5 k\ 3 4 4dt
_EF(Z—i—E)L (wv xwvxwv)(1,t )E
5 kY L3 [ S3 4y 2k
=T é_l+§ (34) (wvxwvxwv)(1,37°s 7 )s“ ds
0

5 k 3
=T (Z + E) (34)2k+1 JIox.
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where we changed variables back AT = t, so that A1 1 dA = —4 dt, then we rescaled
t =3%s.

The expressions for FZ)(0) encapsulate the moments J,,. We compute J, com-
paring the coefficients F(Z)(0) with the explicit values of dy:

dZn

(3%)Zn+1r (45_1 + %) ’ (2.2.14)

jZn =

THE FIRST COEFFICIENT ¢o Because of the normalised product we have chosen, the
double of the first coefficient ¢y equals the first moment Jy. We compare the first
coefficients of the two series using the formulas (2.2.14) and Egs. (2.2.11) to (2.2.13).

3
FO)  =31r(3)2¢ (M)
3 =3 (T(5) = 0= 3y
G(0)* =277 (r(&)’ 2933T(3)
This first coefficient is an old friend. In fact, this quantity is closely related to the

constant in front of the squared norm of g in (2.2.10): that constant is ca] . Truncating
the expansion at the first step, what we get is exactly our first approximation (2.2.7):

Hf\/WV*f\/Wv*f\/WVH%Z(RZ) N 1
HngZ(]R) Co

Now we can continue computing more coefficients.

THE COEFFICIENT ¢ To calculate ¢, we need the second moment J,. This is

g, - 36(0267(0) _3M(e)?Tly) _ o 2T )
313D 2337 1(1) o ' 3fri2 B)

The second coefficient squared is

3 =5(g, 7 (3t* = 1)* = %(37 — Jo)*.

THE COEFFICIENT ¢4 The fourth moment Jy is:

4r(n
j4:<2 (]2) 2) = X4 Co.

151(3)2 ' 33

The fourth coefficient squared is
i =9(g, 5 (35t* —30t2 + 3))% = $5-(3574 — 307 + 3J0)*.

We sum all the coefficients squared that we have calculated so far, in terms of cy.
After collecting c(, we obtain:

9 15 45 9
c%+c%+cﬁ:(z—7 +42 «? + 5(35a4—30a2+6)2) c2
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Since 5 5 5
T 0306879 >

Co 63

this proves a lower bound for S good enough to ensure that S > Sg},, since

M6 o | £/ WV * fy/wv * f\/WVHfZ(]RZ)

2 2 2
ci+c54+c
>o 2 4

||f||gz(]R] Co

=

Tt
g(SSchr)6

This rules out the second case in Theorem 2.2.2, proving existence of extremizers.
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REGULARITY OF EXTREMIZERS

In this section we study regularity of extremizers for the Strichartz estimate (2.1.3).
We prove the following theorems.

Theorem 2.3.1. Let be f an extremizer of (2.1.3). Then there exists @ € R such that

Joo M F () dE < oo.

— 00
Since decay in frequency translates into regularity in space, as a consequence of
Theorem 2.3.1 we obtain the following result.

Theorem 2.3.2. Any extremizer of the Strichartz inequality (2.1.3) is a smooth function.
Moreover

suplo™f(x)| < +o0 forany n € IN.
x€R

We recall our operator T(t) previously defined in (2.1.4) as

T(t)f(x):= J e by (£)et F(£)dE,  w(E) = (682).

R

Euler-Lagrange equation

In the previous chapter we settled the existence of extremizers for the Strichartz in-
equality (2.1.3). Then the sharp constant S is a maximum:

IT(t)fllLe(r2)

fel2(R),  IIfllL2(r)
££0

We consider the functional £: L?*(R) — R defined as

6

S =

11 5,

The extremizers of (2.1.3) are critical points of £, in particular they are solutions of
the following equation.

d
as:(f+w) lre0=0, VveL?(R).

We derive formally, exchanging the derivative and the integral.

%IT(f + )| o = 3|TFH(TVTT + TVTH)

= 6|Tf|*R(TVTT)
= 6|TFI*R(TFTV).
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0 —
aHf—i—’thfz lr—0= 6]l {2(g, LRm(fv).
We obtain the equation:

[T gz

171 g,

w

“Rznﬂ“mmﬂ) dtdx = I g LR R(fv) dx.

The quantity w is a Lagrange multiplier that equals S°||f ||‘{2(]R) when f is an ex-

tremizer. Since |Tf|* is real, we can take out the real part in both sides. Then, any
extremizer has to satisfy the equation

R (” ITF*Tf Tvdt dx> = wR (J dex) , Vvel?(R). (2.3.1)
R2 R

The left hand side is well defined for every f,v € L?. Expanding the integral Tv
we have

Tv = JW(E)e”t‘(}”“ J e Wiv(y) dy de

SO wWe can rewrite

To= | wiee e e | evETyTdy de
R Ry

:J J wi(g)e B WEL [y de dy.
Ry JRg
Denote with u(x, t) the function |Tf|*Tf; the left hand side in (2.3.1) becomes
J J J eivﬁw(a)e—“i“J e XEu(x, t) dxdEdtv(y) dy.
Ry JR¢ JRg R
This equals

J J T*udtv(y)dy, thatis <J T*\Tf!4det,v>
]Ry ]Rt Rt L2

Yy

where

. . cicd o~ 1 . 2
T u =J eWiw(E)e M Fou(x, t) dE = (w(E)e ' Q) = Die A
Re
We have obtained that any extremizer satisfies the equation:

R <J T*|Tf|4det,v> = wR(f,v), VYvel?(R). (2.3.2)
Ry

26



This equation has to hold for all v € L2(R). Consider iv, then the hermitian
product (-,iv) = —i(:,v), and R(-,iv) = R(—i(-,v)) = T(-,v), so the above
equality for the real part implies the one for the imaginary part. Thus we can forget
about the real part and write:

<J T*ITf|4det,v> =w (f,v), Vve L?(R). (weak E-L)
Ry

This means
(J T T TFdt — wf) 1v, Vvel?R)
Ry

and so it has to be the zero element in L?(IR). We obtained the Euler-Lagrange
equation of £:
J T Tf*Tfdt = w f. (E-L)
Ry
In particular, any extremizer f & L2(R) of (2.1.3) satisfies the Euler-Lagrange equa-

tion.
We introduce also the following definition.

Definition 2.3.3 (Weak solutions). A function f in L?(IR) that is a solution to (weak E-L)
is called weak solution of the Euler-Lagrange equation.

Motivated by these formulas, we introduce the 6-linear form

3 6
Q(fy,fy, f3,fs,f5,fg) := “RZ H Tty E Tfidtdx. (2.3.3)

Remark 2.3.4. Notice that Q(f,f,f,f, f,v) equals the left hand side of (weak E-L).
Thus, when f is a weak solution, we have

w (v, f)y=Q(v,f, f,fff), VVGLZ(R). (2.3.4)
Moreover, when all the arguments coincide, Q(f, f, f, f, f, f) = || Tf|| 2.
The Strichartz inequality (2.1.3) gives a bound for the 6-linear form.

Lemma 2.3.5. Fori =1,...,6 let fi be functions in L2(R). Then

6
1Q(f1, 2,3, f4, 5, f6)| < [ [IIfilli2

i=1

Proof. The bound follows by applying generalised Holder inequality and the Strichartz
estimate for the propagator T:

6 6 6
1Q(f1, %2, 3, 4, 5, )] < jnnm dtdx < [TIITfillieire) < ¢ TTIIill -
i=1 i=1

i=1

]
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Expanding the definition of the operator T in (2.3.3), we rewrite the form Q as

6
LRG eital)rixb(e) T ﬂ(&j)ﬂ(it)nw(aj)daj dt dx

i=1,2,3 1
=456

Q(f1 ’ fZ/ fS/ f4/ fSI fG) - J:[

R2

1 6

= oo | s(a@) s(6@) T Fe oot [[wie ey

4
(2m) i=1,2,3 1
where ¢ is the vector (&7, &7, &3, 4, &5, &¢) and the functions a, b are defined as
alf)= Y &-&; . blE)= ) L&
i=1,23 i=1,2,3

We also used the formula §(k) = 5= [ e**ds. See Appendix A, and in particu-
lar (A.o.5).

Remark 2.3.6. Using the above expression for Q, we have

QUi o)l < o | 8(al8) 8(008) TT Feiwtes) des = QUAL ... ).

4
(2) j=1,...6
For simplicity, we define

Qyever )= QU 1) (2.3.5)

We introduce also the exponentially weighted form, that we will use later. Given a
nonnegative function F(x), we denote

Qr(f1, T2, f3, 1, 5, f6) = Q(eF 1, e Ty, e T3, e 7Ty, e 5, e fe).
In particular
Qr(hi, hy, T, hu, his, he) = Q((efThal) (e hal), (e Thsl) .., (e FThgl) )

6
= —(21[)4 LRG 5(a(&)) 8(b(&)) eF(E1)—X S F(&)) Hm}_(g’j”daj.
j=1

Bilinear estimates

Using generalised Holder inequality with p = 3, we can split the product in a different
way.

6
QU6 < JHW dtdx < [THTH s [THTHs [T
i=1
6

<|TaTels S*T ifll2
i=3
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Up to permutation, we can consider any pair fj, f; above and estimate ||Tf;Tfj|| 3.
We can gain some decay if, for some distinct i and j, f; and f; have “well separated”
support in frequency. This is a well-known result for the free Schrodinger propagator
elt” (see [HLo9]), where one has the following

Theorem 2.3.7 (Fourier bilinear estimate for free Schrodinger). Let f1,f; € L*(R) and
let ¢ = dist(supp f1,supp f) > 0. Then

"2 F1e" 22l gy

\/—Hf]HLZ R) [If2lli2(r)

We prove a similar result for our operator T(t). Due to the positive weights w(¢) ~ IEI%,
the decay is not directly related to the distance of the support in frequency, but to the
ratio of the closest endpoints of the two supports. Also the A? gives a different power
in the decay of the Jacobian.

The choice of support is meant for exploiting the Littlewood-Paley decomposition
later, as in [HS12, Lemma 4.1]. See Appendix A.1 for an introduction to the Littlewood-
Paley theory.

Lemma 2.3.8 (Fourier bilinear estimate). Suppose that exist two distinct i,j € {1,...,6},
and N1 < Ny such that

suppf; C{&:]E] <Nt} and  suppfj C{&: Ny < [£] < 2Ny}

Then there exists a constant C > 0 independent of Ny, Ny and f;, f; such that

ITFThll rey < € §/ 2 fillizmw) [illzm

Proof. For the sake of clarity, we assume that the hypothesis are satisfied for i = 1
and j = 2. We want to estimate

ITFITRs = HJ HEHHED X1 2) 0 £ Y (£)F3 (£1)Ta(£2) dEg dEa]l .

Changing variables and indicating with Jac the Jacobian

{a = Eﬁ‘—l—é‘z‘

b =6+&

1 1

3 3
and Jac(a1,az)=(451 4‘32).

Integrating where &; € [0, N¢] and &; € [N;,2N;], since N; > N;, we have

3
et Jac| = 4/&3 — &3 = &2 4 (1 —~ (é—;) ) ~ N3,
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Our integral becomes

[[eteriene e e e S —ff(W“‘)W“’Z)f”z")fzm)(—x,—t)

|detJac| |det Jac|

where &7, &, are now functions of a and b and & is the Fourier transform in (x, t).
We use Hausdorff-Young inequality

Hff" ((W@w ) |det]ac|—‘)

. <llwew-fi@f) [det]ac ™ || 3/ 2.
L7« (R2)

Then the right hand side equals

(LR R|det1ac|% w(&;(a, b))w(Ez(a, b)) (£1(a, b)) F2(E2(a, b))I3

changing variables back we have

win

(LR Idetfacl (€ w(ea) ()Pl dy daz>

1 SOt 3
<——77 (” I (E0F2(82) %1 (E1)x2(E2) dE df,z)
(4IN3 — N33 \JJr2

where X7 and x; are given by

|£1|7
27[

|€2|
o TN, o) (1821,

x1(&1) = Tio N, (1E1])

x2(&2) =

since the weight w(§) ~ |<§|%.
Using Holder inequality with (p,p’) = (%,4) we obtain

ITH T2 S N_z Ifll2 Ixally 1212 [Ix2lls

1

3
1
\/3 N1 /Na [fill2 [[f2ll2 = (-2) 11112 [If21]2-
N3

This concludes the proof. O

Remark 2.3.9. In the previous lemma the presence of the weight w(§) ~ IEI% is not an
issue, since we are assuming that f1 and f; have compact support.

We can use this result to get decay even after dropping the compact support as-
sumption on one of the functions.
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Corollary 2.3.10. Assume that there exist two distinct i,j € {1,..., 6} for which
supp i C{&:1&] <s} and suppfj; C{&:]& > Ns)

for some s > 1, and N > 1. Then there exists C > 0 independent of s, N and f;, fj such that

S
HTfin)‘HLiX <C ¢ N2 £l 2]l

Proof. Assume again i = 1 and j = 2. For k € Z, let be Py the Littlewood-Paley
projector on Ay = {E 2R E) < 2k+1} defined as Pyf = 15, f. We can decompose f;
as ) _y.ox+1>Ns Prf2. Then, by triangle inequality

ITH TRl < ) [T T(Pef2)s

k:2k+1>Ns
1
. S 3
applying Lemma 238 S Y (57) IflLIPe:
k:2k+1>Ns
<Ifl¥s DY 275 Pefal2
k:2k+T>Ns

1
} !
applying Cauchy-Schwarz < ||f1]]2V/s Z 2-3k (ZHPkuH%)
k:2k+1>Ns keZ
. _2
using (A.1.1) < [frll2v/s (Ns) 73 [[f2]2
3
s
Ll 6l

This concludes the proof. O

Remark 2.3.11. The method used in the proof of Lemma 2.3.8 goes back to Carleson
and Sjolin in the "7os [CSy2] and it is a key ingredient for estimating the tails of
the Fourier Transform of the extremizers. Since asymptotic properties of the Fourier
transform f translate in local properties of f in space, a super-polynomial decay of
the tails in frequency will imply a (super) regularity in space: smoothness.

Remark 2.3.12. In the case of the free Schrodinger propagator ¢4, bilinear estimates
in frequency translate into estimates in space. This is due to the special multiplier
associated to the free propagator, for which is possible to write explicitly the inverse
Fourier transform:

itA _ ixEHitE2 oy o aE2e) ] we2\ . ] J _ilx—yl?
f(x) = f(&) dE = f = — f=C— a f(y)dy,
() = | ) ar = (4°F(8)) = o (1) st =0z | e oy dy

with C > 0.



Exponential decay
We want to show that for any extremizer f in L%(RR), there exists i € R, such that
He”"'ﬂ]g (R) < +00. (236)

One can also show a super exponential decay, proving that e*/¢" f(£) belongs to L?(IR)
for some n > 1. (We will use later, for our case, n =4.)

Lemma 2.3.13. Assume that eholél™ 1?(5) e L4(R) for some pny > 0 and n > 1, then

~

eMElf(&) € L'(R) for any w < wy.

Proof. We have that
eHEl ]?(E) — eME—nolE™ euo\él“{c\(a).

Applying Cauchy-Schwarz one has
Je”’*'!ﬂé)\ di — Jeulél—uoél“ Ml (F(£)] dE < [|eHE-HOlE™ | [|ehol&™ 7.
The second factor is bounded by hypothesis; the first one is finite, since

o0 (o]
Heulé\—uolé\“u% < J eHE—HOE™ d& < Sup|eu£—uo£“| +J elH—Ho)E™ < oo,
0 0,1 1
We showed the desired bound (2.3.6). O
3

Thus, as in [HS12], for the argument of the exponential we are allowed to use a
particular class of functions which fits well into our problem.

eHlEl!

Definition 2.3.14. Consider the func-
tion

pix/*

Fp,s(x) = m,

for w, e > 0.

Notice that F ¢ (x) — plx|* as e — 0F .

Following the approach in [EHL11],
our bound (2.3.6) will follow Afrom an
uniform bound in ¢ of ||efwe(&) £(&)]|,.

Figure 6.: Plot of the functions e’

approaches zero.

W& as €

With this choice of F we are able to control the exponentially weighted form

Qr,.. (f1,f2,f3,f4,f5,6) 1= Qe ety e Thefy, e Thefy, e Thefy, e Thefs, e Thefy).
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Proposition 2.3.15. Let h; be in L?(R) forj =1

., 6. Then for every p, e > 0
(VQFM (hy,..., h

ey 6)<(§(h1/°“/h6)‘
Proof. Since

~ 1
Qr,.(h1,..., he) = J
IR6

o)

8(a(£)) 8(b(£)) ehmwe (e -TFuclé) H hj(&)dg;,

Under the hypothesis a(&) = 0, we have £ = —&)3
and in particular &

=g+ +ei+¢f
6
1< Y&

™~
The function

£\
T+et
t
t— ad
1+et

is increasing on IR, for every positive p,

t

Figure 7.: Plot of the functions t — 7+
for different values of ¢ € [0, 1)
Then

4 64
us(‘i]) Ha 4< ZZ ZS 4
1+ €& 1+£ZZE
ME] °  uE 6
= < - F,s(‘z—»')
Zﬂ+§;ﬁ ;;Hwﬁ %%“:

where in the last inequality we used Zg &
the proof.

> E;‘ for somej € {2,...,6}. This concludes
Let

]

(e = [le™f 2.
We want to control || T?Hu c

Notation 2.3.16. Fix s > 1. For a function f we define

fa="Fl5q, fa=Ffl_ga, fs:=Ff1_2a2, f.=f—f«. (2.3.7)
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Recall that every extremizer f is also a weak solution of the Euler-Lagrange equa-
tion (Definition 2.3.3).

Lemma 2.3.17. Let f be a weak solution of the (weak E-L), with w > 0 and ||f||; = 1. Then,
for every fixed s > 1, taking p = 1/s® we have

5 s—4 s—4
N N . e ~ e ~
wl||f < ||t 4+ ||f — |t | + + 11 ],
[ llwe S éll Sllie T 1> lle ( 7 1f-]]2 7 [f-[]2

where the implicit constant does not depend on € nor s.

Proof. Let be h = efuef, so that | 1?||H,£ = ||h||2. Exploiting the definition of weak
solution, in particular (2.3.4), we have

w|[fo]2, = wllefre o | = w(ewefs, f) = w((ewefa), f) = Q((e*wefa) f,... )
and
Q(e*wefa), f, .., f) < Qe Ihal), (e e hl), ..., (e weh])) = QF,. (ho, hy.. h).
By Proposition 2.3.15, we have
Qr,..(hs,h,...,h) < Q(hs,h,..., h).

We split h as in (2.3.7). By sublinearity of Q(|-|,...,|-])

Q(h-,h,...,h) <OQ(ho,ho,hh b h) + Q(hs, ho, b, h by h)
IS é(h>/h</h<,h<,h<,h<) q))
+ Q(h>/h>/h</h</h</h<) (I
+3 QU Ry, hyy, by ). (1)

The last sum is over all other possible combination with at least two j; equal to >.
Term: (I) | We split further writing ho = h« + h.. By sublinearity again

Q(h>/ h</ h~</ h'</ h</ h<) < Q(h>/ h<</ h</ h</ h</ h<) + Q(h>/ h~/ h</ h<l h'</ h<)

Using bilinear estimate as in Corollary 2.3.10

Q(h>/ h<<I h</ h</h</h< 7 Hh>”2Hh<<”2 Hh’<H2’

Q(hs, he he, ho, i ) S I 2l e 2 (a3
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Recalling that ||f||; = 1, we have

~ 4~ 4 8
[hello = [le"efo]ly < [le*™ fo]l, < sup [e[[f], = e (2.3.8)
[—sZ,s2]
~ 4~ 4~ 4
Ihellz = llefefells < e e |l2 < suple™ | [|f]|; = e"¢
[—s,s]
4~ 4~ 8, ~
ez < le*™ il < sup e ]|[f-]lp = e[|
[—s2,52]\[-s,s]

Thus (I) is bounded by

(st—s8)

8
e -~ 8
Q(h>/h</- "/h<) 5 Hh’>”2 (T + Hf“H2> eSHS .

This case is similar to the previous one. By sublinearity
Q(hs, hs, he, he, he, he) < Q(hs, s, he, he, he, he) + Q(hs, hs R e he, B,
Then use bilinear estimate as before
QU Mo M M B ) S s 2 7z [ el e
Q(hs, hoyhe he e, he) S e3[Rl f3:
We obtain

u(s—s

2 (€ °) = 4usd
Q(hs,hs,he, ..., ho) Sha; 3—\/§+|lf~||2 et

Term: (IIT) | Consider for example Q(h-,h-,h-,h., h., h ), we have

8
Q(hx, hoy hoy he, e, o) I3 [Rellf < e el
where we used the bound for ||h||; in (2.3.8).

Summing up, we have

(s*—s®)
~ 9 eH ~ 568
w[f> e Slhs1l2 <—S + Hf~||2> et

\37_
(s*—s8) 5
2 eH -~ 4us® 3usd
+ [[h~ |2 <T+ ||f~||z> e 4 sl €347 Y | b
1=3
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Dividing by |h ||, recalling that ||1?>||u,€ = ||hs |2, we get

R w(s*—s®) R
Wl llpe S | e + T]l2 | €
7 ~J \3/5

en(s’—s%) n 4usd | 3usd > 1
+ |[h>I2 T"‘”ﬂHZ e 4 Y | |5

1=3

The norm ||fN||2 ||f]l _sgcll2 =~ 0as's — oco. Taking p = 1/s%

eu(s4—ss) el/s4
~ —0 as s — oo.
RS >
Then
5 4 4
O e < STIR P + 117 ¢ |+ [ S+ 17
+ || f —— +||f~ — N .
H > ||u,£ ~ l_ZZH > ”u,e || > ||u,£ \3/5 H 2 \3/§ 2
This concludes the proof. O

We are now ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. Call v = v(s,u, ¢) = ||fs we. Our aim is to prove that there
exist sp > 1 and py > 0 such that v(sg, 1o, 0) < +o0.
Choosing p = 1/s%, by Lemma 2.3.17, we have

Zvl+v< +F. uz> (%ﬂhﬁnz) . (@39)

where the constant C does not depend on s, nor on e.

Notice that, with this choice of u, the function v only depends on s and ¢. Further-
more, for fixed ¢, v goes to zero as s goes to infinity. In particular, for s > 1, for any
e>1

4

~ ~ 1
8 _ [
V(S/]/S /5) - Hf>Hsi8,g g Hf> exp (5_8] + 54

We divide the proof in two steps. The main step will be to find sy for which
v(so, 1/58,5) is bounded for ¢ € [0, 1].

)stufe l2 < I1ll2 < oo.

First step. Call M(s) the quantlty —|— I£-||2. We rewrite the above inequality (2.3.9)
as

H(v) == (w—CM(s))v— CZV)

This because the exponential weight becomes “lighter” and the support of f~ dwindles.
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NOTE ON VARIABLES The function H(v) is actually H(v(s,¢), w,s) depending im-
plicitly also on s, ¢ and w. When f is an extremizer with ||f||; = 1, the quantity w is a
fixed number and equals S°. We will omit it, as well as the dependence of .

Consider the function

As we already noticed, M(s) in bounded for any s > 1, and

—4
eS

s

For every ¢ > 0, the function G(v) = G(v(s, ¢), s) is bounded by

M(s) + ]2 — 0 as s — 00.

G(v,s) < H(v,s) < CM(s) < oo.
So G(v,s) is bounded by a function of s that goes to 0 as s goes to infinity.

In particular G(v) is bounded. More-
over G is strictly concave in v on R
and G(v)

. G(vo) -~ 4: ,,,,,
G(0)=0 and lim G(v) = —oo. |

V—00

Thus there exists a point vmax € R in

which G reaches its maximum. 0 Vo Vmax Vi
Let vo < Vmax. For example one can K j
take Vo = vmax/2. Because of the strict [0, vol U [vy, 00)

concavity, there exists another point v;
such that G(vy) = G(v1).

Thus we have

G7([0, G(vo)]) = [0, vol U [vq, 00).

Figure 8.: Graph of G(v) and the trapping
region G~ ([0, G(vo)]).

We can choose s large enough such that

1. CM(s) < min {%, G(Vo)}

2. v(s, 1) < vy.
Fix s = so for which the above conditions hold. For this choice of s we have
G(v,s0) < H(v,s0) < G(vo).

In particular, for py =1/ sg, the required conditions imply
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1. = G(||1?>||HO,£) < G(vp) independently of ¢ > 0,
2. = |[fa]luer € 10, Vo] -
Consider now the function Y:
> [Pl

This is continuous, so it has to map connected sets into connected sets.
Because of (1), Y([0,1]) € G7([0,G(vo)]) = [0,vo] U [vy,0). Since Y([0,1]) is con-
nected, it must be contained only in one of the two components. But Y(1) € [0, vol,
because of (2), so ||f>||uo ¢ € [0,vp] for every positive e.

Then, by monotone convergence

||f>||uo 0= hm||f>||uo e = SUIO)Hf>||uo e S Vo < 00.
£>

This shows that the L2-norm of the tails> of e%o"1“"f is finite.
Second step. To obtain the bound on f, notice that

—8(¢ 14 —8ig14~ —8 4~
le%o 5 < leso E |5 + flefo T E L .

) 84
The function e ¢ is bounded on [—sé, sé], SO

—8izid~ SEE 7 7
T < sup S P 1T
[—s3,s2]

thus the function & — eSo &' f(£) belongs to L*(R). Apply Lemma 2.3.13 to conclude.
[

We prove the regularity of extremizers.

Proof of Theorem 2.3.2. We write f using the inverse Fourier transform:
f(x) = J eXEF(8) d.
R
Then we have

i(x+h)E _ eix& =

f(&) dE.

of(x) = OXJ

R

EF(E) dE = i J
e of(&) dg fim | -

We can use the Dominated convergence theorem to move the limit inside the integral.
To see this, denote the integrand by gy (&) and let g = 18 eXEf| (&). Since

we mean that value on the set {§ € R : [§] > s3}
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1. limy_0 gn(&) = g(&) pointwise almost everywhere;

eth&_1

= @) < 1+ EDIfE) S eHef(e) € L (R),

2. |gn(&)l <

by applying the Dominated convergence theorem we get

%{Y})Jgh = J]!Lig})gh ZJQ
thus
of(x) = J dye™EF(E) dE = J ig eXEF(£) dE.
R

R

The bound on 0™f(x) follows from the one on (1 + |&|")f(§), in fact

100 < HJRU g ) daH S | etifelde = e o

that is finite by Lemma 2.3.13.
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A | FouriER TRANSFORM

For the convenience of the reader, in this appendix we include some well known
results about the Fourier transform. The interested reader can find the details in
[SS11a].

RIEMANN-LEBESGUE The Fourier transform of a L! function is continuous and de-
cays at infinity.

F: L'(RY) = Co(RY) = {f: R? — R continuous, such that lim 1?(5) = O} .

|E|—00

PLANCHEREL The Fourier transform 7 is an isometry on L2. More precisely

F: L2(RY, dx) — 12 (]Rd, d—‘id> :
(2m)2

One has
4
| lli2ray = (270) 72 |F[- ][ 2 (ray- (A.0.1)

convoLuTioN  On R4 the following identities hold

. _ 1 ~
fxg=1~f-g f-g:(zmdf*g, (A.0.2)
fg=f*g fxg=(2m%-§. (A.0.3)
INVERSION
Proposition A.o.1. Let f,fel (RY). Then
1 -
f(x) = f(g)e™tdE. A.o.
(X) = g | FlEE™Ed (A0.)

Fourier transform of a measure

It is possible to define the Fourier transform of a finite measure. The following is
adapted from [Taroy, page 74].
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Let be p a finite measure on RY. Consider the pairing with continuous compactly
supported functions @ € C.(IR%) given by

(W, @) ;:J @(x) du.

]Rd
We have that
{w, @) < Cll@llo  forall ¢ € Cc(RY).

If the above bound holds, the maps ¢ — (u, @) extends in an unique way, with the
same bound, to the Banach space Cy(IR?) of continuous bounded functions equipped
with the sup norm || - ||o. We can define the Fourier transform of such a measure as

() = (e Ay,

By Dominated convergence theorem, K is continuous.

Fourier transform on tempered distributions .#’(IR)

It is possible to apply the Fourier transform to a larger class objects. There are several
books on the topic, for example the one by Strichartz [Stros].

Consider a local integrable function f. We indicate with T¢ the corresponding dis-
tribution in ./(R). This is the tempered distribution such that, for every ¢ € .#(R),
it is defined as

(T, @) := JR f(x)@(x)dx.

Let a € R, and §4 € ./(R). Then, for every ¢ € .”(R) we have

~

(Bar0) = (50, B) = Pla) = je—“a%(x) dx = (T, <a), @)

SO

~

§q = e Har) (A.0.5)

in distributional sense, meaning that

J e X dx X2 2 5,
{Ix|<R}

in the sense of tempered distributions (i.e. in the weak-x-topology on .#’(IR)).

LITTLEWOOD-PALEY THEORY

We provide a short introduction to the Littlewood-Paley theory. The interested reader
can find an entire chapter on this topic in [Grao8, Chapter 5].
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Lemma A.1.1. There exists a smooth compactly supported function p € C°(R \ {0}), non-
negative, radial, such that

> W2x) =1, vxeR\{0}

jez
and for any x # 0 the sum consists of at most two terms.

Proof. Let x € C*(IR) smooth, radial, non-negative, such that x = 1 on the ball of
radius 1 and x = 0 on the complement of the ball of radius 2. Let P(x) = x(x) —x(2x).
For any N € N, the sum of the rescaled P (277x) is the telescopic sum:

N N
> W= Y [x27x) —x@7 0] =x2M0 - x@V )
=N j=—N

and for any x # 0 there exists N € IN such that x(27Nx) =1 and x(2N*'x) = 0. H

Definition A.1.2 (Littlewood-Paley projector). Let {j;(x) := P(277x). We define

Pif := (W), fe.7(R).
When & € supp(1;) then
& € Aj, where Aj = {£:21 < g < 241}
We indicate the condition & € A; with |€] ~ 2. Thus

Pif = 1a,f.
Definition A.1.3 (Littlewood-Paley square function).
1
2
Sf(x) := Z|ij(x)|2 .
ez

We have

2 2 2 2 2

jeZ jeZ jeZ
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